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MICROLOCAL ANALYSIS ON WONDERFUL VARIETIES.
REGULARIZED TRACES AND GLOBAL CHARACTERS

STEPHANIE CUPIT-FOUTOU, APRAMEYAN PARTHASARATHY, PABLO RAMACHER

ABSTRACT. Let G be a connected reductive complex algebraic group with split real
form (G, o). Consider a strict wonderful G-variety X equipped with its o-equivariant real
structure, and let X be the corresponding real locus. Further, let E be a real differentiable
G-vector bundle over X. In this paper, we introduce a distribution character for the
regular representation of G on the space of smooth sections of FE, and show that on a
certain open subset of G of transversal elements it is locally integrable and given by a
sum over fixed points.
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1. INTRODUCTION

Let G be a real reductive group. In classical harmonic analysis a crucial role is played
by the global character of an irreducible admissible representation (v, ) of G on a Hilbert
space H. It is a distribution ©, : .#(G) > f +— trv(f) € C on the group given in terms of
the trace of the convolution operators

u(f) = /G F(9)(9) da(g),
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where .7 (G) denotes certain space of rapidly decaying functions on G and dg a Haar
measure on G [20, Chapter 8]. By Harish-Chandra’s regularity theorem, O, is known to
be locally integrable, and represents a natural generalization of the character of a finite-
dimensional representation. As a consequence of this theorem, Harish-Chandra was able
to characterize tempered representations in terms of the growth properties of their global
characters, and fully determine the irreducible L?-integrable representations of G. For
a parabolically induced representation, Atiyah and Bott [4] interpreted ©, in terms of
a fixed point formula, extending the classical Lefschetz fixed point theorem to geometric
endomorphisms on elliptic complexes via pseudodifferential operators.

Let now G be the split real form of a connected reductive complex algebraic group
G and o the corresponding anti-holomorphic involution of G. Consider further the real
locus X of a strict wonderful complex algebraic G-variety X equipped with its canonical
o-equivariant real structure. The variety X is, in particular, a projective real algebraic Gg-
variety, Gg being the identity component of G. In this paper, we introduce a distribution
character © for the regular representation (m,C>(X,E)) of Gy on the space of smooth
sections of a given real differentiable Gg-vector bundle F over X. Since the G-action on X
is not transitive, the corresponding convolution operators 7( f) are not smoothing, so that a
trace can no longer be defined by restricting their kernels to the diagonal. Instead, we show
that the operators 7(f) can be characterized as totally characteristic pseudodifferential
operators (Theorem 3), based on a certain integral transform which we now describe. As
was shown in [1], there is a canonically defined chart on X given by the local structure
of X around its unique closed Gy-orbit. More specifically, after fixing a Borel subgroup
B C G and a maximal torus T" C B, consider the standard parabolic subgroup P D B
of G such that G(/Py is isomorphic to the closed Gy-orbit of X, and let P = P“L be its
Levi decomposition with 7" C L. Then, the aforementioned canonical chart is given by
PY-Z ~ P%x Z where Z is an affine L-subvariety of X isomorphic to R", and r denotes the
rank of X. We now introduce the mentioned integral transform in terms of the spherical
roots of X as a mapping (Definition 4 and Proposition 3)

]:spher : S(PO) — S_Oo(Pu A R8+T)

from the Casselman-Wallach space S(Pp) of rapidly decreasing functions on Py to the
space of smoothing symbols S™°(P%- Z* x R5t"), where Z* :== {2 € Z : 21 -+ 2, # 0} and
s denotes the dimension of P".

As a consequence, the microlocal description of the convolution operators m(f) allows
us to characterize the singular nature of their kernels, and to introduce a regularized trace
Tryeq w(f) for them. This yields a distribution on Gy which is given by (Theorem 4)

O : CZ(Go) 3 f = Trpegm(f) € C,

C2°(Gy) denoting the space of smooth functions on Gy with compact support. We call ©,
the global character of the representation 7. It should be emphasized that this distribution
is given in terms of the spherical roots of X, and therefore encodes a large part of the
structure of X. We then prove that on a certain open set of transversal elements Go(X) C
Gy the distribution © is locally integrable and given by (Theorem 5)

0.(f) = / f@) T n(g)dale). | e C2(Go(X)),
Go(X)
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dg being a Haar measure on G and Tr” 7r(g) the flat trace of 7(g). Writing ®,(z) := g~ 'z,
the latter can be expressed as a sum over fixed points

Z Tr(g: E, — Ey)

o =
T’ 7(g) , Idet (1 — d®y(2))]

z€Fix(X,g

which is manifestly invariant under conjugation.

The global characters ©, introduced in this paper are expected to be relevant in the
context of harmonic and global analysis on spherical varieties, and the authors intend to
study their properties in detail in the future. One of the questions to be dealt with is
the invariance under conjugation of the distributions ©, on the entire group Gg. Further,
it would be interesting to compare the regularized trace introduced in this paper with
other existing trace concepts, to compute it for specific representations (7, C*(X, E)),
and to examine the distributions ©, in light of the Harish-Chandra theory of invariant
eigendistributions. We also intend to characterize the representations (m, C*°(X, E)) and
their wave front sets more closely for specific vector bundles. In a different direction, it
would also be interesting to study the resolvent of a strongly elliptic operator on X together
with its meromorphic continuation, and to examine the action of discrete subgroups on X
and associated representations.

This paper is based on the local structure theorem for real loci of strict wonderful
G-varieties recently proved by Akhiezer and Cupit-Foutou [1], and generalizes results
already obtained by Parthasarathy and Ramacher [17] for the Oshima compactification of
a Riemannian symmetric space, as well as earlier work of Ramacher [18]. Actually, the
mentioned local structure theorem provides a natural framework in which the previous
results can be understood in a conceptually simple way.

2. WONDERFUL VARIETIES

Throughout this article we shall adopt the convention of writing complex objects with
boldface letters and the corresponding real objects with ordinary ones. Let G be the
split real form of a connected reductive complex algebraic group G of rank [, and let
o : G — G be the anti-holomorphic involution defining the split real form G, so that
G=G?={g€ G:0(g9) =g} In particular, G is a real reductive group. Since G is not
necessarily connected, denote by G the identity component of G. Fix a maximal algebraic
torus T ~ (C*)! of G and a Borel subgroup B of G containing it. We further assume that
B and T are both o-stable. We recall the definition of a wonderful G-variety.

Definition 1. ([14]) An algebraic G-variety X is called wonderful of rank r if

(1) X is projective and smooth;

(2) X admits an open G-orbit whose complement consists of a finite union of smooth
prime divisors Xq, ..., X, with normal crossings;

(3) the G-orbit closures of X are given by the partial intersections of the X;.

In particular, notice that X has a unique closed, hence projective G-orbit, given by the
intersection of all prime divisors X;. Moreover, the -variety X is spherical that is, B
has an open orbit in X [14].
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Further, recall that a real structure on X is an involutive anti-holomorphic map g :
X — X; it is said to be o-equivariant if u(g - ) = o(g) - p(x) for all (g,z) € G x X.
Crucial for the ensuing analysis is the existence of a unique o-equivariant real structure
(called canonical) on some wonderful varieties. Wonderful varieties whose points have
self-normalizing stabilizers are called strict. For such varieties one has the following

Theorem 1. [1] Let X be a strict wonderful G-variety. Then

(1) there exists a unique o-equivariant real structure p on X;

(2) the real locus X of (X, p) is not empty, and constitutes a smooth projective real
algebraic Go-variety with finitely many Gg-orbits, finitely many open B-orbits and
a unique closed Gg-orbit.

O

Examples of real loci of strict wonderful varieties include the Oshima-Sekiguchi com-
pactification of a Riemannian symmetric space; such a compactification can be realized as
the real locus of the De-Concini-Procesi wonderful compactification of the complexification
of the given symmetric space, up to a finite quotient, see [7, Chapter 8, Section I1.14].

In what follows, let X be the real locus of a strict wonderful G-variety of rank r equipped
with its canonical o-equivariant real structure. Let Y denote the unique closed Gg-orbit
of X, and consider the parabolic subgroup P = P? D B = B? of G such that Y ~ G/ P.
Let P = P"L be the Levi decomposition of P with T = T? C L. Notice that P“ is
connected.

The following local structure theorem describes the structure of the real locus X locally
around Y, and will be essential for everything that follows. It constitutes the real analogue
of Theorem 1.4 in [9].

Theorem 2. [1, Section 5] There exists a real algebraic L-subvariety Z of X such that
(1) the natural mapping
PYxZ —P“ - Z
1s a P%-equivariant isomorphism;
(2) each Go-orbit in X contains points of Z;
(3) the commutator of L acts trivially on Z; furthermore, Z is an affine T-variety
isomorphic to R" acted upon by linearly independent characters of T.

O
Let ~1,...,7 be the characters of T' mentioned in Theorem 2. These weights are usually
called the spherical roots of X. The T-action on Z ~ R" is then given explicitly by
(1) t-z=(t)z1,. ..,y (t)z) forall z=(z1,...,%)€Z and teT.
Note that P* acts on P" - Z by multiplication from the left on P". Further, since L
normalizes P“, L acts on P" - Z by setting
(2) 1 (py,2) = (Ipl~1,12) € P* x Z ~ P*. Z, (pu,2) € P*x Z, 1l € L,

while (L, L) acts trivially on Z. Consequently, P acts on P"-Z. By Theorem 2, P* - Z
is an open subset of X isomorphic to R® x R" ~ R**"  P% being diffeomorphic to R® for
some s, and Gy P* - Z = X. We can therefore cover X by the Go-translates

Ug:=g-U, Ue:=P" - Z, gc¢€Go.
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Consequently, there exist a real-analytic diffeomorphism
o: R PUxZ~P".Z
and real-analytic diffeomorphisms ¢,
g R “s pr.z L gp*.Z, g € Gp,

-1
such that {(Ug,gog )}gEGo
J-th coordinate function on Z ~ R" and p; the j-th coordinate function on P* ~ R?®, we

write

constitutes an atlas of X. More explicitly, if z; denotes the

(3) 90;11Ug9$'—>(pla---ap&zl,---,zr):yeRS"‘T‘

Note that Uy is invariant under the subgroups g7’ ¢! and gP%g~!. In the following, U,
will be called the canonical chart.

Next, let g € Go, © € Uy, and h € Gg be such that h -z € U,. From the orbit structure
and the analyticity of X one immediately deduces

(4) zj(h - x) = x;j(h, )z (2),
where x;(h,x) is a function that is real-analytic in h and z that does not vanish. We are
interested in a more explicit description of the functions x;(h,x).

Corollary 1. Foranyt €T, uc P*, x €Uy, and j =1,...,7 we have

(a) zj(gtg™' - 2) = x;(gtg™ ", )z () = 7;(t) 7 (=),
(b) zj(gug™" - ) = z(x).

Proof. Assertion (a) follows readily from (1) and the definition of the open sets Uy. Indeed,
let z =gp-z€Ujandt€T. Then

o, (gtg™ - x) =9 tp-2) = o N (tpt Tt 2),

so that the zj-coordinate of gtg~1-x reads v;(t)zj(x). Assertion (b) is a direct consequence

of Theorem 2. O

From the classification results of [8] (see precisely the list of Section 5 therein) and [19]
(Theorem A), one immediately infers that every wonderful G-variety X whose T-fixed-
points are located on its closed -orbit is strict. Even if we shall not restrict our attention
to these varieties later, we would like to close this section by mentioning that for such
varieties one can construct a more refined atlas than the one given above. Indeed, denote
by

W i= No(T)/ Z(T)
the Weyl group of G with respect to 7', and write (Uy, ¢5") := (Un,,, ¢, ) for any element
w € W, ny, € Ng(T) being a representative of w. Note that by definition of the Weyl
group U, is independent of the representative n,,. Since n,Tny,' = T, U, carries a natural
T-action. We then have the following

Proposition 1. Suppose that X is a wonderful G-variety such that its T -fixed-points are
located on its closed G-orbit. Then

-1
{(UU)’(?D’U} )}U)EW
constitutes a finite atlas of X.
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Proof. Let B~ denote the Borel subgroup of G such that BN B~ = T. The variety X
has a unique projective G-orbit and, hence, a unique point fixed by B~ [1]. This fixed
point, denoted in the following by g, lies in the closed G-orbit by assumption. Next, let
n:s (s, ...,5%), a; > 0, be a morphism from C* to the algebraic torus T ~ (C*)!, such
that the set of T-fixed-points in X coincides with the set of fixed points of {7(s)},cc- in
X. By [6], there is a cell decomposition of X and, consequently, of X in terms of the sets

{reX: (s) -z =y},

where y runs over the set of T-fixed-points of X. Furthermore, the open subset P*-Z C X
is given by the cell

lim
R*3s—0 "

PY-Z={reX: R*lélsn_mn(s) T =1Yo},

see [1] for details. By assumption, all T-fixed-points belong to the closed G-orbit of X. On
the other side, it is well-known that the T-fixed-points of a projective G-orbit are indexed
by the Weyl group W. More specifically, for each such y there exists a w € W such that
Yy = nywyo for any representative n,, € Ng(T') of w. Noticing that the aforementioned cells
are just contained in the W-translates of P* - Z, one finally obtains the proposition. [

Remark 1. The atlas from the previous proposition is a generalization of that constructed
by Oshima for the compactification of a Riemannian symmetric space of non-compact type,
see [16].

3. MICROLOCAL ANALYSIS OF INTEGRAL OPERATORS ON WONDERFUL VARIETIES

With the notation as in Section 2, let G be a connected reductive algebraic group over
C of rank [ with split real form (G, o). Let X be a strict wonderful G-variety of rank r
and X the real locus of X with respect to the canonical real structure on it. Consider
now a real differentiable G-vector bundle F on X of rank d and the corresponding regular
representation of Gy on the space of smooth sections C*°(X, E) of E given by

m(g)s(z) =g-[s(¢g”" - )], x€ X, g€ Gy, s CPX,E).

Let (L,C*(Gyp)) be the left-regular representation of Gy and # a Cartan involution on
g. With respect to the left-invariant Riemannian metric on Gy given by the modified
Cartan-Killing form

(A,B)g .= —(A,0B), A, B € g,

we denote by d(g,h) the distance between two points g,h € Gy, and set |g| = d(g,e),
where e is the identity element of G. A function f on Gy is said to be of of moderate
growth, if there exists a x > 0 such that |f(g)] < Ce®l9l for some constant C' > 0. Let
further dg be a Haar measure on GG, and denote by il the universal envelopping algebra, of
the complexification of the Lie algebra g of G. We introduce now the Casselman- Wallach
space of rapidly decreasing functions on Gy [10, 21].

Definition 2. A function f € C°°(Gy) is called rapidly decreasing if it satisfies the
following condition: For every k > 0 and H € Ll there exists a constant C' > 0 such that

|AL(H) f(g)] < Cel.
The space of rapidly decreasing functions on Gy will be denoted by S(Gy).
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Remark 2. 1) Note that f € S(Gp) implies that for every x > 0 and H € 4l one has
dL(H)f € LY(Gy, e™9dg).

Indeed, let ¢ > 0 be such that e=<l9l € L1(Gy,dg), and k > 0 and X € 4 be given. Then
letv 9l dL(X) f(g)] < C for all g € Gy and a suitable constant C' > 0, so that

HdL(X)feHHHLl(GO,dG) <C He_c"‘HLl(Go’dG) <o

2) If f e S(Go), dR(X)f € S(Gp). Furthermore, if one compares the space S(Gp)
with the Fréchet spaces .7, ,(Go) defined in [20, Section 7.7.1], where a and b are smooth,
positive, K-bi-invariant functions on Gg satisfying certain properties, one easily sees that
a(g) = €9l and b(g) = 1 satisfy the selfsame properties, except for the smoothness at
g = e and the K-bi-invariance of a. Besides, it should be noticed that the space S(G) is
different from the Schwartz space introduced by Harish-Chandra [10]. In our context, the
introduction of the space S(Gy) was motivated by the study of strongly elliptic operators
and the decay properties of the semigroups generated by them [18].

Consider next for each f € §(Gy) the linear operator
(5) w(f): CH(X,E) — C*(X, E), (n(f)s)(x) = g fl9)g-1s(g™" @) da(9) € Ex.

It becomes a continuous map when endowing C*°(X, E) with the Fréchet topology of
uniform convergence, and its Schwartz kernel is a distribution section Ky € D'(X x X, EX
E'), where E' = E* x Qx, and Qx denotes the density bundle on X. Observe that the
restriction of 7( f)s to any of the Gg-orbits depends only on the restriction of s € C* (X, F)
to that orbit. Let Xy be an open orbit in X. The main goal of this section is to describe the
microlocal structure of the operators m(f), and characterize them as totally characteristic
pseudodifferential operators on the manifold with corners Xy. Recall that according to
Melrose [15] a continuous linear map

Q:CX(M) — C™(M)

on a smooth manifold with corners M is called a totally characteristic pseudodifferential
operator or order m € R if it can be written in local charts as an oscillatory integral

Quoculy) = / SOy, a€) dE, e CORM),

where @ denotes the Fourier transform of u and R™* = [0,00)* x R"* the standard
manifold with corners with 0 < k£ < n and coordinates y = (y1,...,Yx,y’), while d¢ =
(2m)~™ d¢. The amplitude ¢ is supposed to be of the form ¢(y, &) = q(y, y1&1, - - -, Yrli, &),
where ¢(y, €) is a symbol of order m satisfying in addition the lacunary condition

(6) /ei(l_t)gjcf(y,g) d¢; =0 fort<0Oand1<j <k

Conceptually, the algebra of totally characteristic pseudodifferential operators arises from
the algebra of totally characteristic differential operators, which is generated by the vector
fields tangential to the boundary 0 R™"

Y , k+1<i<n,
79y, 0yi
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compare also [11, Section 18.3]. Similarly, if £ and F are vector bundles over M, a
continuous linear map

Q:C®(M,E) — C(M,F)

is called a totally characteristic pseudodifferential operator of order m € R, if for every
open subset U C M and trivializations

e By > UxR? 75 Fy - U xR,

there is a (dp x dg)-matrix of totally characteristic pseudodifferential operators @;; of
order m such that

(7F 0 (Qs) ) :ZQz’j(TEOS)j, s € CX(U;E).
J

In this case, one says that @ is of class L;". For a more detailed exposition on totally
characteristic pseudodifferential operators the reader is referred to [17].

3.1. The toric case. To make the essential ideas behind our approach as clear as possible,
we shall first consider the simplest case, namely the toric one, and restrict ourselves to
the left-regular scalar representation. Thus, let T = (C*)" be an algebraic torus, Z = C",
and let T act effectively on Z through

(7) t-z=Mm)z,....,%({t)z) z=(z1,...,2r) €4, teT,

where the ~;(t) are linearly independent characters of T, and as such given in terms of
monomials with real coefficients. The corresponding action of T' = T on the real locus
Z =" is given by (1). Next, let (v,Co(Z)) be the continuous left-regular representation
of Ty on the Banach space of continuous functions on Z vanishing at infinity given by

v()p)(z) =w(t™-2),  ¢eCo(2), teT.
We would like to describe for each f € S(Tj) the continuous linear operator
v(f): Co(Z) D CX(Z) — C*(2) c D'(2),  wv(f)= . f)v(t)dr(t)
0

as a pseudodifferential operator on Z = R" using Fourier analysis, dr(t) = (t1...t,) "' dt
being Haar measure on T'. For this, let v € C°(Z). Applying the inverse Fourier transform
one computes

) = [ s = [ ][ AT Daegae] sy are)

_ / 58 (2,€)0(€)de,
where

a7(2,€) == GO [ p(1)e =8 dp(e)
To

represents the symbol of v(f), and constitutes a polynomially growing function in £ for
general z due to the non-transitivity of the T-action on Z. Now, observe that the funda-
mental vector fields of the T-action on Z are given by linear combinations of the differential
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operators

2 0

J 0 Zj ’
which correspond to vector fields tangential to the divisor {z € Z : 2y --- z, = 0}. There-

fore, it is to be expected that v(f) constitutes a totally characteristic pseudodifferential
operator on each of the 2"-tants in R", for which we have to verify that

jg=1,....7m

~ —i Y —1
®) @) =ar(zb/z,.. . 6/ ) = . F(1)e {0 E D08 1)
0
defines a lacunary symbol of order —oco. That is, we have to show that g(&) satisfies the
lacunary condition (6) and that for any N € N and arbitrary multi-indices « there exists
a constant C o such that

1
9 0e q <—- - CnNa eR".
9) (g q7) ()] < AT Epr N 3
In this way, we are led to the following
Definition 3. Let
Fupher 1 S(T0) 3 f = Fapner(/)(€) = [ f)e {0 D0700:) (1) € C(R).
To

Note that Fypher is invariant under conjugation, that is, for arbitrary s € T we have
]:spher(L:f)(g) — f(t—l)ei<('Yl(S*It*18)7---7’Y7"(8*1t*18))»§> dT(t) — ]:spher(f)(g)a
To

where (g : t — sts_‘1 denotes conjugation in Ty. Now, in order to prove that the auxiliary
symbol gy (&) = e " ETHE) F o (£)(€) satisfies (9) we will actually show that

(10) ]:spher : S(TO) - S(Rr)v

where S(R") denotes the usual Schwartz space on R". In the same way as one verifies
that the usual Fourier transform defines a mapping from S(R") into itself, we shall use
partial integration to do so, and exploit the fact that in the definition of Fypher(f) only
the transitive action of Ty on Z := (RJ)" is considered. We shall only outline here the
main steps, which will be carried out in detail within the more general context of Section
3.2. Thus, setting ¥¢(t) := ((71(t),..., 7 (t)), ) one computes

0 0
e (t) irbe (t) P v
(11) (% =ie E Li&, Lji a1, (t).

Since the matrix I' = {T';;} is non-singular for any ¢ € T" due to the fact that the characters
7; are linearly independent, one can express any polynomial in by a linear combination
of t-derivatives of e™¥¢(). We recall now the following integration formula.

Proposition 2. Let G be a real reductive group and Go the component of the identity.
Let fi € S(Gp), and assume that fo € C®(Gy), together with all its derivatives, is of
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moderate growth. Further, let {X1,..., Xqimg} denote a basis of the Lie algebra of G.
Then, for arbitrary multiindices ,

(12) | B@ULX) fal(9)deo (9) = (—1)H ; [AL(X7) f1)(9) f2(9)da, (9),

where we wrote X7 = X;l“ ...XZ-ZT, X7 = XZ-ZT ... Xizl.
Proof. See [12, Lemma 10.22] or [18, Proposition 1]. O

By taking into account that f is rapidly decreasing and integrating Fypher(f) according
to the previous proposition we obtain (10). Since (6) is a direct consequence’ of the orbit
structure of the T-action on Z, it follows that v(f) is a totally characteristic pseudodif-
ferential operator of order —oo on each of the 2"-tants of Z = R".

3.2. The parabolic case. Next, let P be the standard parabolic subgroup of G such
that Go/PFy is isomorphic to the unique closed Gy-orbit, and let P = P“L be its Levi
decomposition with 7" C L. Writing L = S - (L, L), the Langlands decomposition of P
reads
P=MAN, M:=(L,L), A:=S8, N:=P'~R°

in standard terminology. Note that T = AT’, where T” is the maximal torus of M
contained in 7', and dim A = 7.2 Recall that P acts on P"- Z as in (2); in particular, Z
is acted upon trivially by the commutator of L, while A acts as in the toric case.

We shall again consider the scalar-valued case, and restrict ourselves to the description
of the continuous linear operators

v(f): CE(PY-Z2) — C2(P* - Z), v(f) = : fp)vp)dp(p), [ S(h),
0

in the canonical chart P*-Z C X, where (v,Co(P"- Z)) denotes the left-regular represen-
tation of P on the Banach space Cyp(P" - Z) of continuous functions on P" - Z vanishing
at infinity. In view of the local structure theorem we identify P* - Z with P% x Z ~ RS*"
in this subsection. With respect to these isomorphisms the action of P = M AN on P*-Z
is given by
(13) ot (man)py -z = n7(ma) tpymaat - 2 — (7 (ma) puma, ot - 2)

— (pr(n~ (ma) " puma), ...,y (@ Dz, (a2,

compare (1)-(3). Now, for a function v € C°(P* - Z) one has
v(f)opu-2) = [ FO0 pa-2)dp= / [ / e @D 86 dg | (p) dp.
Py Py Rs+r

where 9(£) denotes the Fourier transform of v as a function on P%-Z ~ P% x Z ~ R5*".
Introducing the phase function

wpu-z,ﬁ(n%a?n) L= <<p_1(nampu : Z)7§>

14
1) = <(p1(n(am)pu(am)_1), coom(a)z, .. ,’yr(a)zr), §>

13ee end of Section 3.2 for details.
2Notice that in Section 3.1 we assumed T to act effectively on Z, so that we have T'= A there.
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and using the integration formulas for real reductive groups we obtain for Py = MyAyN
v(f)v(pu - 2)

:/ {/ ewpu‘zvf(m%’“71’"71)6(5) d¢| f(man)a=2¢ dmdadn
MoxAgx N Rstr

:/ ei(apfl(pu-z)75>qf(pu.z7£)@(£)d‘£7
Rs+7‘
where we set

05l 26 s= D) [ pmametectr
Mo ><A0 XN

Here ¢ € a* is given by o(A) = 3 tr(ad Ajy) and a=2¢ = exp(—20(A)) if a = exp A € Ao,
A € a, compare [20, Section 2.4]. Next, consider the z-independent auxiliary symbol

11,1y
0”170 722 dmy da dn.

E]Vf(ptwg) = qf(pu © 2, (517 B 758768-‘1-1/217 v SS-H“/Z?“))

— ¢~ HP1,ps,1,01),6) / f(mcm)e“pf’u'f(nf1
MoxAgx N

1. -1y _
@75 672 dm da dn,

where
wpuyﬁ(m7 a, Tl) = wpuv(l,...,l),ﬁ(mv a, Tl)
We now arrive at the following

Definition 4. Let p,.. ¢ be defined by (14). We then define the mapping’
Fopher : S(Py) —» C®(P" - Z x R*™),

fr—= fspher(f)(pu : Z’g) = / f(man)eiwpu-z,ﬁ(m7

MoxAgx N

11,1\ _
@) 0720 gy da dn.

Notice that Fypper is given in terms of the spherical roots of X which, together with the
standard parabolic subgroup P C G, are the combinatorial objects that characterize X.
Furthermore,

ZF~{a€A:v(a) 0 V1<i<r}.

Of course, Fypher can be written simply as an integral over F, but using the Langlands
decomposition of Py the spherical roots in Fypper become manifest. Next, we have the
following crucial

Proposition 3. The transform Fgyher defines a linear map from the Casselman-Wallach
space S(Py) to the space of symbols S™°(PY - Z* x RST"),

-Fsphor : S(Po) — S_OO(PU A RS—H),
where Z* :=={z € Z : z1 ...z # 0}.

3From our point of view, it would be natural to call Fspher the spherical Fourier transform of f. But
since this will probably lead to confusion with other transforms in literature that are called similarly, like
the spherical transform, which is defined for K-bi-invariant functions on a locally compact Lie group, or the
Helgason-Fourier transform, which is defined for right K-invariant functions on a connected non-compact
semisimple Lie group with finite center, K being a maximal compact subgroup, we desisted from doing so.
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As in Section 3.1, we would like to use the integration formula of Proposition 2 to prove
Proposition 3. But now we have to consider also the action of AN on P" besides the
action of A on Z. Indeed, in analogy to (11) one proves

Lemma 1. Let {Ni,..., N} and {A1,..., A.} be bases for the Lie algebras n and a of
N and A, respectively. Further, assume that p, -z € P*- Z*. Then

dL(./\/'l)eiwl’u'z’5

(15) (m,a,n) = je¥pu-zg(mian) T'(py,z,m,a,n)-&,

dL(A,)e"ru-&
where

dL('/\/'i)piju(m7a7n) ‘ 0

_ (T Do) _
L(py,z,m,a,n) = < s Ty > = ‘
dL(A)pjp,(m,a,n) dL(A;)vi(a)z;

belongs to GL(s + r,R), and we wrote p;,,(m,a,n) = p;(n(am)p,(am)=1).

Proof. For A € a one computes

d _
dL(A)l/quz,é (m7 a, TL) = d_Ewpu-z,f(n% € A a, n)|£:0

s s+r
= &GAL(A)p;a(m,a,n) + Y &AL(A)v;(a)z,
j=1 j=s+1

and similarly for N' € n, showing (15). In particular, T's is identically zero. To see the
invertibility of the matrix I' = I'(py, 2, m, a,n) note that, like the matrix {I';;} in (11),
the matrix I'y is non-singular because of the linear independence of the spherical roots -,
provided that z € Z*. Further, due to the transitivity of the N-action on P", the matrix
I'y is non-singular, too. Thus, we conclude that I' is non-singular. O

Proof of Proposition 3. Let p, - z € P* - Z*. As a consequence of the previous lemma
one can express any polynomial in £ as a linear combination of derivatives in n and a of
eru=¢. More precisely, consider the extension of I' = I'(py, 2,m,a,n), regarded as an
endomorphism in CI[RZ”], to the symmetric algebra S(CI[RZ”]) o~ (C[]Rg”]. By Lemma
1 the matrix I is invertible, so its extension to SV (Cl[R2+T]) is an automorphism, too. We
regard the polynomials &1, . .., &4, as a basis in C! [Rg”], and denote the image of the basis
vector & under the endomorphism I' by I'§;. Every monomial &, ® --- ® &y =&y - .- &iy
can then be written as a linear combination

ga = ZA%(pu7z7m7a7n)Pfﬁl e Fgﬁ\a\’
B

where the Ag(pu,z,m,a,n) are C* functions on P* x Z x M x A x N which are of
moderate growth in m,a,n. Taking (15) into account, a simple computation yields for
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arbitrary indices (31,...,5; and elements &; € a®n

Z'jeiwpu.z,s(mﬂ,n)f‘gﬁl C. Fﬁg- — dL(Xﬁl . Xﬁj)eiwm.zé(m@,n)

+ Z Z dgll: :gjl pu72 m,a n)dL(Xal e Xaj/)eiwpu'z,f(mva,n)7

/ =1aq,.. ,C!J/

where the coefficients df}lfgj, are smooth and of moderate growth in m, a, n, as well as
independent of £. Thus, for arbitrary N € N one obtains

_ 2N
(16) ezwpu.z’g(m,a,n) _ (1 + |£|2)—N Z Z bév(pu, Z,m,a’n)dL(Xa)eldeu.z,g(m,a,n)’
with X% € $(a @ n) and coefficients bY (py, z,m,a,n) that are of moderate growth in

m,a,n. Similarly, a=2¢ is of moderate growth. Since f is rapidly decreasing, integrating
Fepher (f)(pu - 2,€) by parts according to Proposition 2 with respect to N x A yields for

any N € N, any compact subset  C P" - Z*, and arbitrary multi-indices a and (3 the
existence of a constant C, g x such that
1
I( ?qu,z fspher(f))(pu 2,8 < Wcaﬂ,lc pu-z€K, §€ RS—H‘v

thus proving Proposition 3. O

Remark 3. The proof of Proposition 3 is modelled on the proof of [18, Theorem 4] and
[17, Theorem 2], where the integral transform Fyppe, was not explicitly introduced yet,
but is tacitly present.

From Proposition 3 we now infer that

Gf(pu, &) = e " @repa b DO T (Hpu- (1,...,1),8)

defines a z-independent symbol in S™°(P, - Z, R**"). It remains to verify that it satisfies
the lacunary condition (6) which, as we will see, is a direct consequence of the orbit
structure of the P-action on P“ - Z. Indeed, by the previous proposition one clearly has

(Jf(pu ’ Z,f) = e_i<sp71(pu.z)’£>]:spher(f)(pu : Zyg) € S_OO(PU A Rz-‘r?“)’

so that v(f )| pu.z+ represents a pseudodifferential operator of class L=°° on P* - Z*. Fur-
thermore, the Schwartz kernel of v/(f)pu.z+ is given by the oscillatory integral

/eWl(p“'z)‘“”1(”;'2')"§>(Jf(pu -2,8)dE,  ze 77

Now, due to the nature of the P-action on P" - Z, the restriction of v(f)v to one of the
2"-tants P“ - Z4..4, where Z4..4 = {z €7z ; 0,...,2 z 0}, only depends on the
restriction of v to the selfsame 2"-tant, so that necessarily

SuppK,,(f) C (Pu . Z+,.,+ x P Z_|_...+) U---u (Pu - J_._ X P*. Z_.,._),
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where K,y € D'(P" - Z x P"- Z) denotes the Schwartz kernel of v(f) as a continuous
linear operator from C°(P" - Z) to C°(P" - Z). Consequently, the integrals

/el(zJ % )§S+JQf(pua (617 cee 7587 Zlgs-i-la cee 727“58-1-7“)) dgs-ﬁ-ja 1 S j S r,

which are C*°-functions on P" - Z* x P . Z*, must vanish if z; and z;- do have different
signs. For z,2 € Z* we can perform the substitutions z;&s4; — &; and write ¢ = z}/zj -1,
thus arriving at the conditions

/e_itgjaf(pu,@dsz() for1<j<r, t<-1, p,€P"

But these conditions no longer depend on z, meaning that g (p.,§) satisfies the lacunary
condition (6) on the whole chart P*-Z. Actually, this condition precisely encodes its orbit
structure. Thus, we have shown that v(f) is a totally characteristic pseudodifferential
operator of order —oo on the canonical chart P* - Z.

3.3. The general case. After these considerations, we are ready to deal with the general
case. Thus, let G be a connected reductive complex algebraic group and X a strict
wonderful G-variety of rank r, and consider the operators (5). Choose for each z € X
open neighbourhoods U, C U, of x contained in U, for some g € Gy depending on z. Since
X is compact, we can take a finite sub-covering of the open covering {U, },cx to obtain
a finite atlas {(Z/{Q, gpgl)}geR on X, where ¢, = ¢4, for a suitable g, € G. In addition,

assume that the subsets le) have been chosen such that one has the trivializations
Th: By — Uy x RY.

One then computes for s € CX(U,, E), (Th 0 s)(z) = (z,e,(2)),
(o NN )w) = [ SIr(h - s ) dh)

= (= [ 1) Mo(h 1" 2)leg (7" 2)] da(h)),
Go

where M (h, ) denotes the linear map on R? induced by

d 1 da B h 5 d . d
RY~{h " -2} xR -  Ep1, — E, — A{z}xR*~R%

We are therefore left with the task of examining the (dx d)-matrix of scalar-valued integrals
(17) ) M, 2)ssleo(h - @) da(h),
0

where the components of M, (h, z) and of e,(h~!-z) are given in terms of some fixed basis
of R?. In particular, it is sufficient to consider the scalar case, so that we are left with the
description of the convolution operators

v(f): C(X) D CZ(X) — C*(X) cD'(X), v(f)= : f(Wv(h)da(h), [ e S(Go),



MICROLOCAL ANALYSIS ON WONDERFUL VARIETIES 15

(v,C(X)) being the left-regular representation of G on the Banach space C(X) of con-
tinuous functions on X. For this, let v € CX(g P* - Z) be given by v = uo gpg_l, where
u € C°(R**") and g € Gy. By the unimodularity of Gy one computes for f € S(Gp)

W) gpu-2) = g f(hyv(h™'gpy - 2)dh = ; flahg v((ghg™) g pu - 2) dh

_ /G (L1 Rys £) (1) (w0 oY) (h~py - 2) dh.

Thus, the description of v(f) in the chart U, = g P* - Z is reduced to its study in the
canonical chart U, = P Z ~ P" x Z ~ R"". In the analysis of the integrals (17) we
can therefore assume that U, is contained in the chart P* - Z. Let

Go = KPy = KMyAgN

be the Cartan decomposition of Gy. Besides the action of P, which leaves P*- Z invariant,
we have to consider now also the action of K, which does not leave P" - Z invariant. In
view of (13), for k € K close to the identity we have

(18) o~z (kman) " py -2 7= (pr(n” (ma) " phma), . m(aT L),

where k~!p, -z = pk - 2* for some (p%, 2¥) € P¥ x Z. Let therefore o, € C2°(U,) and &, be
another function satisfying a, € CX(U}), @,, = 1. Assume that v = uo ¢! € CX(U,).
With the integration formulas for real reductive groups we obtain for p, - z € U,

v(f)o(pu - 2) = . F(h)(agu)(h™"py - 2) da(h)

1

- / [/ Vom0 a6 g
KXxXMoxAgx N Rs+r
-, ((kman)'p, - 2) f (kman)a™2¢ dk dm da dn

- /R e PR g8 p,, - 2, )a(€)d,

where ¢,k ¢ was defined in (14) and we set

5 (pu - 2,€) =g~ HP T Pu2)) / a,((kman)~'p, - 2) f (kman)
KxMoxAgx N
1

. — -1 ,-1
e Vel MO =20 gk i da din.

To characterize v(f) as a totally characteristic pseudodifferential operator on U, we con-
sider the auxiliary symbol

@?(Pu : zv&) = qjg(pu 2 (617 s 7£své.s+1/z17 s £s+r/zr))

and note that in terms of the integral transform introduced in Section 3.2 the symbol
47 (pu - 2,€) equals

e—i((pl,...,ps,l,...,l),§> /K ]:spher (kal(fzg,puvz)) (pu : (Xl(kypu ' Z), s 7X7‘(k7pu ! Z))7 g) dka
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where we wrote A, ,,..(h) := @,(h~1p, - 2), and took into account (4), by which zé? =
X;j(k,py - 2)z;j. If we now apply Proposition 3, we see that

Fepher (L1 (fAgp,-2))(Pu - (X1 (F pu - 2), - Xo (F, pu - 2)), €) Is rapidly decaying in &,
since (x1(k,py - 2),--- s Xr(kypu - 2)) € Z*. Integrating over K then yields the desired
statement qNJEZ(pu-z, €) € ST°(P,-Z,R5T"), everything being absolutely convergent. Finally,
the argument at the end of Section 3.2 that showed that gr(pu, &) satisfies the lacunarity
condition (6) also proves that ?]?(pu - 2,€) is lacunary. Thus, we have shown the main
result of this section.

Theorem 3. Let G be a connected reductive algebraic group over C and (G, o) a split real
form of G. Let X be the real locus of a strict wonderful G-variety X, E a smooth real
G-vector bundle over X, and (w,C®(X, E)) the regular representation of Go. Let X¢ be
an open Go-orbit in X and f € S(Go). Then the continuous linear operator

is a totally characteristic pseudodifferential operator of class L, *° on the manifold with
corners Xg.

O

Remark 4. Note that if in the previous theorem Xy is a Riemannian symmetric space,
then its closure Xy in X is the maximal Satake compactification of Xy, see [7, Remark
11.14.10].

For later computations, we will require explicit descriptions of the kernel of 7(f) in
the different charts of X. Thus, let {a,} scr De @ partition of unity subordinate to the

atlas { (U, (’09_1)}9613 and let {&,} . be another set of functions satisfying &, € CZ°(U,),
Qou, = 1. Fix a chart U, C gP" - Z with g € Gy, and let v € C(U,) be given by
v=uo0 90;1, where v € C°(R**"). We now consider the localization of the integrals (17)

("Q%u)(y) == ; F(B) My(h, gpy - 2)ij(@g0)(h ™" gpu - 2) de (h)
0
= /. Flghg™ ) (g:hypu - 2)(wo ™) (W™ py - 2) da(h),
0
where we wrote y = (p,z) = go;l(gpu -2) = ¢ ' (py - 2) and put céj(g, hypy - 2) ==
M(ghg™t, gpu - 2)ije(gh™ py - 2). If we now define

() im0 [ i (g, kman, py - 2) f(gkmang™)
KxMoxAgx N
ok TN 90 a1 e dadi

we obtain

(19) (1@l = [ gy a6

Rs+7‘
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By our previous considerations in this subsection,

Zj’d?(y7 g) :wq‘?(y7 (617 e 7587 §S+1/217 e 7§S+T’/ZT’))
20) —emtnant0) il (g, kman, p, - 2) f(ghmang™)
KxMoxAgx N
. (P~ (ma) = pl(ma)),... (@™ xa (kpu-2) ) €) =20 dk dim da dn
is a lacunary symbol of order —oo. Further, for f € S(Gp), the restriction of 7(f) to U, is
given by the (dx d)-matrix of operators (19). In particular, the kernel of 7(f) is determined

by its restriction to {y = (p,2) E R*T" 1 21 -+ 2, #0} x {y = (p,2) E R®T" 1 21 - -+ 2, # 0},
and given by the matrix of oscillatory integrals

KllQ? (y, y’) co KldQ? (y, y’)
: e 3 ys+1"'y8+7“7é07
Kde?(yvy/) s KddQ? (yvy/)

where

WA gty €)ag
1

B |ys+1 ce ys+r| Rs+r

1 LA y’ 1
= Z]Q§C<y7y1_y{[7"'71_ ot 7"')7
’yS-i-l o ’ys—i-r" Ys+1

KijQ? (y,y) = /

Rerr'

(21) MU=y (€10 85 €541 /Ys 15854 /Ystr)) ijqjg (y, €)de

and Qvfc(y, -) denotes the inverse Fourier transform of the lacunary symbol ¥ q~]€(y, ). In
particular, (21) shows that the kernel of 7(f) is smooth outside any neighborhood of the
diagonal. The restriction of the kernel of each of the operators ™ Q]Qc to the diagonal is
given by

1 i =
KZJQ?(y7y) = ‘ ]Q]Qf(yu 0)7 Ys+1 """ Ys+r 7é 0.

Yst+1° " Ysrl
These restrictions yield a family of smooth functions ij/{?(x) = KijQ?((pQ_l('ﬁv), gp;l(:n)),
which define a density “x; on the union of the open Gp-orbits on X. Nevertheless, the
functions /{fc(x) are not locally integrable on all of X, so that we cannot define a trace
of 7(f) by integrating

11 1

over the diagonal Ay, x ~ X. Instead, the explicit form of the local kernels (21) sug-
gests a natural regularization for the trace of the integral operators m(f), which will be
accomplished in the next section.
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4. REGULARIZED TRACES AND FIXED POINT FORMULAE

4.1. Regularized traces. Let the notation be as in the previous sections. In the fol-
lowing, we shall define a regularized trace for the convolution operators (5), based on the
explicit description (21) of their kernels and a classical result of Bernstein-Gelfand on the
meromorphic continuation of complex powers.

Proposition 4. Let {a,} be a partition of unity subordinate to the atlas {(Uy, ©5")}oer-
Let f € §(Gy), ¢ € C, and define for Re( >0

Tn(h) =3 [ e il o 2 )04t 0y

Jj=1 o

:<’ys+1 ys—i—r" ZZ 0° %o ”Qf( )>

Jj=1 ¢
Then Tre 7(f) can be continued analytically to a meromorphic function in ¢ with at most
poles at —1,—3,.... Furthermore, for ( € C —{—1,-3,...},
0% : CX(Go) > f + Trem(f) €C
defines a distribution density on Gjy.
Proof. The proof is analogous to the proof of [17, Proposition 4]. In particular, the fact that

Tre 7(f) can be continued meromorphically is a consequence of the analytic continuation

of |Ysq1-- ys+r|< as a distribution in R5*" [5].
O

Consider next the Laurent expansion of ©%(f) at ¢ = —1. For this, let u € C°(R5*7)
be a test function, and consider the expansion

<|ys+1 ys+r7> ZS )¢+ 1)

where S; € D'(R**7). Since |ys+1 - ys+-|°T has no pole at ¢ = —1, we necessarily must
have

‘ys-i-l e 'ys-i-r’ : Sj =0 for Jj <o, ‘ys-i-l e 'ys-i-r’ S =1
as distributions. In other words, Sy € D'(R*'") represents a distributional inverse of
|Ys+1 - Ys+r|. Thus, we arrive at the main result of this paper.

Theorem 4. For f € S(Gy), let the reqularized trace of the operator w(f) be defined by

Trreg <SO’ZZ 0°®Po ]JQf( )>

j=1 o

Then O : C°(Go) > f +— Tryegm(f) € C constitutes a distribution density on Gy which is
given in terms of the spherical roots of X. It is called the character of the representation
(m, C=(X, E)).

O
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Remark 5.

(1) The coordinate invariance of the defined regularized trace Try., 7(f) is guaranteed
by standard arguments, see [2, Corollary 1].

(2) Alternatively, a similar regularized trace can be defined using the calculus of b-
pseudodifferential operators developed by Melrose. For a detailed description, the
reader is referred to [13, Section 6.

In what follows, we shall identify distributions with distribution densities on G via the
Haar measure dg.

4.2. Fixed point formulae. Our next aim is to understand the distributions @% and
O, in terms of the Gy-action on X. We shall actually show that on a certain open set of
transversal elements, they are represented by locally integrable functions given in terms
of fixed points. Similar expressions where derived by Atiyah and Bott [4] for the global
character of an induced representation of Gy, and we were inspired by these formulae.
Let the notation be as before, and consider for each element g € G the transformation
S, : X = X,z — g~' - 2. Recall that ®, is called transversal if all its fixed points
are simple, meaning that one has det (1 — (d®g),,) # 0 at each fixed point zop € X.
Further note that the set Go(X) := {g € Go : ®4is transversal} C Gy of elements acting
transversally on X is open. With the notation as before we then have the following

Theorem 5. Let f € C2°(Go) have support in Go(X), and ¢ € C be such that Re( > —1.
Let further Fix(X, h) denote the set of fived points on X of ®p,, h € G. Then Tre w(f) is
given by the expression

Trem(f) = /G T

Z o (@)]ys+1(9 B z)- ys+r(99_1 ) 517)|C+1> di(h).

Tr(h : Ey — Ey)
2 |det (1 — d®y,(z))]

z€Fix(X,h)

In particular, ©5 : CX(Go) > f = Tren(f) € C is regular on Go(X).

Proof. The proof is similar to the proof of Theorem 7 in [17]. By Proposition 4,

d
Tren(f) = ZZ/R+ [Ysa1 - Yol (0 © 00) (1) 7 Q4 (y, 0)ly
j=1 o

is a meromorphic function in ¢ with possible poles at —1,—3,.... Assume that Re( > —1.
Since Z'ijf(y, 0=/ Z'j(jjg(y, £)d¢, where 9 ~Q(y §) € 5,,°°(R*F" x R¥*") is rapidly decaying
in &, the order of integration can be interchanged yielding

LRUE » |

Rs+r /]Rerr ‘ys-i-l T ys-i—r’C(aQ © (pg)(y) jjg?(ya f)dy df
j=1 o
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Let x € C°(R**",RT) be equal 1 in a neighborhood of 0 and € > 0. Then, by Lebesgue’s
theorem on bounded convergence,

TI'S ﬂ-(f) = 21_1)12)167

where we set
d
Lm0 [ e sl o0 20 )30 Ox(e) dy
]:1 Q S T S T

In what follows, write ¢"(y) := (¢~ oh~loyp)(y), and let T}, be the diagonal (r x r)-matrix
with entries ys11,...,¥ystr. Interchanging the order of integration once more one obtains

with (20)
d
:/ Z gghg / / SRt
] R.s+7“ R.s+7“

(997 P ( ))(aQ © wg)(y)‘ys-i-l e ys-i—r‘CX(Eg)dy df dG(h)7

where with ¢(y) = p, - z we wrote

U(h,y) =L@ T, (" W) =)l = (i(h'pu-2) —y1, . oxy, (B pu-2) — 1,

everything being absolutely convergent. Let us now write I.(h) for the integrand of the
Go-integral in I, so that I. = fGo I.(h)dg(h). In order to pass to the limit under the
integral, we shall show that lim._,o I.(h) is an integrable function on Gy. Now, it is not
difficult to see that, as € — 0, the main contributions to I.(g) originate from the fixed
points of ®. Since

(22) g -z €Fix(X,h) <= z€Fix(X,g 'hg),

it is sufficient to examine them in the canonical chart. To compute these contributions,
note that due to the fact that all fixed points are simple, y +— " () —y defines a diffeomor-
phism near fixed points. Performing successively the changes of variables v = y — ¢"(y)
and ¢y’ = (15 ® T_(1 ,))y’ one obtains for lim._,o I-(h) the expression

‘C—H

(9o x)M9(99h951799 ) jilYs1(z) - Ysar(T)
Zf (90h95") Z 2 et (1 — ddy (2)] )
Jj=1 z€Fix(P% Z,h)

where we took into account that for z = p(y) = p, - z € Fix(P" - Z, h) one has

¢ (9o, b 0(1) (0 © 0) (¥) = ag(gp - 2) M(90hg, ", 90 - ©)ij-

The limit function lim. o I.(g) is therefore clearly integrable on G(X) for Re{ > —1.
Passing to the limit under the integral and conjugating then yields with (22)

Tre 7(f) = lim I, = lim I.(h)dg(h)
e—0 =0 Jay

1 $)|§+1

B ag h :L")]j|ys+1(gg z)- "ys+7‘(gg_ )
—/Gof(h) > ZZ |det (1 — d®y(z))] tal):

z€Fix(X,h) j=1 @
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Since » 5 Mjj(g, ) = Tr(g : Ex — E,), the assertion of the theorem follows. O

From the previous theorem it is now clear that if f € CZ(Go(X)), Tre w(f) is not
singular at ( = —1. Consequently, we obtain

Corollary 2. Let f € C(Gy) have support in Go(X). Then

- B Tr(g: Ex — Ey)
Toeyn()=Tean(n= [ s ¥ et (1= )

da(g)-

zeFix(X

In particular, the distribution O : f — Trpeq(f) is regular on Go(X).

Proof. By Theorem 5, Tr¢ w(f) has no pole at ¢ = —1. Therefore, the Laurent expansion
of ©%(f) at ¢ = —1 must read

d
TI‘CT('(f): <‘ys+1"'ys+r 722 09 ¥Po ”Qf( )>
Si(Do D

'M&

000 Q- 0) €+ 1Y,

=0
where S; € D'(R*T"). Thus,

d
Ty (s <so,zz 0P A )>=Trreg7f(f),

o j=1

J=1

and the assertion follows with the previous theorem. O

Note that from Corollary 2 it is immediate that O, is independent of the chosen atlas
of X and invariant under conjugation as a distribution on Go(X). Furthermore, a flat
trace Tr’ w(g) of m(g) can be defined, and as it turns out [3],

T 7(g) = Z |det(1—d<1> ( ))I

zeFix(X

so that we finally obtain

0nf) = Trrgnlf) = [ fO) W rlo)dalo) | € CE(Go(X),
Go(X)

We would like to close by noting that on Go(X) the distribution ©, no longer explicitly

depends on the spherical roots of X, but it of course still does on the whole group Gy.
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