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1. Introduction

Let (V, o, (-, -)) be a Euclidean Jordan algebra, and K = {x o x : x € V} be the set of squares in
V. Then K is a symmetric cone [7]. Given a linear transformation L : V — V and q € V, the linear
complementarity problem, LCP(L, q), is to find a vector x € V such that

x€eK, L(x)+qe€K, and (x,L(x) +q) = 0.

This problem is a particular case of a variational inequality problem [6], and it includes the standard
linear complementarity problem [5] and the semidefinite linear complementarity problem [9]. For
applications of these problems in optimization, game theory, economics, etc., see [5,6]. Abasic problem
inLCP(L, q)is to find necessary and sufficient conditions on L so that forallq € V,LCP(L, q) hasa unique
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solution (that is, L has the GUS-property). A related problem is to study the Lipschitzian behavior of
the solution map q — SOL(L, q), where SOL(L, q) is the solution set of LCP(L, q).

When V = R" with the usual inner product and Jordan product xoy := x % y (the componentwise
product of x and y), LCP(L, q) reduces to the standard linear complementarity problem LCP(M, q) [5]. In
this setting, a well known characterization is that M has the GUS-property if and only if M is a P-matrix
(which means that all principal minors of M are positive) [5]. Mangasarian and Shiau [15] showed that
if M has the GUS-property, then M is a Lipschitzian matrix. In [8], Gowda gave an alternate proof and
at the same time extended their result. Pang (see [8]) conjectured that if M is a Lipschitzian matrix and
LCP(M, q) has a solution for all ¢ € R" (that is, M is a Q-matrix), then M is a P-matrix. This conjecture
was proved affirmatively by Murthy et al. [16].

If V. = S" (the set of all real symmetric n x n matrices) with the trace inner product and Jordan
productXoY := % (XY +YX), then LCP(L, q) reduces to the semidefinite linear complementarity problem
SDLCP(L, Q)[9]. Gowda and Song [9] extended many concepts in LCP(M, q) such as P-matrix, Q -matrix
and the GUS-property to SDLCP(L, Q). Motivated by the significance of Lipschitzian matrix in LCP(M, q),
Balaji et al. [3] studied the Lipschitzian property in SDLCP(L, Q). They showed that, unlike in the stan-
dard LCP, the GUS-property need not imply the Lipschitzian property. They also proved that if L on S"
has the Lipschitzian property, then L has the GUS-property under the assumption that L is monotone.

For a real n x n matrix A, consider the Lyapunov transformation Ly, the Stein transformation Sy,
and the multiplication transformation M4 defined on S™ respectively by

La(X) = AX + XAT, Sa(X) =X —AXAT, and Ma(X) = AXAT.

These transformations have been extensively studied, and are related to dynamical systems, see [9,10].
The following results have been proved in [3].

(i) La has the Lipschitzian Q-property if and only if Ly is strongly monotone which implies the
GUS-property.
(ii) If S4 has the Lipschitzian Q-property, then I — A is positive definite.
(iii) When A is symmetric, M has the Lipschitzian property if and only if M4 is strongly monotone.

When A is normal, S4 has the Lipschitzian Q-property if and only if S, is strongly monotone, see [10].

Gowda et al. [13] extended several concepts from standard and semidefinite LCPs to the setting of
symmetric cone LCPs. They showed that if L has the Lipschitzian GUS-property, then L has the positive
principal minor property. As a generalization of this result, Balaji [2] proved that if L on V has the
Lipschitzian Q-property, then L has the positive principal minor property. This also extends a result
in LCP(M, q) which was proved by Murthy et al. [16, Theorem 4]. However, it is not known if the
Lipschitzian Q-property in V implies the GUS-property.

In this paper, we are concerned with the Lipschitzian property of linear transformations on V. Balaji
[1] has shown that if L on S™ has the Lipschitzian Q-property, then (i, i)-entry of L(E;) is positive for
alli = 1,2, ..., n where E; is the diagonal matrix with one in the (i, i)-entry and zero elsewhere.
In Section 3, we generalize the above result for a linear transformation on Euclidean Jordan algebras.
We show that if L on V has the Lipschitzian property and LCP(L, q) has a solution for every invertible
element g in V, then (L(c), c) > 0 for all primitive idempotents ¢ in V. We show by an example that
the converse need not be true. However, we obtain the equivalence for Lyapunov-like transformations,
Stein transformations and quadratic representations which generalizes some of the results in [3].
Further, we prove that if the relaxation transformation R4 has the Lipschitzian Q-property in V, then
A is a P-matrix. In particular, we study the Lipschitzian Q-property of Ry in the space of S" and £".

2. Preliminaries
2.1. Euclidean Jordan algebras

In this section, we recall some basic concepts and results from Euclidean Jordan algebras. For more
details, we refer to [7,13].
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A Euclidean Jordan algebra is a triple (V, o, (-, -)), where (V, (-, -)) is a finite dimensional inner
product space over R and (x, y) — xoy : V x V — V is a bilinear mapping satisfying the following
conditions:

() xoy =yoxforallx,y € V,
(b) xo (x* oy) = x> o (xoy) forallx, y € V, where x*> := x o x, and
(c) (xoy,z) = (y,x0z) forallx,y,z e V.

In V, the set of squares K = {x o x : x € V} is a symmetric cone [7]. We writey > 0ify € K, and
y < 0when —y > 0.

Theorem 2.1 [13]. Forx,y € V, the following conditions are equivalent:

(i)x>0,y>0, and (x,y) = 0.
(i) x>0,y>0, andxoy = 0.

X
The algebra £": Consider R" (n > 1) with the usual inner product. Let x = ( 0) € R", where

X
xo € Randx € R"!. Define the Jordan product x o y in R" by

B <X0> (w) . ( (x,y) )
Xoy= o = .
X y X0y + YoX

We denote this Euclidean Jordan algebra (R", o, (., .)) by £", and its cone of squares by £'}. L] is
called the Lorentz cone (or the second order cone) and is given by £". = {x : xg > ||x||}.

For x € V, we define m(x) := min {k > 0 : {e, x, ..., x} is linearly dependent} and rank of V by
r=max{m(x) : x € V}. An element ¢ € V is an idempotent if c> = c; it is primitive idempotent if it is
nonzero and cannot be written as a sum of two nonzero idempotents. A finite set {eq, e5, ..., ey} of
primitive idempotents in V is a Jordan frame if e; o ej = 0 fori # j, and Z;n:]e,- = e, where e is the
identity element in V satisfiesy oe = y forally € V.

Theorem 2.2 (The spectral decomposition theorem [7]). Let V be a Euclidean Jordan algebra with rank
r. Then for every x € V, there exists a Jordan frame {e1, e, . .., e;} and real numbers A, A3, ..., Ay such
that x = A1e1 + Azey + - - - 4+ Are.. The numbers A; (with their multiplicities) are uniquely determined
by x and are called the eigenvalues of x.

The expression Ajeq + Azez + - - - + Are; is the spectral decomposition of x. The set of all eigenvalues
of x is called the spectrum of x and is denoted by o (x). We say that x is invertible if every eigenvalue of
X is nonzero.

For x € V, we define the corresponding Lyapunov transformation Ly : V — V by Ly(z) = x o z. We
say that elements x and y operator commute if LyL, = LyLy. It is known that x and y operator commute
if and only if x and y have their spectral decompositions with respect to a common Jordan frame [7].

Peirce decomposition: Let {eq, ey, ..., e;} be afixed Jordan frameinV.Fori,j € {1, 2, ..., r}, consider
the eigenspaces

Vi:={x €V :xoe; =x} = Re;

and when i # j,

1
Vij :={X€V:XO€,‘=5X=XO€]‘}.
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Theorem 2.3 [7]. The space V is the orthogonal direct sum of the spaces V;;(i < j). Furthermore, (i)
Vij o Vij C Vi + Vjj, (i) Vij o Vi C Vi ifi # k, and (iii) Vij o Vig = {0} if {i, j} N {k, I} = 0.

Thus, given any Jordan frame {eq, e, . .., e;}, we can write any element x € V as
T
x= xeit Sx,
i=1 i<j

where x; € R and x;; € Vj;.

Quadratic representation: Given any element a in V, the quadratic representation of a is the linear map
P, : V — V defined by Py(x) = 2a o (a0 x) — a° o x.

Principal subtransformations: Given a Jordan frame {eq, e, . . ., e;} in V, we define V(¥ := V(e; +e; +
-te, )i ={xeV:xo(eg+e+---+e)=x}for1 <I<r.Then v® (called the eigenspace
ofe; + ey + - -+ + e) is a subalgebra of V with rank [ [7]. Let P® denote the orthogonal projection
from V onto V", For a linear transformationL : V — V, let Lieier, ...} -= pOL v — yO we
call Lie, ¢,,....¢;) @ principal subtransformation of L. The determinant of this transformation is called a
principal minor of L. If all the principal minors of L are positive, then we say that L has the positive
principal minor property.

2.2. Linear complementarity concepts
Given a linear transformation L : V — V, we say that L is/has

(a) strongly monotone if (L(x), x) > Oforall0 £ x € V;

(b) strictly copositive on K if (L(x), x) > O forall 0 # x € K;

(c) the GUS (globally uniquely solvable)-property if LCP(L, q) has a unique solution for all g € V;
(d) the GUS-property on K if LCP(L, q) has a unique solution for all ¢ € K;

(e) the P-property if

[x and L(x) operator commute and x o L(x) < 0] = x = 0;

(f) the Q-property if LCP(L, q) has a solution for all g € V;
(g) the Lipschitzian property if there exists a constant C > 0 such that

SOL(L, q) € SOL(L,q') 4+ Cllg — ¢'||B

forall g, ¢ € V satisfying SOL(L, q) # @ and SOL(L, q') # ¥. Here B is the closed unit ball in V,
and SOL(L, q) is the set of all solutions of LCP(L, q).

(h) the Lipschitzian Q-property if L has the Lipschitzian and Q-property;

(i) aZ-transformationifx,y € K, and (x,y) = 0= (L(x),y) < 0;

(j) a Lyapunov-like transformation if

x,y €K, and(x,y) =0= (L(x),y) =0.

Various interconnections between the above properties have been studied in [2,11-14,17-19]. In
particular, for the implications (a) = (c) = (e) = (f) and (b) = (d) = (f), see [13,18].

3. The Lipschitzian Q -property

Balaji et al. [3, Theorem 3.1] showed that if a linear transformation L on S™ has the Lipschitzian
property and SOL(L, I) = {0}, then (i, i)-entry of L(E;) is positive (equivalently, (L(E;), E;) > 0) for all
i=1,2,...,n. Herelis the identity matrix, and E; is the symmetric matrix of order n with one in the
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(i, i)-entry and zero elsewhere, which is a primitive idempotent in S™. This result also holds if L has
the Lipschitzian Q-property [1, Theorem 3.2.1]. We extend these results to Euclidean Jordan algebras.

Theorem 3.1. Suppose L : V — V has the Lipschitzian property and SOL(L, q) is nonempty for every
invertible element q in V. Then (L(c), ¢) > 0 for all primitive idempotents cin V.

Proof. Let ¢ be a primitive idempotent in V. When the r (= rank of V) is one, V = Rc and any
solution x of LCP(L, —c) is a positive multiple of c, say, x = Ac with A > 0. From complementarity,
L(x) = ¢, and so c = AL(c). This implies (L(c), ¢) > 0. Now suppose that r > 1. Then by the spectral
decomposition of e — c, there exists a Jordan frame {e; = c, ey, ..., e} in V. For each k € N, let
pk = —eqy +key+- - -+ker and gy = key +ke3 4 - - +ke,. Then py is invertible in V. Since g > 0, we
have 0 € SOL(L, qi). By our assumption, there exists x; € SOL(L, py) such that 0 € xx + C||qx — pxl|B

for all k € N, where C > 0 and B is the closed unit ball in V. Since ||qx — pkll = |le1]l, we have
[IX¢ |l < Clle1]l. This means that the sequence {x,} is bounded. Without loss of generality, assume that
X — X.
Let
k
X = Za ei+ > x5,
i<j

L(xe) = Z B+ v and

i<j

X = Za,e, + > xi

i<j

be the Peirce decomposition of x;, L(x)) and x with respect to the Jordan frame {e1, e,, . . ., e;} respec-
tively. We claim that o; = Ofori = 2, ..., r.Since x; € SOL(L, py), we have (xi, L(xx) + px) = 0. This

implies that <a§k)e1 ( ) _ ) e1>+ Zl 2< (k)e,, (,B(k) + k) el>+z,<1 < lgk)’ ylgk)> = 0, and hence

r () 1 (k) (k) &), k) (k) (k) ;
Zz 2< e“el> Tk [<a1 e1,( L 1) el>+zi=2<ai ¢, B e'>+zi<j< i Yi >]'Smce
Xk — X, a( ) o and xij — Xxjj. Because {L(xy)} converges, { ﬁk)e,'} and {y,-(jk)} converge. Letting
k — o0 in the above expression, we have Z::z (ajei, ej) = 0. Now x; > 0 implies that a(k) =0
for all k and hence «; > 0. Therefore o; = 0 fori = 2, ..., r. From Proposition 3.2 in [11], we have
x = aje; € Vi1 N K. Since K is self-dual and x;, € SOL(L, py), (L(xx) + pk, e1) = 0. This implies
that (L(xy), e1) > ||e1]|?. Taking limits and observing x = aje1, we get a1 (L(e1), e1) > ||e1]]* > 0.
Thus, (L(c),c) > 0. O

Corollary 3.1. Let L : V — V be a linear transformation. Under each of the following conditions, the
Lipschitzian property of L implies (L(c), ¢) > 0 for all primitive idempotents c in V.

(i) L has the Q-property.
(ii) SOL(L, q) = {0} for some q € int(K).
(iii) L is a cone invariant transformation; i.e., L(K) C K.

Proof. Assume that L has the Lipschitzian property.

If (i) holds, then the result follows from the above theorem.

Suppose that condition (ii) holds. Then by Lemma 5 in [2], L has the GUS property on K. This implies
that L has the Q-property and hence condition (i) holds. Thus, we have (L(c), ¢) > 0 for all primitive
idempotentsc € V.
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Now, suppose that condition (iii) holds. We claim that SOL(L, e) = {0}, where e € int(K) is the
identity element of V. Clearly, 0 € SOL(L, e). Letx € SOL(L, e). Thenx > 0 and (x, L(x) +e) = 0. Since
L(K) C K, (x, L(x)) > 0.This implies that (x, e} = 0. By Theorem 2.1, we have x o e = x = 0. Hence
condition (ii) holds. This completes the proof. [J

Remark 3.1. If L has the Lipschitzian Q-property, then L has the positive principal minor property
[2, Theorem 5] which implies that (L(c), ¢) > O for all primitive idempotents c in V [17, Lemma 3.1].
One can ask whether the conditions of Theorem 3.1 imply the Lipschitzian Q-property or the positive
principal minor property. We do not have an answer for this question.

As an illustration of Theorem 3.1, we provide the following examples. The proof of these results are
modifications of the proof of Example 3.3 in [18] and Corollary 4.1 in [19].

Example 3.1. Let A = [a;] € R"™". Consider the Lyapunov transformation L, and the Stein transfor-
mation S,. Then

(i) (La(c), c) > O for all primitive idempotents c in S” if and only if A is positive definite.
(ii) (Sa(c), c) > 0 for all primitive idempotents c in S" if and only if I £ A are positive definite,
where [ is the identity matrix.

Example 3.2. WhenV = £", (L(c), ¢) > Oforall primitive idempotents c in V ifand only if (L(z), z) >
0 for all nonzero z in the boundary of £} .

The following examples show that both the conditions in the hypothesis of Theorem 3.1 are essential.

Example 3.3. Consider the Euclidean Jordan algebra R? with the usual inner product and Jordan

productxoy = x = y. Let M = { :| Then LCP(M, q) has no solution for all —q € int(Ri),

-1 -1
which are invertible elements in R?. We see that every principal minor of M is negative. Since all the
entries of M are negative, M has the Lipschitzian property [8, Theorem 14]. But, (Meq, e1) = —1 < 0,

1
wheree; = ( ) is a primitive idempotent in R?.
0

Example 3.4. LetA = |: :| . Consider the Lyapunov transformation L, on S2. Since A is positive
stable, L4 has the Q-property [9, Theorem 5]. As A is not positive definite, L4 does not have the Lip-
schitzian property [3, Theorem 3.3]. Also by Example 3.1, we have (L(c), ¢) < 0 for some primitive
idempotent c in 2.

The following example shows that the converse of the Theorem 3.1 is not true even for self-adjoint
cone invariant transformation.

2 2 X0 2XO .. 2
Example 3.5. LetL : £ — L be defined by L = . We see that L is induced on R
X1 —X1

2
by the matrix |: :| and L is self-adjoint. It is easy to show that L(L‘i) C Eﬁ_. Let z # 0 belongs
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to the boundary of Ei. Then by the spectral decomposition, there exists a Jordan frame {eq, e»} such

1
that z = Xeq, where A > Oande; = % ( ) withu € R and |u| = 1 [17, Lemma 4.1]. Since
u

(L(er),e1) = %, we have (L(z), z) > 0. By Example 3.2, (L(c), ¢} > 0 for all idempotents ¢ in £2.
From Proposition 3.1 in [12], L has the Q-property. Since the determinant of L is not positive, L does not
have the positive principal minor property [13, Example 2.2]. Hence L does not have the Lipschitzian
property [2, Theorem 5].

In spite of the above example, we show below that the converse of Theorem 3.1 holds for Lyapunov-
like and Stein transformations on V.

Theorem 3.2. LetL : V — V be a Lyapunov-like transformation. Then the following are equivalent:

(i) L is strongly monotone.
(ii) L has the Lipschitzian Q-property.
(iii) (L(c), c) > 0 for all primitive idempotents c in V.

Proof. The equivalence of (i) and (ii) follows from Theorem 6 in [2].
(if) = (iii): This follows from Corollary 3.1.

(iii) = (i): Let 0 # x € V. By the spectral decomposition, x = Z:zlaie,-, where {e1, eq, ..., e}
is a Jordan frame. Since L is a Lyapunov-like transformation, {(L(e;), ej) = 0 if i # j. Therefore,
(L(x),x) = Zl Nes (L(el) e;). Since (L(e;), e;) > 0 for all i, we have (L(x), x) > 0. Thus, L is strongly
monotone. [J

It was shown in [3, Theorem 3.3] that the Lyapunov transformation L4 on S™ is strongly monotone
if and only if L4 has the Lipschitzian Q-property (which is equivalent to A is positive definite). Since L4
is a Lyapunov-like transformation on S" [14], the above result generalizes the Theorem 3.3 in [3].

It has been proved in [3, Theorem 3.2] that the Stein transformation S4 on S" has the Lipschitzian
Q-property implies I — A is positive definite. Further, if A € S™, then Sy has the Lipschitzian Q-property
if and only if I 4= A are positive definite [4, Theorem 5.1.3]. If A € S", we have S4(X) = X — AXA =
(I — P4)(X). We now extend this result to general Euclidean Jordan algebras.

Theorem 3.3. Let a € V. Consider the Stein transformation Sy defined on V by S; = I — P,. Then the
following statements are equivalent:

(i) Sq is strongly monotone.
(ii) Sq has the Lipschitzian Q-property.
(iii) (Sq(c), c) > 0 for all primitive idempotents c in V.
(iv) o(£a) C (—1,1).
Proof. Leta = 2:21)\.,‘61', where {eq, €3, ..., e} is a Jordan frame.

The implication (i) = (ii) follows from Proposition 2.3.11 in [6].
(ii) = (iii): This follows from Corollary 3.1.
(iii) = (iv): Suppose that (Sq(c), c) > 0 for all primitive idempotents c in V. Now, (S,(e;), ej)) =
lleill? — (Pa(ei), e;). Since (Sy(e;), e;) > 0and Py(e;) = )»fe,-, we have 1 — AI»Z > 0 for all i. This implies
that A; € (—1, 1) for alli. Thus, o (£a) € (-1, 1).
(iv) = (i): Suppose that o (£a) € (—1,1). Then 1 — AZ > 0 foralli. Letx = Zr Biei, where

Bi > 0. Then Py(x) = 2_1 ZBie; and hence Sq(x) = Z e A?)Biei. Thus, there exists a x €

int(K) such that S, (x) € int(K). Since S, is a Z-transformation and self—adjomt Sq is strongly monotone
[14, Corollary 1].
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Balaji et al. [3] showed that if A is symmetric, then for the multiplication transformation My, strong
monotonicity property is equivalent to Lipschitzian property. We see that if A € S", then the quadratic
representation P4 = Mjy. Thus, the next result generalizes the Theorem 3.5 in [3].

Theorem 3.4. Leta € V. Then the following are equivalent:

(i) Py is strongly monotone.
(ii) Pq has the Lipschitzian property.
(iii) (Pq(c), ¢) > O for all primitive idempotents c in V.

Proof. It is enough to show that (iii) = (i). Suppose (iii) holds. Since P,(K) C K [12, Proposition 6.1],
the condition (iii) is equivalent to SOL(P,, 0) = {0} [12, Proposition 3.1]. Therefore, by Theorem 6.5 in
[12], we have P, is strongly monotone. [

The relaxation transformation Rs [19]: Let {eq, €3, ..., e;} be a Jordan frame in V and A € R™*". We
define R4 : V — V as follows.

Foranyx € V, write the Peirce decompositionx = zlr: (Xi€i + zijij. ThenR4(x) = erz yiei +

Zi<jxijv Where (yls y21 e 7}’r)T = A(Xls X2y eeny Xr)T-

In [4], it has been shown that for the relaxation transformation R4 on S with respect to the Jordan
frame {Eq, Eo, ..., Ep}, the Lipschitzian Q-property implies A is a P-matrix. We now generalize this
result to Euclidean Jordan algebras. We need the following lemmas.

Lemma 3.1. Let V be a Euclidean Jordan algebra of rank r and A € R™". If Ry has the Q-property in V,
then A is a Q-matrix.

Proof. Let q be a vector in R” such that ¢' = (ay, @2, ..., ;). Take u = aje; + -+ - + are, € V.
Since R4 has the Q-property, there exists v in SOL(R4, u). Let v = Zir:]ﬂie,- + Zi<jvij be the Peirce

decomposition of v with respect to the Jordan frame {eq, e, ..., e;}. Then Ry(v) = Z:_lyiei +

Zi<jv,-j, where (Y1, Y2, ..., ¥r)T = A(B1, B2, ..., Br)T. Since v € SOL(Ry, u), we have g; > 0,

¥i+a; = 0and Bi(y; + «;) = 0foralli. This shows that x € SOL(A, q), where Xl = B, B2, -5 Br).
Hence the result. O

Lemma 3.2. If R4 has the Lipschitzian property in V, then A is a Lipschitzian matrix.

Proof. Letp, ¢ € R" withSOL(A, p)# @ and SOL(A, q) # @. We now show thatifp” = (a1, a2, . . ., &tr)
andq" = (B1, B2, ..., Br), then SOL(Ry, u) # ¥ and SOL(R4, v) # ¥, where u = ajeq + - - - + ey
andv = Bie; + - - - + Bre;. Letx € SOL(A, p) such thatxT = (x1, %2, ..., %) and (y1, Y2, ..., V)| =
A(X1, %2, ..., x) . Thenx; > 0,y +«a; > Oand x;(y; + ;) = Oforalli. Take w = xeq + - - - +x,e;.
Then Ry(w) = y1e1 + - -+ + yrer, and hence w € SOL(Ry, u). Thus, SOL(R4, u) # ¢ and SOL(R,, v)
# (. Since Ry has the Lipschitzian property, there exists a constant K > 0 such that SOL(R4, u) C
SOL(R4, v) +K||u — v||B, where B is a closed unit ball in V. Further, there exists a z € SOL(Ra, V)

such that ||[w — z|| < Kl|ju — v||. Let z = Z::ly,-ei + ijzij. Then as in the proof of Lemma

r .
3.1, we have y € SOL(A, q), where yT = (y1,¥2,...,¥;). Now [Zi=1(xi —yf)z] m1n1<j<r||ej||2 <

r 2 2 2 . .
> (i —y)*lleill* < [lw — z||* and hence [}x — yllmin<j</[lejll < [[w — z]|, where || is the
: ; 2 r 2 2 r 2 2
Euclidean norm in R, Also [[u — v[|> = " (i — B)*lleill® < [X_, (et — B)?] maxs ciecr e

which implies that ||u — v|| < |lp — gllamaxi<r<rllex]l- Since [[w — z|| < Kllu — v||, we have

max1<k<rllek|l
————=%0 Thus, SOL(A, p) € SOL(A, q) + Cl||lp — By,
min <<y lek]] us (A, p) S (A, q) llp — qll2B1

where Bj is the closed unit ball in R". This completes the proof. []

IX —yll2 < Cllp — qll2, where C = K



850 1. Jeyaraman, V. Vetrivel / Linear Algebra and its Applications 435 (2011) 842-851
Theorem 3.5. Suppose that Ry : V — V has the Lipschitzian Q-property, then A is a P-matrix.

Proof. Assume that R4 has the Lipschitzian Q-property. Then by Lemmas 3.1 and 3.2, Ais a Lipschitzian
Q-matrix. This implies that A is a P-matrix [16, Theorem 4]. O

We below specialize our study of Lipschitzian Q-property of R4 on S™ and £". Let E be a square
matrix with zero diagonal entries and ones elsewhere. Now we have the following result.

Corollary 3.2. The following statements hold:

(i) When'V = 2, Ry has the Lipschitzian Q-property if and only if A is a P-matrix.
(ii) IfV = £" (n > 3) and Ry has the Lipschitzian Q-property, then A is a P-matrix and A + E is strictly
copositive on Rﬁ_.
(iii) IfV = S™ and R4 has the Lipschitzian Q-property, then A is a P-matrix and A+ E is strictly copositive
onR'}.

Proof.

(i) “Only if" part follows from Theorem 3.5.

“If" part: Suppose A is a P-matrix. Then R4 has the P-property [19, Proposition 5.1]. Since Lﬁ_ is
polyhedral, P-property implies Lipschitzian Q-property [13, Theorem 23].

(ii) Suppose that R4 has the Lipschitzian Q-property on £", where n > 3. By Theorem 3.5, it is
enough to show that A 4 E is strictly copositive on Ri. From Corollary 3.1 and Example 3.2, we
have (Ra(z),z) > 0 for all z # 0 on the boundary of ﬂ’_}_. This implies that A + E is strictly
copositive on Ri [17, Proposition 5.2].

(iii) The proof is similar to that of Theorem 5.1 in [19]. O

The following example shows that if A is a Lipschitzian matrix, then R4 need not have the Lip-
schitzian property. This also shows that the converse of Theorem 3.5 is not true.

1
Example 3.6. Let V = S%or £" (n > 3) and A = |: } . Then A is a P-matrix. Hence A is a
0 1

Lipschitzian matrix [15], and R4 has the P-property [19]. This implies that R4 has the Q-property. But,

1 -4 1 1
A+E = { } is not strictly copositive on R? , as <(A +E) ( ) , ( )> = —1 < 0. Therefore,
1 1 1 1

by above theorem, R4 does not have the Lipschitzian property with respect to any Jordan frame in V.
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