Version of Record: https://www.sciencedirect.com/science/article/pii/S1385894720312547
Manuscript_4ad145370225553bb0683f68a79fcbbd

Multiscale modeling of microwave-heated multiphase systems
Himanshu Goyal1 and Dionisios G. Vlachos2*
1. Department of Chemical Engineering, Indian Institute of Technology Madras, Chennai,
Tamil Nadu 600036, India
2. Department of Chemical and Biomolecular Engineering, Catalysis Center for Energy
Innovation, University of Delaware, 221 Academy Street, Newark, Delaware 19716,
United States
Abstract
Modeling of microwave heating of multiphase systems requires resolving the electromagnetic
field from the single particle to the entire cavity. We introduce a multiscale methodology for
computationally affordable simulations of microwave heating of multiphase systems consisting
of one phase dispersed in a continuum phase. The methodology homogenizes the original
multiphase system, by taking advantage of the large separation of length scales, to calculate the
effective permittivity, effective thermal conductivity, and volumetric power absorbed in each
phase. The methodology is rigorously assessed against particle-resolved detailed numerical
simulations of model systems. We demonstrate a significant reduction in computational cost
while retaining the accuracy of detailed simulations. The present methodology enables high
throughput exploration of novel multiphase system designs utilizing microwave heating.
Keywords: microwave heating, multiscale modeling, numerical homogenization, multiphase
reactors.
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1. Introduction
Microwaves produced from renewable electricity provide a sustainable way of heating
reactors, dryers, and other multiphase systems (hereafter called systems), thereby reducing the
dependence on fossil fuels. Moreover, the rapid and selective heating of microwaves can
intensify traditional processes leading to significant increase in productivity and energy
efficiency, as shown in recent experimental studies [1-15].
Despite the abovementioned benefits, microwave heating is far from being widely
implemented due to the poor understanding of the underlying processes, scalability, and cost
issues. Many of the chemical processes utilize multiphase systems, such as a fixed bed or a slurry
reactor, possessing multiple scales, ranging from an individual particle to the entire system.
Experimental studies cannot easily provide the temperature profile across all scales [16].
Computations can be used to complement experiments and for the design, optimization, and
scale-up of microwave reactors [17-19]. However, the complexity of microwave-heating of a
multiphase system makes the modeling extremely challenging. For instance, non-spherical
particles focus the electromagnetic field at their sharp edges and can result in hot spots and
temperature gradients, implying that simulations need to resolve individual particles. The mere
requirement of resolving all scales renders numerical simulations computationally prohibitive.
One way of overcoming the disparity in scales is the use of homogenization theory, a
multiscale method applied chiefly in transport and specifically in diffusion [20-22] and thermal
conduction [23, 24]. Homogenization theory takes advantage of the disparity in length scales and
provides effective properties, thereby converting the original point-wise mathematical
description into an averaged (coarse-grained) description. In the physics literature related to

metamaterials, calculating the effective electromagnetic properties, such as the electric
permittivity, magnetic permeability, refractive index, and wave impedance, of structured
composites is an active area of research [25-30]. For instance, analytical mixing formulae, such
as the Clausius–Mossotti and the Maxwell–Garnett formulae [26], for computing effective
properties for special cases and geometric simplifications, have been derived. Pendry et al. [25]
derived the effective permeability of several simple periodic structures starting from the integral
form of Maxwell’s equations. Liu et al. [28] evaluated the effective permittivity of a periodic
composite structure by comparing the complex transmission coefficient with numerical
calculations. However, the calculation of the effective permittivity based on the reflection and
transmission coefficients is not unique [26]. When the inhomogeneity scale is small compared to
the electromagnetic wavelength, the electrostatic limit has been used to calculate the effective
permittivity, by comparing the energy stored in a capacitor containing the original multiphase
system and the corresponding effective medium [27, 30]. Smith and Pendry [26] calculated the
effective permittivity and permeability using a numerical homogenization scheme based on
Pendry et al. [25].
The abovementioned techniques provide a way to evaluate the effective permittivity and
permeability using homogenization theory and have mainly been explored by the metamaterials’
community. Microwave-heating of multiphase systems is a relatively new area of research and
requires efficient simulation tools to evaluate the temperature distribution. At present, the finite
element COMSOL multiphysics microwave simulation software is the most commonly used tool
to investigate microwave heating [3, 17-19, 31, 32].

Here we develop the foundations of multiscale heat transfer for microwave heating of
multiphase systems. Furthermore, we introduce a simple geometry for efficient particle-resolved
simulations in COMSOL (hereafter called detailed simulations) and compare to the
homogenization results of the coarse graining of ours as well as analytical formulae of prior work.
We go beyond computing effective properties to look at the electric field, the power adsorbed,
and the temperature distribution. The developed methodology allows for the first time
computationally affordable numerical simulations of microwave heating of multiphase systems.

2. Coarse-graining Theory
We define the length scales of the multiphase system and the unit cell, ℒ and , respectively,
and consider the separation of length scales

≪ ℒ . Figure 1 shows the schematic of a

multiphase system (e.g., a fixed bed or a slurry reactor) along with the associated length scales.
The unit cell term is widely used in crystallography and materials science to represent the
smallest periodic structure whose replication creates an entire material. Here the unit cell is
defined as the length scale that captures statistically the inhomogeneity of the medium. The
distribution of the material within the unit cell does not necessarily need to be periodic. The
wavelength of the microwave

is another important characteristic length scale. When the unit

cell is much smaller than the characteristic length scales of the multiphase system, i.e., ϵ =

/min( , ℒ ) ≪ 1, the governing equations can be transformed into averaged equations with

effective coefficients [33]. This section describes the methodology to calculate the effective
permittivity ε , effective thermal conductivity

, and volumetric power absorbed in the

dispersed 〈 〉

and continuous phases 〈 〉 of the effective medium obtained from the

homogenization of the multiphase system.

Figure 1: Schematic of the multiscale nature of a multiphase catalytic reactor. The largest length scale corresponds to the
reactor-size ~ (1

) and the smallest length scale is associated with a single particle ~ (1

). Detailed simulations of a

multiphase reactor require the mesh size to be sufficiently smaller than the particle size, thereby making the number of mesh
elements too large to be computationally affordable.

2.1.

Calculation of Effective Permittivity

via Homogenization Theory

Inside a source-free, linear, isotropic, and homogeneous medium, the Helmholtz equation
describes the distribution of the electric and magnetic field components of a harmonic
electromagnetic wave [34]
∇ ! + # $%! = 0

∇ ' + # $%' = 0

(1)

where ! and ' are the electric and magnetic fields in phasor notation, respectively. # is the

angular frequency and % and $ are the complex permittivity and permeability of the medium,
respectively. The volumetric power absorbed Q [W/m3] due to dielectric heating is given by
Q = 0.5ω% ,, !. !∗

(2)

where % ,, is the imaginary part of the complex permittivity and !∗ is the complex conjugate of !.
The above equations need to be solved for each phase with appropriate interfacial conditions,
requiring the mesh/grid to resolve the interface and thus making the computational cost of
simulations extremely high. To reduce the computational cost, the governing equations are
transformed into averaged equations by an averaging operation. For this purpose, the averaging
operator 〈∙〉 is defined over a length scale

as

〈∙〉 =

1
0 (∙)12
/ /

(3)

Here, / is the volume associated with the length scale . The focus of this work is on dielectric
heating; therefore, the magnetic permeability is assumed to be that of vacuum. Applying the
averaging operator 〈∙〉 on Eq. (1) for ! gives

∇ 〈!〉 + # $〈%!〉 = 0

(4)

∇ 〈!〉 + # $ε 〈!〉 = 0

(5)

Introducing an effective permittivity of the medium ε , Eq. (4) becomes

where
ε

=

〈%!〉
〈!〉

(6)

Eq. (5) governs the distribution of the averaged electric field 〈!〉. Using the definition of the
electric displacement field 3

3 = ε!

(7)

in Eq. (6) results in

Eq. (8) defines the effective permittivity ε

ε

=

〈3〉
〈!〉

(8)

of a multiphase system. Using simulations, the local

distribution of 3 and ! is obtained within the unit cell and then used to calculate ε

according

to Eq. (8).
2.2.

Estimation of the Volumetric Power Absorbed [W/m3]

The point-wise volumetric power absorbed for the dispersed

4

and continuum

5

phases is

given by
4
5

= 0.5ω%4,, (!. !∗ )6
= 0.5ω%5,, (!. !∗ )7

(9)

where % ,, and % ,, are the imaginary part of the permittivity of the dispersed and the continuum
phases, respectively. (!. !∗ )6 and (!. !∗ )7 represent the strength of the electric field in the

dispersed and continuum phases, respectively. Applying the averaging operator 〈∙〉 to Eq. (9)
provides
〈 〉4 = 0.5ω%4,, 〈!. !∗ 〉4
〈 〉5 =

0.5ω%5,, 〈!. !∗ 〉5

(10)

Since the simulations of the effective medium provide 〈!〉 instead of !, we express 〈!. !∗ 〉4 and

〈!. !∗ 〉5 using 〈!〉. For this purpose, the point-wise electric filed ! is decomposed into the

averaged electric field 〈!〉 and the residual electric field !, , reminiscent of theory for fluctuating
and turbulent systems, such that
! = 〈!〉 + !,

(11)

〈!. !∗ 〉 = 〈!〉. 〈!∗ 〉 + 〈!′. !′∗ 〉

(12)

Using Eq. (11), 〈!. !∗ 〉 can be expressed as

By defining two numerically computed parameters 9 and ::
9=

:=

〈!. !∗ 〉4 and 〈!. !∗ 〉5 can be calculated as

〈!′. !′∗ 〉
〈!〉. 〈!∗ 〉

(13)

〈!. !∗ 〉4
〈!. !∗ 〉

〈!. !∗ 〉4 = :(1 + 9 )〈!〉. 〈!∗ 〉

(1 − <: )
(1 + 9)〈!〉. 〈!∗ 〉
〈!. !∗ 〉5 =
(1 − <)

(14)

where < is the volume fraction of the dispersed phase. 9 and : capture the variation of ! at a
length scale smaller than

and are calculated using the numerically evaluated ! within the unit

cell. Substituting Eq. (14) into Eq. (10), we get
〈 〉4 = 0.5ω%4,, :(1 + 9 )〈!〉. 〈!∗ 〉

(1 − <: )
(1 + 9)〈!〉. 〈!∗ 〉
〈 〉5 = 0.5ω%5,,
(1 − <)

(15)

The total averaged volumetric power absorbed 〈 〉= is calculated by
〈 〉= = <〈 〉4 + (1 − <)〈 〉5

2.3.

Estimation of the Effective Thermal Conductivity >

(16)

via Homogenization Theory

The temperature profile in a microwave field for convection-free systems is calculated by the
energy conservation equation:

where ?, @A , and

?@A

BC
+ ∇. (κ∇C ) = Q
BD

(17)

are the mass density, specific heat capacity, and thermal conductivity of the

medium, respectively. The averaged energy conservation equation is given by [35]

Here F?@A G

F?@A G

BCHIJ
+ ∇. F
BD

∇CHIJ G = 〈 〉=

is equal to 〈?@A 〉 as shown in Ref. [35] and κ

(18)

is calculated using the numerical

homogenization technique described in Ref. [33] The steady state heat conduction problem
inside the unit cell is numerically solved in COMSOL and the resulting distribution of the
temperature gradient is used to calculate κ
M/ M/ M/

= 80 0 0
O

Here,

O

O

from the following expression [33]:
(LM , L , LN )

BC
1L 1L 1LN
BLM M

(19)

is a function of space. LP are the fast variables defined as LP = QP /ϵ, QP being the spatial

coordinates with R = 1, 2, and 3. A schematic of the multiscale methodology and details of the
simulation setup to calculate

are provided in Sections S1 and S2 of the Supporting

Information (SI), respectively. Equations (5) and (18) represent the homogenized description of
microwave heating of a multiphase system. The temperature dependence of the dielectric
properties and electromagnetic field dependence of the absorbed power make Eqs. (5) and (18)
two-way coupled. It should be noted that without any loss of generality, the developed
methodology can be used in more complex systems, where additional physics like fluid dynamics

is important, by integrating the appropriate governing equations with those of microwave
heating.

3. Simulation Setup
Figure 2 shows the simulation setup, built in COMSOL, used to calculate the effective medium
properties: ε , 9, and :. A plane electromagnetic wave is generated from the inlet port

propagating in the W-direction with the electric and magnetic fields fluctuating in the Q and X

directions, respectively. A perfectly matched layer (PML) boundary condition is employed at both
ends of the domain in the W-direction that do not permit the reflection of microwaves. The Q

and X directions are made periodic. A number of unit cells are placed at the center of the domain.

Figure 2. Computational setup to calculate the effective medium properties. Periodic boundary conditions are applied in the
perpendicular x-y directions. The incident wave propagates in the z direction.

A parametric study is performed to evaluate the effect of the PML thickness, the number of
mesh elements, and the number of unit cells on ε . These results are provided in Section S3 of
the SI. A domain of three unit cells with PML thickness of 0.1 and the gap between the port and
PML boundary being equal to

is sufficient to evaluate the effective parameters.

For comparison of the coarse-grained (homogeneous phase) and detailed simulations, a
computational setup consisting of twenty unit cells, shown in Figure 3, is used. In the detailed
simulations, the multiphase system is fully resolved, i.e., the mesh size is sufficiently smaller than
the dispersed particles, as shown in Figure 1. Even though our methodology is independent of
the frequency of the microwaves, all the simulations performed here employ a frequency of 2.45
GHz, which is the most common frequency used for microwave heating.

Figure 3: Computational setup for the coarse-grained and detailed simulations. Periodic boundary conditions are applied in
the perpendicular x-y directions. The incident wave propagates in the z direction. The domain is long enough to simulate a thin
slab using computationally affordable calculations while capturing significant variation of the electromagnetic field.

4. Assessment of the Multiscale Methodology
We compare the predicted effective permittivity ε

against two established techniques from

the literature as well as the electric field, the volumetric power absorbed, and the temperature
profiles obtained from the coarse-grained and the detailed simulations.
Spherical particles uniformly dispersed in a continuum medium are chosen to represent the
multiphase system. For verification, four combinations of dielectric properties of the dispersed
and continuum phases are selected to cover a wide range of materials and achieve a sharp

contrast between the two phases. These values are provided in Table 1. For reference, at room
temperature for a frequency of 2.45 GHz, ε, and tanδ for water [17], a strong microwave
absorber, are 78 and 0.13, respectively and for hexane [7], a weak microwave absorber, are 1.9
and 0.04, respectively. In case of solids, ε, and tanδ for silicon carbide [31, 36] are 9.6 and 0.16,
respectively and for Pyrex [32] are 3.3 and 0.01, respectively.
Table 1. Dielectric constant and D[\] of the dispersed and continuum phases used in the simulations. Subscripts d and c refer
to the dispersed and continuum phases, respectively.

ε,4

tanδ4
ε,5

tanδ5

Case 1

Case 2

Case3

Case 4

100

100

2

2

0.05

0.2

0.1

0.1

2

2

100

100

0.1

0.1

0.05

0.2

4.1 Effective Permittivity Estimated via Various Methods
The effective permittivity ε

calculated from our methodology is compared against the

Maxwell-Garnett analytical mixing formula and the numerical homogenization technique of
Myroshnychenko and Brosseau [30]. The Maxwell-Garnett formula is applicable to uniformly
distributed spherical particles in the dilute limit < → 0. The effective permittivity %

is calculated

as
%

=

2<(%4 − %5 ) + %4 + 2%5
2%5 + %4 − <(%4 − %5 )

(20)

where %4 and %5 are the permittivity of the dispersed and continuum phases, respectively. The
numerical homogenization technique of Myroshnychenko and Brosseau [30] assumes a large

wavelength compared to the unit cell, 5 /

→ 0, that is equivalent to the electrostatic limit, and

estimates the effective permittivity based on the energy stored in the capacitor. Specifically, a
parallel plate capacitor, with plates of area _ and separation distance ℎ, filled with a composite

material is considered and a constant potential difference φO is maintained between the
capacitor plates. The energy b stored in the capacitor is given by
1
b = 0 εc∇φd 1A
2 f

(21)

where Ω is the surface of the capacitor and φ is the local electrostatic potential. The energy

stored b

in the capacitor containing a homogenous medium is given by:

By equating band b , ε

b

1
= %
2

_
h
ℎ O

(22)

is defined as
ε

=

if εc∇φd 1A
_
h
ℎ O

(23)

The steady state electrostatic potential is numerically obtained in COMSOL to compute ε

using

Eq. (23). Details of the simulation setup are provided in Section S4 of the SI.
The effective permittivity ε

is calculated using our methodology, the Maxwell-Garnett

formula, and the methodology of Myroshnychenko and Brosseau [30] for the dielectric
properties provided in Table 1. Figure 4 compares the real (ε, ) and imaginary (ε,, ) components

of the effective permittivity relative to the free space permittivity εO = 8.85 × 10kM F/m as a
function of the dispersed phase volume fraction <. The agreement among all the methods is
excellent for low <. For higher <, ε

obtained from our methodology and from that of

Myroshnychenko and Brosseau [30] agree well but deviate from the Maxwell-Garnett formula.

This behavior is expected as the Maxwell-Garnett formula is valid in the limit < → 0. Figure 4

shows that the value of < at which the Maxwell-Garnett formula fails depends strongly on the
dielectric properties of the constituents. These results verify our methodology to predict ε

against the established methods from the literature. Since the Maxwell-Garnett formula applies
only to spherical particles, we evaluate the impact of particle shape on the effective permittivity
in Section S5 of the SI. We find that particle shape has a significant impact on the effective
permittivity, especially at higher particle volume fractions.

,
,,
Figure 4. Real (%mnn
) and imaginary (%mnn
) components of the effective permittivity, relative to free space permittivity,

obtained from our methodology (red squares with dashed lines), that of Myroshnychenko and Brosseau [30] (green circles with
dashed lines), and the Maxwell-Garnett formula (solid black lines) as a function of the volume fraction of the dispersed phase <
for spherical particles of diameter 1

. Properties of (a) Case 1, (b) Case 2, (c) Case 3, (d) Case 4 of Table 1.

4.2 Electric Field
Detailed simulations averaged using 〈∙〉 (from Eq. (3)) are compared to coarse-grained
(homogenization theory-based) simulations, using the simulation setup of Figure 3 with twenty

unit cells, corresponding to

/ℒ = 0.05. In the detailed simulations, volume fraction of the

dispersed phase (spherical particles) is 0.25 and the input microwave power is 1 W. In Section S6
of the SI, we show that the differences between the coarse-grained and detailed simulations are
below 10% when the maximum value of

/

is lower than 0.1, where

is the wavelength in

the continuum medium. Four simulations are performed using cases 1 and 3 in Table 1 and two
unit cell sizes, such that 5 /

is 0.01 and 0.1. Figure 5 compares the real and imaginary parts of

the electric field. The agreement is excellent. In Figure 5(c), where /

= 0.1, small differences

are observed. Our results indicate that when the wavelength is larger than the unit cell by ten
times or more, the proposed coarse-graining provides excellent results for the average electric
field. For the commonly employed microwave frequency of 2.45 GHz,

for water and air is 1.4

cm and 12.2 cm, respectively, implying that the maximum size of the unit cell should be ~1 mm

(in a high dielectric constant material) and ~1 cm (in a low dielectric constant material). This size

range encompasses a broad spectrum of multiphase systems in the chemical industry. For
example, industrial fixed beds[37] contain pellets of size

(1) mm, slurry reactors [38] use

particle size of (1) mm, and fluidized beds [39] employ particles of size (0.1 − 1) mm.

Figure 5. Real (red squares and solid lines) and imaginary (green circles and dashed lines) parts of the x component of the
electric filed obtained from the coarse-grained (lines) and detailed simulations (symbols) as a function of the normalized axial
length. In the detailed simulations, spherical particles with < = 0.25 and oPp = 1 W are used. (a) Case 1 and / =0.01, (b) Case

3 and / =0.01, (c) Case 1 and / =0.1, (d) Case 3 and / =0.1. Cases 1 and 3 correspond to the dielectric properties provided
in Table 1.

4.3 Volumetric Power Absorbed
Figure 6 compares the volumetric power absorbed by the dispersed 〈 〉 and the continuum

〈 〉 phases separately and combined 〈 〉= , obtained using the coarse-grained and detailed

simulations with the simulation set-up and parameters of Section 4.2. Excellent agreement is
found except for small differences when
/

/

= 0.1 (Figure 6(c)), emphasizing the need for

≪ 1 for accurate homogenization. In the detailed simulations, volume fraction of the

dispersed phase (spherical particles) is 0.25 and the input microwave power is 1 W.

Figure 6. Averaged volumetric power absorbed by the dispersed phase 〈 〉 (green dashed lines and circles), the continuous

phase 〈 〉 (blue doted lines and diamonds), and both phases combined 〈 〉= (red solid lines and squares), as a function of the

normalized axial length obtained from the coarse-grained (lines) and detailed (symbols) simulations. In the detailed simulations,
spherical particles with < = 0.25 and oPp = 1 W are used. (a) Case 1 and

/ =0.01, (b) Case 3 and

/ =0.01, (c) Case 1 and

/ =0.1, (d) Case 3 and / =0.1. Cases 1 and 3 correspond to the dielectric properties provided in Table 1.

4.4 Temperature Profiles
The ultimate goal is to predict the temperature profiles during microwave-heating. We
compare the temperature profiles of coarse-grained and detailed simulations during transient
microwave-heating using the simulation setup of Figure 3. Here, we assume that dielectric
properties remain constant during the microwave-heating. In the detailed simulations, the
density and specific heat capacity for both phases are 103 kg/m3 and 103 J/Kg.K, respectively,
representing the order of magnitude for a wide spectrum of liquids and solids. Spherical particles

of diameter 500 $m represent the dispersed phase with a volume fraction of 0.25 and the input
microwave power is 2 W. Three thermal conductivity values are used to cover a broad range of
materials: 0.1 W/m.K (e.g., organic solvents, oils, Teflon, wood), 1 W/m.K (e.g., water, glass), and
10 W/m.K (e.g., alumina). In the coarse-grained simulations, the total volumetric power absorbed
〈 〉= and the effective thermal conductivity

are calculated using Eqs. (16) and (19),

respectively, and employed in the spatially averaged energy conservation equation, Eq. (18). As
an initial condition, the temperature of both phases is 293.15 K.
Figure 7 shows that the predicted temperature profiles of the two simulations after ten
seconds of microwave-heating are in excellent agreement. As

increases, the temperature

profile becomes more uniform across the domain. These results demonstrate the ability of coarse
graining to accurately predict the coupled phenomena of electromagnetic field distribution,
dielectric heat generation, and the temperature variation in space and time. It should be noted
that in general, the dielectric properties change with temperature, requiring periodic evaluation
of the effective permittivity during the simulations. In the transient simulations in COMSOL, the
electromagnetic field is updated periodically when the change in permittivity is greater than a
specified value. In a similar manner, the effective permittivity can be computed periodically
before updating the electromagnetic field distribution.

Figure 7. Temperature profiles from the coarse-grained (lines) and detailed (symbols) simulations along the normalized axial
and continuum phase,

length. Three sets of thermal conductivity of the dispersed phase,
mnn

10,

= 0.71 W/m.K (red circles and solid line), 2)
= 1,

mnn

= 1,

= 1,

mnn

are used: 1)

= 0.1,

= 1 W/m.K (green diamonds and dashed line), 3)

= 1,

=

= 1.7 W/m.K (blue squares and dotted line). In the detailed simulations, spherical particles of diameter 500 $m

are used with < = 0.25 and oPp = 2 W. Dielectric properties correspond to (a) Case 1 and (b) Case 3 of Table 1.

5. Reduction in the Computational Cost
In the detailed simulations, the need to resolve the dispersed phase puts a severe
constraint on the mesh size leading to a large number of mesh elements. Our methodology allows
a much coarser mesh size by homogenizing the multiphase system. Table 2 provides the
computational cost of the transient microwave-heating simulations of Section 4.4. The
simulations are performed on two cores of an iMac. The required number of mesh elements and
compute time are reduced by more than a factor of 100 and 10, respectively, in comparison to
the detailed simulations. This difference is expected to grow for much larger systems. The
significant reduction in the computational memory and time requirement makes it possible to
simulate microwave-heating of complex multiphase systems in a computationally affordable
manner.
Table 2. Computational resources required to perform the transient microwave-heating simulations of Section 4.4.

Detailed simulation

Coarse-grained simulation

Number of mesh elements

42,000

250

Compute time (s)

135

10

6. Toward Tuning and Optimization of the Effective Dielectric Properties of Multiphase
Systems
Our methodology enables exploration of novel multiphase designs to achieve desirable
microwave-heating. By tuning the structure (particle size, shape, and spatial arrangement), the
effective dielectric properties can be optimized for desired performance. As a proof of concept,
we consider two configurations consisting of cubic particles of size 500 $m, shown in Figure 8(a),
and evaluate their effective permittivity. In configuration 1, cubic particles are arranged
uniformly with their faces parallel to each other, whereas in configuration 2, the edges of the
cubic particles touch each other. The effective permittivity is calculated by varying the properties
of the dispersed phase. This can be achieved for example by changing the fluid in the pores of
the continuum solid, such as a monolith, or the type of solid immersed in a solvent. Figure 8(b)
shows large deviation in the effective permittivity of the two configurations for a wide range of
permittivity values of the dispersed phase.
The variation in the effective permittivity stems from the electric field distribution. Figure 8(c)
shows the electric field intensity with dielectric properties corresponding to set 9 (%4, =100,

tanδ4 =1, %5, =1, tanδ5 =0; see caption for all sets). The electric field varies significantly more in

configuration 2. The localized concentration of the electric field is known to result in large
deviations in the effective permittivity of the medium [25]. These results demonstrate the
promise of the present methodology in exploiting quickly different configurations for microwaveheating. We propose that using an optimization algorithm, e.g., a genetic algorithm, one can vary
the features of the unit cell in a multiphase system to optimize performance.

Figure 8: (a) Multiphase configurations 1 and 2 of identical particles arranged differently in space; (b) Percent deviation in the real
and imaginary parts of the effective permittivity of configuration 2 from configuration 1. The relative permittivity of the continuum
phase is equal to 1, whereas for the dispersed phase 9 sets of (% , , D[\] ) are used in this order: (10,0.1) (10,0.5) (10,1) (50,0.1)

(50,0.5) (50,1) (100,0.1) (100,0.5) (100,1). (c) Distribution of the electric field norm for configurations 1 and 2 for % , =100 and

D[\] =1.

7. Coarse-graining of Multiphase Systems without Resolving Temperature Gradients at the
Microscale
In multiphase reactors, temperature gradients within the unit cell can significantly affect the
reaction rate. Accurate predictions of reaction rates require resolving the temperature profile
within the unit cell. Since the developed methodology cannot predict the sub-unit cell
temperature field, we need to assess material properties and operating conditions for which the
temperature is uniform within the unit cell. Under isothermal conditions at the unit cell scale,
one does not need calculations to resolve the microscale, i.e., the coarse-grained simulations
adequately resolve the temperature gradients at the reactor or process scale. For this purpose,
we define two time scales, one associated with the rate of increase of the temperature difference

between any two points within the unit cell, rst5 , and one associated with the rate of thermal

diffusion within the unit cell, r4s .

We consider that the reaction rate within the unit cell varies significantly upon a 10 K variation
in temperature (of course this depends on the activation energy of reactions); temperature nonuniformity between any two points of the unit cell matters when it is more than 10 K. The
relevant time scales are defined as:
rst5 ~

10 u
w
ΔCxHy

r4s ~

(24)

9

w
is the maximum difference in the rate of
where 9 is the thermal diffusivity, and ΔCxHy
temperature increase between two points within the unit cell. For the temperature nonuniformity within the unit cell to be negligible, we heuristically require that the thermal diffusion
time scale to be short, i.e., r4s ≪ rst5 , implying that
≪

∗

109
=z
w
ΔCxHy

(25)

Based on the thermal diffusivity of the constituent materials and the observed heating rate, an
upper limit on the unit cell size

∗

can be calculated for the homogenization methodology to be

accurate for reactive systems. In practice, we propose selecting

to be smaller than

∗

by a factor

of 2 or more.
We assess the time scale analysis by performing four detailed simulations of the
microwave-heating of a spherical particle of diameter 1 mm placed in a continuum medium with
<=0.25 (parameters shown in Table 3). The dielectric properties of materials correspond to cases

1 and 3 of Table 1. The thermal diffusivity is chosen to be 10-6 m2/s and 10-4 m2/s, spanning
materials ranging from gases to solids. In the majority of microwave-heating studies, the
w
w
is (10 ) K/s [36, 40-44]. By assuming that ΔCxHy
maximum rate of temperature increase CxH{

w
w
G, ΔCxHy
is FCxH{
~ (10 ) K/s. In the simulations, we select the input microwave power such
that the average heating rate is about 100 K/s.
Table 3: Simulation parameters to calculate the intra-particle temperature profiles.

Parameter

Case 1

Case 2

Case 3

Case 4

10-6

10-6

10-4

10-4

0.32

0.32

3.2

3.2

1.3

1.3

1.3

1.3

Thermal diffusivity
[m2/s]
∗

[mm]

[mm]
(
%,

tan ]
%,

tan ]

>

∗

)

(

>

∗

)

<

(

∗

)

(

<

100

2

100

2

0.05

0.1

0.05

0.1

2

100

2

100

0.1

0.05

0.1

0.05

∗

)

Figure 9 shows the simulated intra-particle temperature profiles after five seconds of
microwave-heating. As predicted by the time scale analysis, the temperature non-uniformity
within the unit cell is significant (~10 K) for cases 1 and 2 where
3 and 4 where

<

∗

>

∗

, and negligible for cases

. These results are independent of the dielectric properties selected for the

constituent materials. Thus, Eq. (25) can be used to assess the applicability of our methodology
to reactive multiphase systems at various experimental conditions.

Figure 9: Intra-particle temperature profiles obtained from the detailed simulations of microwave-heating of spherical particles of
diameter 1 mm with <=0.25. (a) Case 1 ( >

∗

), (b) Case 2 (

>

∗

), (c) Case 3 (

<

∗

), (d) Case 4 (

<

∗

) with properties from

Table 3.

8. Conclusions
We introduced numerical homogenization as an effective multiscale methodology to
numerically simulate microwave heating of complex multiphase systems in a computationally
efficient manner. The original electromagnetic equations are transformed into spatially coarsegrained equations with effective parameters, and a unit cell is defined to compute the effective
properties. The unit cell size should be sufficiently ‘large’ to statistically capture the
inhomogeneity of the medium but small compared to the electromagnetic wavelength.

Comparison with the Maxwell–Garnett formula indicates that the latter is a good approximation
for certain cases and unexpectedly up to relatively high densities of the dispersed phase. Thus, it
can serve as a first approximation in design. Detailed simulations were used to verify our
methodology and demonstrate the significant reduction achieved in the computational cost. The
methodology can easily be implemented in COMSOL or any other multiphysics numerical solver.
Our methodology could also be applied to reactive multiphase systems when the unit cell size
is smaller than a critical length, which depends on the thermal diffusivity and the heating rate of
the material. The coarse-grained simulations need to be solved only at the process scale and
accurately predict the distribution of the electric field, volumetric power absorbed, and
temperature during transient microwave-heating. We discuss the potential of applying our
methodology to modeling structured multiphase systems whose constituent materials have
widely varying dielectric properties and ultimately to optimizing structures.
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