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Abstract
We present an accurate and efficient method based on the Lanczos algorithm for predicting the onset and
mode of instability in atomistic systems. Specifically, we develop a framework that is identically applicable to all flavors of atomistic simulations, including ab-initio calculations. Notably, we do not make
any apriori assumptions regarding the nature of the instability or its location. We verify the accuracy of
the proposed approach by studying defect nucleation during the nanoindentation of a triangular lattice
and hydrostatic tension test of an Aluminum crystal. We demonstrate that the computational cost in
practical calculations scales linearly with system size, and is accompanied by a small prefactor. Overall,
the proposed method is attractive because it enables the stability analysis of atomistic systems at the
mesoscale.
Key words: Instability, Lanczos method, Linear scaling, Defect nucleation, Nanoindentation,
Hydrostatic tension test.
1. Introduction
The chemistry of the core, long ranged elastic fields, and discrete nature of the lattice enable
crystal defects to have a significant impact on the
macroscopic properties of solids [1, 2]. This motivates the accurate characterization of defects,
which includes developing a fundamental understanding of the mechanisms involved in their nucleation. Since ab-initio calculations are limited
by their large computational cost [3, 4, 5, 6, 7, 8],
atomistic simulations based on empirical potentials have been the preferred choice for studying the nucleation of defects [9, 10, 11, 12, 13,
14, 15, 16, 17]. However, these studies focus on the observation rather than prediction of
defect nucleation. In particular, the nature of
the instabilities—characterized by a sudden rearrangement of atoms resulting in either a structural
transformation, phase transition or nucleation of
a defect—which give rise to crystal defects is relatively less well understood. Though the present
work is targeted towards the atomistic scale, deCorresponding
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fect nucleation related phenomena can also be
studied at higher length scales [18].
In view of the above discussion, there have
been previous efforts to predict the onset and
mode of instability in atomistic systems [19, 20,
21, 22]. However, these approaches employ a
complete eigendecomposition of the force constants matrix, i.e., Hessian matrix. Since the
computational and memory costs of such methods scale cubically and quadratically with matrix size, respectively, the size of systems that
can be studied is severely limited. To overcome
this bottleneck in the case of defect nucleation, it
has been proposed that the stability analysis be
restricted to a suitably chosen subset of atoms
[23, 24, 25]. However, this strategy assumes
the instability mode to be localized, and requires
apriori knowledge of the center and size of the
localization region to be efficient. Another previously developed technique associates defect nucleation with the loss of positive definiteness of
the atomic scale acoustic tensor [26, 27, 28].
This requires redefining continuum level quantities at the atomic scale, which can be challenging
[29, 30]. Furthermore, the instability mode cannot be calculated, and the analysis needs to be
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performed for every atom, which can make it inefficient.
In this work, we develop a framework based on
the Lanczos method for accurately and efficiently
predicting the onset and mode of instability in
atomistic systems. Notably, the approach scales
linearly with respect to the number of atoms in
terms of computational cost as well as memory,
and possesses a small prefactor, making it a viable choice for large systems. In addition, it does
not require any apriori knowledge of the nature or
location of the instability, making it widely applicable. We verify the proposed approach by studying defect nucleation during the nanoindentation
of a triangular lattice and hydrostatic tension test
of an Aluminum crystal.

We are interested in predicting the onset and
mode of instability as the loading parameter α is
varied. To this end, we now define the instability
criterion for some given α. Let r∗α represent the
corresponding equilibrium atomic configuraton,
i.e., f (α, r∗α ) = 0. The stability of the atomistic
system can then be determined by the sign of the
stability parameter
vT H∗α v ,
λ∗α = min
v

(4)

kvk2 =1

where kvk represents the l2 norm of v, and H∗α =
H(α, r∗α ). In particular, the system is unstable if
λ∗α < 0 ,

(5)

which indicates that the configuration r∗α does
not correspond to a minimum in the energy land2. Instability criterion
scape, i.e., W (α, r) is not convex about r∗α . The
Consider a system of N atoms in a
nature of the mode vα∗ —the minimizer of the
S ∈ {1, 2, 3} dimensional space.
Let
variational problem in Eqn. 4—provides inforα denote the loading parameter and
mation about the type of instability, and can be

T
SN
×1
used to ascertain whether it corresponds to the
r = r1 r2 . . . rN
∈ R
reprenucleation of a defect.
sent the atomic configuration. On performing a
It is worth noting that in the above discussion,
second order expansion of the system’s energy
∗
we
do not account for additional constraints that
W (α, r) about some configuration r (for fixed
may be prescribed on the system. For example,
α), we arrive at
it is common to hold the positions of some of the
W (α, r) ≈ W (α, r∗ ) + f (α, r∗ )T (r − r∗ )
atoms fixed in practical calculations. In such a
1
∗ T
∗
∗
+ (r − r ) H(α, r )(r − r ) , (1) situation, the components of v corresponding to
2
the fixed atoms need to be enforced to be zero
while solving the variational problem in Eqn.
where
4. Equivalently, the stability analysis can be re

∂W
stricted to the movable atoms by eliminating the
 ∂r1 
rows and columns of H∗α that correspond to the
 ∂W 
 ∂r2 
fixed atoms.
SN ×1

f (α, r) = 
(2)
 ..  ∈ R
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3. Lanczos framework for stability analysis
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where λ is the Lagrange multiplier used to en∂ W
∂2W
∂2W
·
·
·
force the constraint. It follows that the low∂rN r1
∂rN r2
∂r2N
est eigenvalue and corresponding eigenvector of
(3)
denotes the Hessian, also referred to as the force
H∗α coincide with the stability parameter λ∗α and
constants matrix.
mode vα∗ , respectively. Instead of solving for λ∗α
2

and vα∗ alone, it is common to eigendecompose
H∗α [19, 20, 21, 22], i.e., compute all its eigenvalues and eigenvectors. However, the computational and memory costs of such a procedure
scale as O(N 3 ) and O(N 2 ) with respect to the
number of atoms, respectively, which severely restricts the size of systems that can be studied. In
order to overcome this limitation, it has been proposed that the stability analysis be restricted to
a suitably chosen subset of atoms [23, 24, 25].
However, such techniques assume vα∗ to be localized, and even then they need apriori knowledge of the location and size of the localization
region to be efficient. In addition, they require
the original ordering of the eigenvalues to remain unaffected by the localization. Such assumptions/approximations can lead to inaccurate
results, as demonstrated by the results in Section
4.
In view of the above discussion, we propose calculating λ∗α and vα∗ using the implicitly
restarted [31] version of the Lanczos method [32]
outlined in Algorithm 1. In the Lanczos method,
a three term recurrence relation is utilized to generate an orthogonal basis vk in which H∗α is a
tridiagonal matrix:


a 1 b1

 b1 a 2
b2




..
..
..
Jk = 
 ∈ Rk×k ,
.
.
.



bk−2 ak−1 bk−1 
bk−1 ak
(7)
where ak and bk are scalars calculated during
the iteration. The eigenvalues of Jk approximate
those of H∗α , with the algebraically smallest and
largest ones being the first to converge. Thereafter, the transformation matrix V consisting of
the Lanczos vectors vk as columns is used to determine the eigenmode vα∗ . In this work, rather
than explicitly form the matrix H∗α , we utilize the
finite-difference approximation for the product of
H∗α with any vector w:
H∗ w ≈

f (α, r∗α + εw) − f (α, r∗α )
,
ε

computational cost and memory storage requirements, particularly when the interactions are relatively long-ranged. In addition, since the second order derivatives of the energies are not required, the exact same implementation can be interfaced with any flavor of atomistic simulation,
including those where the second derivatives are
hard/expensive to evaluate, e.g. electronic structure calculations.
Algorithm 1: Lanczos algorithm for determining the stability parameter λ∗α and mode
vα∗
Input: v0 = vg /kvg k ∈ RSN ×1
v1 = H∗α v0
a1 = v0T v1
v1 = v1 − a1 v0
b1 = kv1 k
v1 = v1 /b1
repeat k = 2, 3, . . .
vk = H∗α vk−1
T v
ak = vk−1
k
vk = vk − ak vk−1 − bk−1 vk−2
bk = kvk k
vk = vk /bk
Eigendecompose Jk . Set λ∗α as smallest
eigenvalue, u∗ as the corresponding
eigenvector.
until k = P ;
vα∗ =Vu∗ , where

V = v1 v2 . . . vP ∈ RSN ×P .
Output: λ∗α and vα∗

(8)

where ε is an appropriately small parameter.
In doing so, each matrix-vector product is replaced with one force evaluation, since f (α, r∗α )
is readily available. Such a strategy is attractive because of the substantial reduction in the
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The potentials employed in atomistic simulations are typically short-ranged, whereby H∗α is
a sparse matrix whose sparsity increases with
system size. Furthermore, the number of iterations required for convergence to a prespecified tolerance is independent of the size of H∗α
[33], which makes the overall computational and
memory costs scale as O(N ) with respect to the
number of atoms. In fact, this scaling becomes
independent of system size when vα∗ is localized
and a good starting guess vg is provided. Notably, if Newton’s method is used in conjunction
with the minimum residual (MINRES) method
[34], λ∗α and vα∗ can be calculated with practically zero computational effort in addition to that
required for determining the equilibrium position

of the atoms. This is possible because the Lanczos vectors vk are generated as part of the MINRES algorithm, whereby λ∗α and vα∗ can be estimated using the data from the last linear solve.
Indeed, the λ∗α and vα∗ so determined can be further refined by setting vg = vα∗ as the starting
guess for the Lanczos method, which should then
converge extremely rapidly.
The Lanczos framework as presented above
is suitable for calculating the lowest eigenvalue
and corresponding eigenvector of H∗α . However, several lowest eigenvalues and corresponding eigenvectors may be required in certain situations, e.g. post-bifurcation stability analysis
[21, 22]. The Lanczos method in Algorithm 1
is applicable to such situations, albeit with minor modifications. It is also possible that higher
order derivatives of the energy may be needed
while performing asymptotic analysis near critical points, e.g. Lyapunov-Koiter-Schmidt decomposition [35]. In such situations, it is envisioned that the finite-difference approximation in
Eqn. 8 can be suitably generalized.
4. Examples and results

with the parameters ǫ0 = 0.17 eV, σ = 2.92 Å,
and rc = 10 Å, which results in a equilibrium
lattice constant of a0 = 4.0572 Å. During geometry optimization, we determine the equilibrium
position of atoms using the trust-region dogleg
algorithm [38] with tolerances of 1 × 10−12 eV
and 1 × 10−12 eV/Å for the energy and forces,
respectively. The tolerance for the energy represents the normalized change in the total energy,
whereas the tolerance for the force denotes the
maximum force on any atom.
4.1. Accuracy and convergence
We first verify the convergence of the proposed approach to the machine precision accurate result. For this study, we consider a FCC
Aluminum lattice at the bulk lattice constant of
a0 = 4.0572 Å with the atomic interactions governed by the Morse approximation potential in
Eqn. 10. We subject the lattice to a hydrostatic stretch of η = 1.13, at which point the
system is unstable (Section 4.2). In Fig. 1, we
plot the convergence of λ∗α and vα∗ during the
Lanczos iteration—starting from a random guess
vg —for systems consisting of 5324 and 10976
atoms. Since λ∗α is three-fold degenerate, we
utilize the subspace spanned by the three corresponding eigenvectors to check for the convergence of vα∗ . Specifically, we define the error
in vα∗ to be the angle between the computed and
converged subspaces. We observe that there is
rapid convergence in both λ∗α and vα∗ , with an accuracy of even 10−6 attained in modest number
of force evaluations. Overall, we conclude that
the proposed method can accurately determine
the stability parameter λ∗α and the corresponding
mode vα∗ .

In this section, we verify the accuracy and efficiency of the proposed approach for predicting
defect nucleation in atomistic systems. In all the
simulations, we use the Lanczos method [32] described in Algorithm 1 in conjunction with implicit restarts [31]. We choose ε = 10−6 for approximating the product of H∗α with any vector.
For modeling the interaction between atoms in
a triangular lattice, we utilize the Lennard-Jones
potential [36]:
  
 σ 6 
σ 12

ǫ
−2
if r ≤ rc
0
r
r
4.2. Examples
,
ELJ (r) =


4.2.1. Nanoindentation of a triangular lattice
0
if r > rc
(9)
We now study the nucleation of a dislowith the parameters ǫ0 = 1 eV, σ = 1.1225 Å and
cation during nanoindentation [39] using the
rc = 2.5 Å, which results in a equilibrium lattice
LAMMPS [40] framework. Specifically, we conconstant of a0 = 1.1327 Å. For modeling the insider a triangular lattice with bulk lattice conteraction of Aluminum atoms in a face-centered
stant of 1.1327 Å in a rectangular domain of size
cubic (FCC) lattice, we employ the Morse ap45.308 × 19.619 Å, the origin being located at
proximation to the Lennard-Jones potential [37]:
the bottom left corner. We hold the bottom two
( 
rows of atoms fixed throughout the simulation,
(r−σ)
(r−σ) 
ǫ0 e−12 σ − 2e−6 σ
if r ≤ rc
EM (r) =
, and enforce periodic boundary conditions on the
lateral sides of the domain, i.e., on the edges cor0
if r > rc
(10)
responding to x = 0 Å and x = 45.308 Å.
4

depth at which the instability is predicted is accurate to within 5 × 10−4 Å. Subsequently, the indentation is continued from the indentation depth
at which the first negative λ∗α was encountered
with the original step size of 1.9619 × 10−3 Å.
At this point, the mode vα∗ corresponding to the
the onset of instability is used to generate a good
starting guess so as to converge to a minimum
energy configuration. In Fig. 2, we plot the stability parameter λ∗α as a function of the indenter
displacement. We observe that there is a steady
increase in λ∗α during the initial stages of nanoindentation, before it undergoes an extremely sharp
drop close to the point of instability, which occurs at an indenter displacement of 1.5474 Å. As
shown in Fig. 3, the minimum energy configurations after the point of instability show the presence of a dislocation. Therefore, we expect the
instability mode vα∗ to predict the nucleation of a
dislocation, a result we verify next.
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Figure 1: Convergence of the stability parameter λ∗α and
∗
mode vα
during the implicitly restarted Lanczos iteration.
The error in the three-fold degenerate λ∗α denotes the absolute value of the difference from the converged value. The
∗
error in vα
corresponds to the angle between the subspaces
spanned by the computed and converged eigenvectors corresponding to λ∗α .
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Figure 2: Variation of the stability parameter λ∗α during the
nanoindentation test. The inset magnifies the plot close to
the point of instability.

We model the spherical indenter with a repulsive
force of the form [41]
(
−K(R − r)2

0.15

(11)

where r is the distance from the center of the indenter, R is the radius of the indenter and K is the
strength of the indenter. In this study, we choose
the parameters R = 9.8095 Å and K = 882.84
eV/Å3 .
We start with the center of the indenter at
(22.6540, 25.5047) Å, and displace it in the negative y direction in steps of 1.9619 × 10−3 Å until λ∗α becomes negative. Then, starting from the
previous step, the step size is reduced by half and
the procedure is repeated until the indentation

Figure 3: Minimum energy configuration subsequent to the
onset of instability during the nanoindentation test. Figure
generated using AtomEye [42]

5

Since vα∗ and −vα∗ are two equivalent mini-

mizers of the variational problem in Eqn. 4, we
present in Fig. 4 the configurations obtained by
adding and subtracting vα∗ to the unstable configuration. We observe dislocations nucleating from
the surface, with slip predicted on either of the
two possible slip planes. This is to be expected
since both slip configurations are equally probable based on symmetry considerations. In practical computations, one configuration is picked
over the other due to the presence of round-off errors. Indeed, the configuration obtained by subtracting vα∗ is in very good agreement with the
numerical result presented in Fig. 3. The need
for vα∗ to be able to predict both symmetry related slip configurations indicates that the trajectory followed by atoms through configurational
space is not just one of pure slip. In order to
verify this, we plot the contours of the instability mode vα∗ in Fig. 5. We also plot vα∗ in the
vicinity of the indenter in Fig. 6. It is clear from
these plots that vα∗ is not very localized and in
fact has significant components on both the slip
planes. Therefore, a localized stability analysis
that is restricted to only one of the slip planes is
likely to produce inaccurate results.

∗
(a) x component of vα

∗
(b) y component of vα
∗
Figure 5: Contours of vα
at the onset of instability during
the nanoindentation test. Figures generated using AtomEye
[42]
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Figure 6: Instability mode vα
in the vicinity of the indenter
during the nanoindentation test.

∗
(a) Unstable configuration plus vα

∗
(b) Unstable configuration minus vα

Figure 4: Configurations generated by adding and subtract∗
ing vα
at the onset of instability during the nanoindentation
test. Figures generated using AtomEye [42]
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4.2.2. Hydrostatic tension test of Aluminum
We next study the nucleation of defects during the hydrostatic tension test of a FCC Aluminum crystal. Specifically, we consider a system of 27, 436 atoms interacting via the Morse
approximation potential in Eqn. 10. The atoms
on the boundary are held fixed to prevent any
rigid body modes. Starting from the original unstressed state, we apply hydrostatic stretches η in
steps of 0.01 until λ∗α becomes negative. Subsequently, starting from the previous step, the step
size is reduced by half and the procedure is repeated until η at the onset of instability is pre-

dicted to within 2 × 10−4 . In Fig. 7, we plot
the variation of the stability parameter during the
aforedescribed hydrostatic tension test. We observe that λ∗α reduces gradually, with the onset of
instability predicted at η = 1.1214. At this point,
the stability parameter λ∗α is three-fold degenerate, and therefore any linear combination of the
corresponding eigenvectors is a valid mode vα∗ .
The instability modes plotted in Fig. 8 appear to
predict the formation of multiple voids in the homogeneous lattice.
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z(Å)

5
0
−5
−10
10
10
5

0

0

y(Å)
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Figure 7: Stability parameter
as a function of the stretch
η during the hydrostatic tension test.
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We now investigate the effect of localization
on the results presented above. On restricting the
stability analysis to atoms within a sphere of radius 10 Å centered at the midpoint of the domain,
we find that λ∗α is no longer degenerate at the
point of instability. In addition, the corresponding mode vα∗ plotted in Fig. 9 appears to predict the formation of a single large void, which is
in agreement with the conclusions drawn from a
prior localized stability analysis [24]. However,
it is clear that these results are very different to
those obtained for the full system. Indeed, the results from the localized analysis approach those
obtained for the full system as the localization region is increased. This highlights the need for a
complete stability analysis in order to accurately
predict defect nucleation in atomistic systems.

Figure 8: The instability modes corresponding to the threefold degenerate stability parameter λ∗α during the hydrostatic tension test. Only the components in a spherical subdomain of radius 10Å centered at the origin have been plotted.

4.3. Scaling and performance
Finally, we study the scaling and performance
of the proposed Lanczos based method and compare it with the QR approach, an efficient technique for eigendecomposition. To ensure a
fair comparison, rather than employing a finitedifference approximation for the matrix-vector

product in the Lanczos framework, we use the
full matrix H∗α . We again choose a FCC Aluminum lattice subjected to a hydrostatic stretch of
η = 1.13 as the representative example. In Fig.
10, we present the computational time to achieve
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Figure 9: Instability mode vα
obtained during the hydrostatic tension test by restricting the stability analysis to a
spherical subdomain of radius 10 Å centered at the midpoint
of the domain.

Figure 10: Comparison of the proposed Lanczos based
method with eigendecomposition using the QR method.
The solid lines represent O(N ) and O(N 3 ) scaling with
respect to number of atoms.

an accuracy of 10−5 eV in λ∗α and 10−5 rad
in vα∗ for systems ranging from around 1000 to
1, 000, 000 atoms, starting from a random starting guess vg . For reference, we also plot lines
corresponding to O(N ) and O(N 3 ) scaling with
respect to the number of atoms. Notably, the QR
results are restricted to 5324 atoms due to the
tremendous computational cost and memory requirements for larger systems. We observe that
the proposed Lanczos based approach is able to
significantly outperform the QR method. Moreover, it demonstrates O(N ) scaling with system
size compared to the O(N 3 ) scaling of the QR
method. In fact, the time taken by the Lanczos
method for the 1, 000, 000 atom system is approximately 7 minutes on a single workstation.
Indeed, the computational times are expected to
be much smaller in practical simulations due to
the availability of a good guess. Combined with
its extremely good parallel scalability, the proposed approach is suitable for the stability analysis of atomistic systems even at the mesoscale.

tion. We have verified the accuracy of the proposed method by studying two examples involving defect nucleation, namely the nanoindentation of a triangular lattice and the hydrostatic
tension test of an Aluminum crystal. We have
demonstrated that the computational cost scales
linearly with the number of atoms—accompanied
by a small prefactor—in practical computations.
Overall, we conclude that the proposed approach
makes it feasible to routinely study the stability
of atomistic systems at the mesoscale.
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