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Abstract—We consider a large class of bidirectional relaying
scenarios with physical layer network coding, and analytically
characterize the relay’s error performance in decoding the
network-coded combination at high signal-to-noise ratio (SNR).
Our analysis applies to scenarios with (1) binary or higher order
real/complex modulation, (2) real or complex channel coefficients,
and (3) linear or non-linear network maps for network coding at
the relay. We consider block fading and allow the relay to choose
from a set of network maps based on the channel coefficients of
the source to relay links in every block. We derive expressions
for pairwise error probability and approximate expected overall
error probability. We also derive lower bounds for these error
probabilities. We validate these expressions using simulations and
show that our approximations are tight in the high SNR regime.

I. INTRODUCTION

The bidirectional relaying setting is shown in Fig. 1. Nodes
A and C wish to exchange messages. The relay node B
facilitates this exchange of information. We assume that we do
not have a direct link between the two communication nodes A
and C. All the nodes are half-duplex with single antenna, and
average power limited with receiver Additive White Gaussian
Noise (AWGN) of variance 012\,. Channels AB (also, BA) and
CB (also, BC) have coefficients which are denoted A, and hs,
respectively. The pair (hq, ho) is referred to as the channel

fading state.

Fig. 1: Bidirectional relaying problem.

Bidirectional relaying was initially proposed in [1] [2] [3]
and summarized in the surveys [4] [5]. Schemes based on
lattice coding have been shown to achieve rates within a small
gap of the capacity region [6], [7]. Practical codes based on
finite alphabet constellations have been proposed in [8]-[14].
Most of the initial work in physical layer network coding
for bidirectional relaying used binary modulation schemes and
XOR decoding at the relay [8]. However, higher-order modula-
tion schemes are required to achieve higher spectral efficiency.
Bidirectional relaying with higher-order constellations were
considered in [9]-[14]. Network coding maps for uncoded
transmission were studied in [11]-[13]. Field-based network
maps were used in [9], [10]. In [14], ring-based designs using
Low-Density Parity-Check (LDPC) codes were proposed for

standard M-PAM and M?2-QAM constellations. Both linear
and non-linear network maps were used in [14]. Simulations
were used to show the effectiveness of ring-based schemes
over field-based schemes in [14].

The main goal of this work is to analytically compare
different physical layer network coding strategies in terms
of error performance at the relay. Specifically, we consider
M-PAM or M?-QAM constellations at transmit nodes A,
C, and assume block fading with the channel coefficients
hy,ho following a real Gaussian distribution for M-PAM
constellation and complex Gaussian distribution for M2-QAM
constellation. Depending on (hq, hz), the relay has a choice
to decode one of many possible network maps (linear or non-
linear). Under these assumptions, we derive the following in
the limit SNR — oo:

1) Expected pairwise probability of error in decoding the
network-coded combination.

2) Lower bound for the expected pairwise probability of
error.

3) Approximate expected overall probability of error in
decoding the network-coded combination.

4) Lower bound for the expected overall probability of
error.

The computation of asymptotic expected error probabilities
is done through the computation of the probability density
function (PDF) of the minimum cluster distance in the relay’s
received constellation at 0 [15]. The minimum cluster distance
is a function of the network map and channel coefficients
h1, ho, and can become zero at some specific ratios of channel
coefficients. We characterize the regions of (hy, ha) at which
minimum cluster distance becomes zero, and use it to derive
an analytical expression for the PDF at 0.

Error performance in bidirectional relaying has been studied
before in [1], [16]-[20]. All of these works study specific
strategies and are restricted in the modulation alphabet or
network coding map, which are typically binary. Other related
works from the compute-and-forward literature includes [21],
[22], [23], [24], [16]. In [22] the authors use multilevel codes
with XOR based network map, and also derive an upper
bound on the decoding error probability. In [24], integer-linear
network maps are considered, and bounds on decoding error
probability are derived. In [16], the authors study the optimal
methods of selecting coefficients of a linear network map, and
also derive an upper bound for the probability of error. In most
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of the above, linear network maps were considered.

In comparison with the earlier works relating to error per-
formance characterization in bidirectional relaying, our work
differs in the following ways:

1) The method of analysis using the PDF of minimum clus-
ter distance at zero is new in the context of bidirectional
relaying.

2) Our analysis applies to both linear and non-linear net-
work maps for decoding at the relay, and higher-order
M-PAM and M?-QAM transmit constellations.

3) In our earlier work [14], we studied nonlinear network
maps that maximized minimum cluster distance at the
relay. The analysis in this work applies to [14] and
justifies the use of minimum cluster distance as a metric.

II. DEFINITIONS AND NOTATION

We consider bidirectional relaying with two phases - Multi-
ple Access and Broadcast. In the multiple access phase, node
A transmits z; € A, and node C transmits zo € A, where A
is the constellation used at nodes A and C. The received value
at the relay is given as

yp = hix1 + hezo + 2,
where (h1, ho) are channel coefficients and zp denotes addi-
tive Gaussian noise. We will assume Gaussian block fading,
and that (hq, ha) are known to all nodes. The distribution of
(h1,h2) will be assumed to be iid real Gaussian if A is real,
and complex Gaussian if A is complex.

At the relay B, the received symbol h;x; + hoxo belongs
to the constellation

Mp = {s(u,v) = hyu + hav : u,v € A}, (1)
where s : A2 — Mp is a many-to-one map, in general. That
is, based on the values of hi, ho and the constellation A, some
of the transmit symbol pairs in .42 may map to the same point
in Mp. We define a network map f : A? — Apc, where
Apc is the constellation used by the relay in the broadcast
phase. We consider the scenario where the network map f is
chosen in a specific manner, to be described later, based on A,
hsy. For any given transmit symbol pair (z1,72) € A? from
nodes A and C, the relay attempts to decode xp = f(z1,22) €
Apc. Let the relay’s decoded symbol be denoted &g € Apgc.

The symbol £p € Apc is broadcast by the relay B in the
broadcast phase. The received values at the end nodes A and
C are given as

ya =hiZp + 24,

yo = h@p + zc,
where z4 and z¢ denote additive Gaussian noise. Using
the received value y4, node A decodes x5 € A using the
knowledge of its own transmitted symbol z; € A and the
map f. Node C decodes x; in a similar fashion using y¢.

A. Singular fading states and choice of network map

For a given constellation .4, a pair of non-zero channel
coefficients (h1, ho) is said to be singular if there exist distinct
pairs (x1,z2), (z},25) € A% such that hizy + howg =
hix} + haxl,. For singular channel coefficients (hq, hz), the

h2 is referred to as a singular fading state of A [13].

ratio 72
h]
Clearly, the set of singular fading states is finite in number,
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and are given as the set of all distinct ratios of differences of
constellation points. Let the set of singular fading states of A
be denoted § = {a1,as,...,ar}, where L is the number of
singular fading states.
We consider the scenario where the choice of network map
f is done as follows. We partition the (hy, ho)-space into L+2
non-overlapping (except at (0,0)) regions Ay, Ao, ..
such that
1) the i-th singular fading states are contained in A, i.e.,
{(hl,hg) : % = Oéi} CA;, 1= 1,2,...,L,
2) the axis h; = 0 is contained in A4, i.e.,
{(hhhg) . hl = 0} C AL+1,
3) the axis hy = 0 is contained in Ay o, ie.,
{(hhhg) thy = 0} C AL+2.
Each region A;,7 € {1,2,--+ L+ 2} is associated to a network
map f;. If the channel coefficients (hq, he) € A;, the relay sets
f = fi- No other constraint is placed on the regions A; and
the network maps f;. Note that the f; need not be unique, and
two regions A;, A;,7 # j may be assigned the same map.
This scenario is generic and covers the strategies consid-
ered in [13], [14], [25]. As an example, we choose a 4-
PAM transmit constellation with singular fading states S =
{+1,42,43,+1,+2, 41, +2} and illustrate in Figure 2, the
partitioning of (hq, ha)-space into the regions Ay, Ay, -+ Ag
(labeled 1,2, ---16, respectively). Here, the adjacent regions
are differentiated with different shades of gray, and the dashed
lines correspond to hy = a;h;.

. ,AL+2

i 13\
15 14 ‘Of :

Fig. 2: Partitioning of (hy, ha)-space into different regions.
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Fig. 3: Relay constellation and clustering for 4-PAM.
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Fig. 4: Tllustration of minimum cluster distance, left
minimum cluster distance and right minimum cluster
distance.

B. Minimum cluster distance and non-resolvable states
A

For r € Apc, the set of pairs f~1(r) = {(z1,22) €
A% ¢ f(z1,22) = r} is referred to as a cluster mapped to
r with respect to the network map f. One possible clustering
is illustrated in Figure 3 for some channel coefficients, with A
and Apc set as 4-PAM. Here, the values in M g are shown
below the axis, while the cluster-mapped values f(-) of the
symbol pairs corresponding to points in Mp are shown on
top.

Since we are interested in characterizing the error perfor-
mance in decoding the clusters at the relay, we define some
distance metrics relating to distances between points in M p
corresponding to transmit pairs from different clusters.

The minimum cluster distance of the network map f at
channel coefficients (hq,hg) is defined as the least distance
between points (could be identical points) in M g correspond-
ing to transmit pairs from different clusters. That is,
d(f,hhhg) £ min |h1(171713/1)+h2(l’2717/2)|

(xl,x2)7(z'l,z'2)€./42
f(z1,22)#f (2],25)
(2)

Fig. 5: Plots of d = |wy(h1, ha)hy + wa(hq, ho)hs|, wy and
ws versus hy with A being 4-PAM and hy = 1.

To reduce clutter, we will denote d(f, hi,hs) as simply d
some times. Minimum cluster distance in Mp with A set
as 4-PAM and channel coefficients hy = 1.12,hy = 1 is
illustrated in Figure 4. In this case, d = 1.52 corresponds to
the distance between the points 7y = —1.88 and o = —0.36 in
M p corresponding to the transmit pairs (1, —3) and (—3,3),
respectively. We note that there are also other pairs of points
in M g whose distance between is d = 1.52.

From (2) we note that the minimum cluster distance is
of the form d = |wy(h1,h2)h1 + wa(hy, ha)ha|, where the
coefficients w; and wy depend on hq, hy. Additionally, we
impose the constraint w; > 0 so that the relative sign
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between w; and wsy is taken care by the sign of ws. For
illustration, in Figure 5, we plot d, w; and wy versus hsy, with
A ={-3,-1,1,3} and hy = 1. Values of hy corresponding
to the singular fading states of .4 are marked with . The
network map for a given ho is chosen based on the method
described earlier, with each map f; being a linear map over
the field F4. From the plot of d we note that, at certain values
of ho corresponding to some of the singular fading states, d
is zero. Also, for regions around these singular fading states,
wjy and wy assume a constant value.

In general, for a given set of network maps, d can be
zero at some singular fading states. If the transmitted pair
(w1,22) € A? is from a cluster whose distance from some
other cluster is zero, a decoding error is likely to occur. A
singular fading state «; € S is said to be non-resolvable under
the set of network maps {f1, fa,..., fr+2} if the minimum
cluster distance d(f;, 1, ;) = 0. From the plot of d in Figure
5 we note that, in this case, the set of non-resolvable singular
fading states is {41, +2, 43, £%, +1}. Let

NRI = {i : «; is non-resolvable} (3)
be the set of indices of all non-resolvable singular fading
states. This is useful for computing the pairwise error prob-
ability (to be defined later in this section) in decoding the
clusters at the relay in the limit SNR tends to infinity.

Let us index the elements of A? using j = 1,2,---|A|?.
Let us consider the pair (z1;,22;) € A2, Next, we define the
left and right minimum cluster distances with reference to the
transmit pair (x1;,22;). These are useful in computing the
overall error probability in decoding at the relay, given that
the transmitted pair is (z1;,22;). The left minimum cluster
distance of the network map f with reference to (x1;,x2;)
at real channel coefficients (hi, ha), Z—f ¢ S is defined as the
least difference between hixi; + hoxe; € Mp and points
{h1u + hov : (u,v) € A?} such that (i) hju + hov is to the
left of hix1; + howoy, and (ii) (u,v) and (x1;, xo;) are from
different clusters. That is,

dir(f hi,ho) = min
(u,v)€A?
s(u,v)<s(x1j,225)
f(w1j,225)#f (u,v0)
If there exists no such hiu + hov € Mp satisfying the

constraints mentioned above, we define d;(f, h1,ha) = 0.
We note that d;; can be discontinuous at singular channel
coefficients (hq, ha), Z—’;‘ € &, and is therefore not defined
at these values. As an example, the left minimum cluster
distance in Mp with reference to the transmit pair (—3,1)
is shown in Figure 4. In this case, d;;, = 1.76 corresponds to
the distance between the points r; = —2.36 (marked in Red)
and ro = —4.12 in Mp corresponding to the transmit pairs
(—3,1) and (-1, —3), respectively.

A singular fading state «; € S is said to be
left-non-resolvable with reference to (z1j,xq;) € A2
under the set of network maps {fi,fo,..., fL42} if
for every hi, limp, ,(a,n )+ djr (fishi,ha) = 0 or
hmhg%(aihl)* djL (f“ hy, hg) = 0. Let

NRIL(j) = {i : «; is left-non-resolvable with reference to
(@15, 225)}
be the set of indices of all left-non-resolvable singular fading
states with reference to (1, z2;) € A%

|h1(u—x1j) +h2(v—x2j)|.
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The right minimum cluster distance of the network map
f with reference to (x1j,x2;) at real channel coefficients
(h1, ho), Z—f ¢ i is defined as
dir(f, b1, he) = min

(u,v)6A2
s(u,v)>s(x15,225)
o f(@1g,m25)#f (u,0) )
This is similar to the left minimum cluster distance, except

that we consider points in M p to the right of hix1; + hoxo;
to compute the minimum distance. In Figure 4, the right min-
imum cluster distance in M g with reference to the transmit
pair (3,—1) is shown. A singular fading state o; € S is
said to be right-non-resolvable with reference to (z1;,22;) €
A? under the set of network maps {fi,fo,...,fri2}
if for every hl, limh2_>(aih1)+ de (f,, hl, hg) = 0 or
1imh2*}((xih1)7 d;r (fi, h1,ha) =0. Let
NRIR(j) = {4 : o; is right-non-resolvable with reference to
(w15, 72;)}
be the set of indices of all right-non-resolvable singular
fading states with reference to (x1;,x2;). The sets of indices
NRIL and NRIR are useful for computing the overall error
probability in decoding at the relay in the limit SNR tends to
infinity.

In Figure 6, we plot d;; and d;r with reference to
(x1j,x25) = (—3,—1) versus hy with A being 4-PAM and
hy = 1. We select the network map for a given hy from a
set of linear maps over F4. From the plot we note that d;,
and d;g can be discontinuous at certain values of hy, which
includes values of hy corresponding to some of the singular
fading states of 4-PAM. Also, we note that, the set of left and
right non-resolvable singular fading states with reference to
(215, 225) = (=3, —1) is {-2,-1,1,3}.

For complex channel coefficients hy, ho, minimum cluster
distance d = |d; + id}|, where d’; and d are the real and
imaginary components of the difference hq(u1 —v1)+ha(uz—
vy). Here, the transmit symbol pairs

(Ul,U1),(U2,U2) =
arg min
(21,22), (2] 25) €A

f(x17z2)7£f(z,1113,2)
may not be unique for a given value of hq, ho, and network

map f. We define the minimum cluster distance vector of the
network map f at complex channel coefficients (hq, ho) as
D = |dp| |dy]].

|h1(u—:r1j)+h2(v—x2j)|.

|h(z1 — x7) + ho(za — 3)|

C. Fairwise probability of errror

For given channel coefficients (h1, ha) € A;, we define the
pairwise probability of error in decoding the clusters at the

relay as Ao s ha)

A is 1, N2

Pe(Az) - Q <M> )

where 0% is the noise variance per dimension. We note that, in
general, pairwise probability of error can be defined between
any pair of clusters. In our case, we restrict ourselves to
the clusters corresponding to the minimum cluster distance.
We shall denote P.(A;) as simply P.. Later, we compute
the expected pairwise probability of error (E[P,.]) when the
channels are fading.

http://dx.doi.org/10.1109/TCOMM.2017.2657756
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Fig. 6: Plots of d;z. and d;r versus hy with
(215, 225) = (—3,—1), A being 4-PAM and h; = 1.

III. M-PAM

In this section we consider the case of A being real M-
PAM, and channel coefficients (hq, hs) being iid N(0,03).
We compute the expected pairwise probability of error and
the expected overall probability of error at high SNR, and
lower bounds for these. As SNR tends to infinity, the expected
probability of error can be computed using the value of the
density of minimum distance at zero [15]. Specifically, the
expected pairwise probability of error can be computed from
the PDF of minimum cluster distance at zero. To compute the
PDF at zero, we consider e-small regions in (hq, ho)-space
around regions where minimum cluster distance is zero. In
these regions, the minimum cluster distance is d = |uhy +
vhal, where u and v are constants specific to each region and
independent of hi, hy. The PDF at zero can be computed
separately for these regions, which can be used to compute
the overall PDF of minimum cluster distance at zero. In the
case of expected overall probability of error, we use the same
method, except that we consider the PDF of left and right
minimum cluster distances instead of the PDF of minimum
cluster distance.

ha
ho = a;h
Region Bé;(he = a;hq) /2/ @il
Region B, (he = 0) 7
Region BS;(h1 = 0) 7
% hl

Fig. 7: Regions around hs = o;hy,he =0 and hy = 0.
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A. Distribution of minimum cluster distance

Consider the standard M-PAM constellation A = {—(M —
1), —(M=3),--- (M—1)} with M being a power of 2. We as-
sume that the regions A; and the corresponding network maps
fi are given. Let D be the random variable corresponding to
the minimum cluster distance d(f, h1, ho), and fp(-) denote
its PDF. To compute lim4_,¢ fp(d), we consider the following
method.

Minimum cluster distance d(f,hq,hs) can be 0 in the
following three cases: (i) Z—j = ay,i € NRL, hy,hy # 0,
(i) he = 0, and (iii)) Ay = 0. We consider the regions (i)
B%(hg = Ozihl) around ho = «a;h1,1 € NRI, (i) B;{(hl = 0)
around hy = 0, and (iii) B¢ (ha = 0) around hy = 0, in R?
such that the following properties are satisfied:

1D {(h1, ho)
NRI,

2) {(hl,hg) chy = 0} C B;[(hl = 0) C AL+1,

3) {(hl,hg) thy = 0} C B;I(hg = 0) C AL+2.

4) B (ha = a;hy) is symmetric with respect to hy =
a;hy,

5) B%(h1 =0) is symmetric with respect to h; = 0,

6) B¢ (he =0) is symmetric with respect to hy = 0.

chy = aihl} C B%(hg = Oéihl) C Ai,i S

As a consequence of the first three conditions, the
minimum cluster distance for each of these regions is of the
form |uhy + vha| where the constants u,v € Z are specific
to each region. So, we find the PDF of minimum cluster
distance at zero, separately for these regions, and use it to
compute the overall PDF of minimum cluster distance at
zero. The last three conditions based on symmetry are useful
for computing the PDF of minimum cluster distance at zero
for each region. Next, we consider each region separately,
and compute the PDF at zero.

1) Region B§;(he = a;h1),i € NRI: Consider the singular
fading state «;,7 € NRI. For values of (hy,hs) such that
Zf = ay, we have a;h,; — hy = 0. So, to the singular fading
state «;,7 € NRI, we associate the region Sg; = {(h1, ho) :

a;hy — hg = 0}. Let us define
B;{(hg = Otihl) = (hl,hz) .

where ¢ > 0 is small enough such that B, (ha = a;hy) C

A;. We see that B¢, (ha = a;hy) satisfies the conditions that

were stated earlier. The minimum cluster distance in the region
B¢ (he = a;hq) is given by the expression

ha
a—e< — < q;F¢€
h1

d(fi, hi, he) = |wishy + waihal,
where w4, wo; # 0 are of the form
wi; = T1; — Ty, “4)
Woj = To; — T, @)

for some (@15, T2;), (¢, 2h;) € A%, x1; # @, x2; # Th;. Let
Ep; be the event that (hy, he) € BS(hea = a;h1), and let
Py; = Pr(Ey;). The PDF of minimum cluster distance in
this region, at zero, is glven as (derlved in VI-A)

hrn fD(d|EH, = \/7 2 ,
V wl’L Wa;

1 € NRL. (6)
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2) Region B§(ha = 0): Let us define
B;{(hg = O) = {(hl,hQ) . —€ S % S 6},
1

where € < ﬁ The minimum cluster distance in this region

for a given (hi, hg) is of the form 2|hs| (derived in III-D1).
We see that the region B¢ (he = 0) satisfies the conditions
that were stated earlier. Let Ej, be the event that (hq, ha) €
B¢ (hg = 0), and let P, = Pr(E},). The PDF of minimum
cluster distance in this region, at zero, is given as (derived in
VI-B) )

lim d|Fp,) = ——.
daOfD( | hz) Uh\/%PIm

)

3) Region B%(hy =0): Let us define
B;[(hl = 0) = {(I’Ll,hg) I —€ S % S 6},

where € < ﬁ The minimum cluster distance in this region
for a given (hq, ha) is of the form 2|h;| (refer section III-D1).
Let Ej, be the event that (hq,he) € B%(h1 = 0), and let
Py, = Pr(E},). Similar to the previous case, we can derive
the following.

. 1
lim fio(d|Ep,) =

_ 8
OrV 2’/’(‘]Dh1 ( )
The overall PDF of the minimum cluster distance is given by
the expression
fo(d) =Y Puifo(d|Eui) + P, fo(d|Ep,)
4ENRI
+ thfD(d|Eh2) + P/fD(d‘Elc'{)v
where P = 1 — >, \xi Pri — Ph, — Ph,, and Ef is the
event (hl,hg) ¢ B = (UieNRI B (he = ajhy)) U B (hy =
0) U (h2 = 0). Applying the limit d — 0, we have
lim fp(d Z lim Prri fp (d|Erri) + lim Py, oo (d| En,)
ienmr
+ lim thfD(d|Eh2) + lim P/fD(d|E;I)
. . .d—0 . d—0
Since the minimum cluster distance is non-zero for all
(h1,he) ¢ B’, the last term of the right-hand side expression
reduces to 0. We have

hm fo(d) \/7 (Z;%I Fh ) ) .

Let Djr, be the random variable corresponding to the left
minimum cluster distance d;(f, h1,h2), and fp, (-) denote
its PDF. Similar to the computation of the distribution of
minimum cluster distance fp at zero in the region B$;(he =
a;hy),i € NRI, we can compute the distribution of left
minimum cluster distance fp;, at zero in this region. We
assume that the left minimum cluster distance with reference
to (1, z2;) in the region B (he = a;hq), 7 € NRIL(j) is of
the form djL(f,',hl,hg) = |w(1i7jL)h1 + w<2i)jL)h2|, where
the constants wy; ;) = @1, — oy; > 0, 215,27, € A and
Wi L) = T2i = xh; > 0, x9;, x5 € A are specific to this
region. We have,

hm fDJL(d|EHZ — P \/> |
on \/“’(ML)*“’(ML)

i € NRIL(j). (9)
Similarly, let D;jg be the random variable corresponding to the
right minimum cluster distance d;jr(f,h1,h2), and fp;g(+)
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denote its PDF. We have,
hm fD_]R (d|EH1 =

il
ThTHi \/w(l7 iR T w(2wR)

i € NRIR().
(10)

B. Expected Pairwise Probability of Error
Theorem 1. If nodes A and C use a M-PAM constellation
A={-(M-1),—(M—3),--- (M —1)}, with channel coef-
ficients hy, hoy ~ N(0, O'}%), the expected pairwise probability
of error in decoding any network-coded combination at the
relay in the limit SNR — oo is glven as
dt, 11
o) av

Fp\E

lim FE[P.] = L
SNR>oc0 VSN R

where E is the average energy in A, F 'p depends on the set

of network maps chosen, and is gzven as

Fp_\f<z

i VWi + w3 >

The expected pairwise probability of error is given as

E[P.] = /0 Q (25N> fo(z)dz

where o3 is the noise-variance at the relay. Let ¢ = o We

have dx = opndt. Then,Oo
t
(%) Jp(ont)ondt.

EP) = / Q
0
Dividing both sides by oy, and applying the limit oy — 0,

we have

12)

_EBR) [ [t
UE%O ON - aggo 0 Q (2> fD (O-Nt)dt’
:/ Q<t) lim fp(ont)dt,
0 2 O’NA)O
F > t
=L @(5)a,

L 9h Jq 2
where F'p is given by (12). We have

Jlim E[P]_FI;ZN/OOOQ(t>dt.

We define SN R= soh , where E is the average energy of
the constellation A. The limit oy — 0 is equivalent to the
limit SN R — oo. Therefore, we get (11). Since the expected
pairwise error probability scales with the diversity
order is 0.5.

Remark: Performance of two different network mappm%
strategies can be compared by computing the constants F(
and FI(D) in (11). The SNR gain of network map 1 over

o)
5 dB.
S

1
SNR’

network map 2 is seen to be 201log;,

C. Approximate expected overall probability of error

Theorem 2. If nodes A and C use a M-PAM constellation
A={-(M-1),—(M =3),--- (M —1)}, with channel coef-
ficients hy, ho ~ N (0,0%), the expected overall probability of
error in decoding any network-coded combination at the relay
in the limit SN R — oo can be approximated as

. no FpvEs [ ru
Al EPI~ gy @(5) e
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where E is the average energy in A, Fp depends on the set
of network maps chosen, and is given as

w53,

2 2
J=1 \ieNRIL(j) \/w(u,jL) + Wiy 51

+ ! >+2M(M—1)>.

2 2
1ENRIR(7) \/w(u,jR) + Wiy 4R)

Fp

(14)

Let us denote the overall probability of error in decoding the
cluster at the relay at the given channel coefficients hq, ko as
P!(h1, hz) (or simply P.). We can write the expected overall
probability of error as

L

E[P!| =Y PuiE[P!|Ewi] + Pu, E[P!|Ey,| + Py, E[P!|Ep,)]

i=1
+ P'E[P/|EY],
where the events FEg;, Ey,,En,, Ef and probabilities

Py, Py, , Pp,, P’ are as defined earlier. Dividing both sides
by on, and applying the limit on — 0, we have

E[P!
tim ZE gy (ZPHZ [P|Egi) + P, E[P,|Ep,]

on—0 OpN on—0 ON
+ Po B[P |Eh2}) (1s)
Next, we compute hm{,N_m %}\JIEHI] We can write
P Z e\zlwwm xl]’x%)
where P! (015,225 is the error probability given the symbol pair

(215, x25) is transmitted from nodes A and C, and Pr(zq;, o )
is the probability that the pair (1, x2;) is transmitted. Let us
assume that every pair (z1;,%2;) € A? is equally likely with

.y 1 . / N
probability +7z. We can approximate Pel:clj s, Q (%N

Q (201;1; ), where d;;, and d;p are the left minimum cluster
distance and right minimum cluster distance, respectively, with
reference to (x1;,z2;). We have

p'NLMzQ 4L +Q dir
¢ M2j:1 20’N 20‘N '

Taking expectation conditioned on Epx; both the sides, we

have
20’]\]

E[P!|Ey;) ~
Dividing both sides by o, and applying the limit oy — 0,

w32 [o (5o

E[P|Eni] _

ON

1 dir
li E 2= )| Eg;
az\lr111>0]\420']\rj;1 |:Q(20'N>‘ H:|

lim
ON —0
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M2

1 > t .
= W/o N (2) ( 2 o8 S (N1 Bre)
=

+ hgo ijR (O'NtEHi)> dt.
oN
The other conditional expectations in (15) can be derived using
results from III-D2. Using these in (15), we have

/ 7 oo
o, B LB (1)
oN—0 OoN on Jo 2

where F, is given by (14). Writing in terms of SNR =
we have (13).

Remark: From (11) and (13), we see that the expected error
probabilities depend on the constants Fp and F'p. In order to
minimize the error probabilities, it is desirable to use network
maps that can minimize these constants. Specifically, using
network maps that have a large minimum cluster distance
implies a smaller value for these constants, and thus minimize
the error probabilities. It is optimal to use network maps that
have [NRI| = 0. Even though we can construct ring-linear
network maps to ensure |[NRI| = 0, not all such maps are
guaranteed to be valid. For this purpose, non-linear network
maps could be considered, whose construction we discuss in
our earlier work [14].

Eso;
>

s

D. Lower bounds

In this section, we derive lower bounds on pairwise and
overall error probabilities for any network map.
1) Pairwise error probability:

Theorem 3. If nodes A and C use a M-PAM constellation
A={-(M-1),—(M =3),--- (M —1)}, with channel coef-
ficients hq,ha ~ N(0,02), the expected pairwise probability
of error in decoding any network-coded combination at the
relay in the limit SNR — oo can be lower bounded as

. VE, \F ¢
i PP G2 [Ta(5) e oo

The constant Fp in the expected pairwise probability of
error is given as
Fp = lim fD(d)Uha
d—0

=0 lim Pg; fp (d|Em;
3 Jim Psfo(dlEm)

+ lim P, fp(d|En,) + lim P, fpo(d|En,). - (17)
The expected pairwise probability of error can be minimized
by minimizing Fp, which depends on the set of network
maps {f1, f2, -+, fr+2} chosen. Specifically, if we choose
the network maps such that NRI = {¢}, the summation term
in (17) reduces to zero, which minimizes F'p. The other two
terms are non-zero irrespective of the set of network maps
chosen. Hence, the minimum value of Fp is

Fm = lim By, fo(d|Ep, Jon + lim By, fo(d|Ep, )or.-

Next, we characterize the minimum cluster distance in the
regions B§;(he = 0) and B§;(h; = 0), which are used
to derive FY™™. Let us consider the region BS (hy = 0)
in the neighborhood of hy = 0. Assume that the region is
small enough that |Z—f| < &V (hi,h2) € Bg(he = 0).
Let us consider the ordered subsets of transmit symbol pairs,
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A1, Ao, - Ay C .AQ, where \; = {(2l - M — 1,’1}1)7 (2l —
M — 1,v3),--- (2l — M — 1,vp)}. Here, v1,v9---vpp €
A, v; # v; are ordered such that v1hy < vohg - -+ < vprhg. Let
11,15 --- Ty C Mp be ordered subsets of points in the relay
constellation M g, where T; = {(2l — M — 1)hq 4+ v1ha, (21 —
M —1)hy +wvohg, -+ (2l — M — 1)hq +varha }. We note that
the points in 7} collapse to the point (21— M —1)h; € Mp at
ho = 0. Also, the points in 7; are ordered according to their
positions in M g from left to right. It can be proved that, for a
given (hy, he) € B (he = 0), the minimum distance between
points in M p is the distance between any two adjacent points
in Tj, which is pmin = 2|hg|. This corresponds to transmit
pairs of the form (z1,2), (21,22 &+ 2) € A% The network
map fr4+o associated with the region B (he = 0) C Apyo
needs to satisfy the Exclusive law as follows.

frio(a,b) # fraa(a, b)) Vb #b,a,bb € A. (18)
So, we have fryo(x1,%2) # frio(@1, 02£2) V 21, 22, (22 £
2) € A. Since the pairs (z1,22) and (21, x2 +2) are network-
mapped to different values, the minimum cluster distance
in Mp in the region (hi,h2) € B%(he = 0) is 2|hg|,
corresponding to transmit pairs of the form (x1,x2), (x1, z2 +
2) € A%

Similarly, we can prove that the minimum cluster distance in
Mg in the region B, (hy = 0) is 2|h1 |, and the corresponding
transmit pairs are of the form (z1,22), (21 £ 2,22) € A2

Let fp be the PDF of the random variable D corre-
sponding to the minimum cluster distance d = 2|hy| (in
the region Bf;(h1 = 0)), and d = 2|hs| (in the region
B¢, (he = 0)). Substituting for limg_,o fp(d|Ep, ) (refer VI-B)
and limg—,0 fp(d|Er,), we have

F}(Dmln) _ \/5
Irrespective of the network maps 71-assigned to the regions
B%(h1 = 0) and B$(he = 0), we have limy o fp > 0
for these regions. Thus, we have the lower bound (16) for the
expected pairwise probability of error.

2) Overall error probability:

Theorem 4. If nodes A and C use a M-PAM constellation
A={-(M-1),—(M =3),--- (M —1)}, with channel coef-
ficients hy, hy ~ N (0,0%), the expected overall probability of
error in decoding any network-coded combination at the relay
in the limit SNR — oo can be lower boobomded as
lim E[P]> AM —1)VEs 0 (3) du.  (19)
SNR—o0 V2rMV/SNR Jo 2

Similar to the case of pairwise error, the expected overall
error probability can be minimized by choosing a set of
network maps {f1.f2, - frL+2} such that NRI = {¢}. Then,
we have - (tmin)

lim % =
on—0 ON

E[P|En,]

ON

E[P|E
—|—P} [ el }1/2}'

12

lim P
ON —0 hl

" o)
We first compute lim, 0 #E [P!|E},] in the right-hand
side expression. Let Pé|(l,p) denote the overall probability of
error in decoding at the relay, given the transmit symbol gair

(21— M —1,v,) € A;. We can write Pé‘(l7p) -Q (déf,ﬂf’ +
0 ((iR(l,P))’ where dL(l,p) and dR(l,p) are the left and right

20‘]\]
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minimum cluster distances, respectively, with reference to
(21— M —1,v,). Let D1.(1,p) and Dg(,p) denote the random
variables corresponding to dy(; ,) and dg;, ), respectively. We
have

[Pl|Eh2

M M

- M2 ZZE e|(Lp) IE’W}’

=1 p=1
1 o0 t
—EaX oo

fDR(l,p) (t|En, )dt,
where fp,, ., and fD(im,p) denote the PDFs of Dy, ) and
Dr,p) respectively. Dividing both sides by 0%, and applying
the limit aN — 0, we have

) Fous, (t1En )t

. E|P)|Ey,
lim ——e—220 —
on—0 ON
1 o M M
= 1 5
MZ/O ( ) (O'HEOZleZIfDL(IP) UNU‘ h2)

+ fDR(l,p> (UNUEM)) du.

The  expressions  for  limgo fpy,,, (d/ER,)  and
limg—0 for, (d|E},) are derived in VI-C. Using them, we
get
E[P|E M — 2 [
lim [Pe| B, = \/7/ Q (E) du.
on—0 ON ahth]\/.lf T Jo 2
Similarly, deriving lim,, g %}f“] and substituting in
(20), we get (i)
E[pPY™" 4(M -1 e
im P 7( ) [Tg (5) du.
on—0 OpN o'hM\/ 2

In terms of SNR =

IV. M?-QAM

In this section we consider the case of A being M2-QAM,
and channel coefficients (hq,hs) being iid CN(0,03). We
compute the expected pairwise probability of error at high
SNR, and a lower bounds for this. The expected pairwise
probability of error in the limit SNR tends to infinity can be
computed from the PDF of minimum cluster distance vector at
zero. For this, we consider regions as in the case of M-PAM,
and compute the PDF at zero separately for each region. This
can be used to compute the overall PDF of minimum cluster
distance vector at zero. Since the analysis is mostly similar to
the case of M-PAM, we only outline the method, and provide
the final expressions.

A. Distribution of minimum cluster distance

Consider the standard  MZ2-QAM  constellation
A ={utiv:u,v € {—-(M-1),—-(M-3),--- (M—1)}} with
M being a power of 2. Let hy = hry+ihy1, he :2h32+ih12,
where the variances of hgri, hr1, hre, hro are %’1 each. Let
D be the random vector corresponding to the minimum
cluster distance vector D = [dr dj]. Let fp(-) denote
the PDF of D. As in the case of M-PAM, to compute

limg,, 0 fo(dgr,dr), we consider the following method.
d[*)O
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Minimum cluster distance d(f,hi,he) can be 0 in the
following three cases: (1) 3 ha — ;i € NRL hy, ho # 0,
2) ho = 0, and (3) hy = O As in the case of M-PAM,
we consider the regions (i) BY(he = a;hi),i € NRI, (ii)
B%(hy = 0), and (iii) B;{(hQ = 0) in R?* that satisfy the
following properties.

D {(hr1,hr1, kg2, hi2) € R* % = «a;} C
B;_I(h,g = Oéihl) C A,;,Z € NRI,

2) {(hg1,hi1,hR2,hi2) € R* ¢ hgi,hpp = 0} C
B, (hy = 0) C App,

3) {(hgr1,hi1,hR2, hi2) € R* hra2,hr2 = 0} C

B;I(hg = O) C AL+2.

The minimum cluster distance vector in these regions are
of the form D = [|R{c1h1 + c2h2}| |S{c1h1 + caha}|] where
the constants c1,co € C are specific to each region. So,
PDF of minimum cluster distance vector at zero can be found
separately for these regions, and used to compute the overall
PDF of minimum cluster distance vector at zero. We can show

that
1
hm fD(dR,dI (Z |wh|2 T [was |2 ) )

d1—>0 ENRI

B. Expected pairwise Probability of Error

Theorem 5. If nodes A and C use a M?*-QAM constellation
A={u+iv:uve{-(M-1),—(M—3),--- (M —1)}},
with channel coefficients hi,hy ~ CN(O,J?L), the expected
pairwise probability of error in decoding any network-coded

combination at the relay in the limit SNR — oo is given as
. T FQE T
s B[P =7 SNR/ rQ (7) dr, @D
where E is the average energy in A, Fg depends on the set
of network maps chosen, and is given by (22)

The expected pairwise probability of error is given by the
expression
-//Q¢)M
20N

x,y)dzdy.

Let x = onrcosf and y = aNr sin @. Then, we have

-t [ [ o

Dividing both sides by O'N, and applying the limit o — O,
we can show that

fD onTcos b, onrsind)rdidr.

Foo? [
lim E[P,] = T QUN / rQ (f) dr.
on—0 2 O'h 0 2
FQ = hm f]:)(dR,d[)O'h7
d}—>0

(22)

1
(Z T )

In terms of SNR = b;g‘;h, we have (21).
N

C. Lower bound on expected pairwise error probability

In this section, we derive a lower bound on pairwise error
probability for any network map.
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Theorem 6. If nodes A and C use a M?-QAM constellation
A={u+w:uve{-(M-1),—(M-=3),--- (M —1)}},
with channel coefficients hi,ha ~ CN(0,032), the expected
pairwise probability of error in decoding any network-coded
combination at the relay in the limit SN R — oo can be lower

bounded as B .
s r
> —) dr.
= 2SNR/0 r@ (2) dr

The expected pairwise probability of error is given by the
expression (from (21))
rQ (f) dr,

. ™ FQES o0
lim B[R] ="
N e 7 o 2

E[P.) (23)

where
Fr = g2 i ) .
Q =0} Z dlérilOPHsz(dR;dﬂEHz)
1€NRI ¢; 0
+ lim PhlfD(dR7dI‘Eh1)+ lim thfD(dR,d[|Eh2).
dR*)O dRA)O

d;r—0 dr—0

24
The expected pairwise probability of error can be minimi(zec)l
by minimizing Fg, which depends on the set of network
maps {f1, f2, -+, fo+2} chosen. Specifically, if we choose
the network maps such that NRI = {¢}, the summation term
in (24) reduces to zero, which minimizes Fg. The other two
terms are non-zero irrespective of the set of network maps
chosen. Hence, the minimum value of Fy, is
FEM = Jim Pu fo(dr, di| By, )}
dr—0
+ lim Phng(dR;dI|Eh2)0'}2L-
dr—0
dr—0
The corresponding minimum expected pairwise probability of

error is (min)
) F min E oo .

li E(pmn) _T7Q 7S (,) )
oS, BlEe] 1~ SNR r@ly)dr @)
This also gives us a lower bound for t(iue expected pairwise
probability of error. We can show that iy = 2 This can be

s
derived using a method similar to that used for deriving Fp in

section III-D1. Substituting for F in (25), we have the lower
bound (23).
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Fig. 8: Overall error probability- 4-PAM.
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Fig. 10: Pairwise error probability- 4-PAM.

V. SIMULATION RESULTS
A. Comparison with other schemes

In this section, we compare error performance of ring-based
non-linear network mapping strategy with some of the earlier
strategies: (i) Integer-sum based linear network mapping strat-
egy [17] (ii) Field based linear network mapping strategy [16]
(iii) Bitwise-XOR based network mapping strategy [11].

In the ring based network mapping strategy, we consider
a set of network maps Fr = {f{%, f2%,--- ff.,}, of which
each map f[* is a linear or non-linear network map over the
ring Z4 = {0,1,2,3} for 4-PAM and over the ring Z4[i] =
{u+iv : u,v € Zy} for 16-QAM. The set of network maps
Fr is chosen such that NRI = {¢}. In the Integer-sum based
network mapping strategy [17], we consider a set of network
maps F; = {f{,f3,--- ff o}, of which each map f/ is a
linear network map over Z4 = {0, 1,2, 3} for 4-PAM and over
Zi6 = {0,1,---15} for 16-QAM. In the field based network
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mapping strategy [16], we consider a set of network maps
Fr={ff,fF, - fL.5} of which each map f}" is a linear
network map over the field F4 for 4-PAM and over the field
Fi6 for 16-QAM. In the XOR based clustering strategy [11],
we consider a single network map fxog that corresponds to
decoding the bit-wise XOR of the transmit symbols. For the
ring-based strategy, network maps from Fr are assigned to
different regions in (hq, ho)-space, as described in section II.
For the other strategies, the network map for a given hq, hs is
chosen based on a distance criterion as suggested in [11].

We consider a block fading channel with channel coeffi-
cients hy,ha ~ N(0,0%) for 4-PAM transmit constellation
and hy,he ~ CN(0,02) for 16-QAM transmit constellation.
In Figure 8, we consider a 4-PAM transmit constellation and
plot the expected overall error probabilities for ring-based
strategy at different SNRs. These are based on the expression
(13). For comparison, we plot the overall symbol error rates
at the relay for integer-sum based, field based and bitwise-
XOR based strategies, obtained using simulation as follows.
We transmit blocks of N symbols form nodes A and C, and
determine the number of symbol errors after estimating the
network-mapped symbols at the relay. A block is considered
to be in error if there is at least one symbol error. We count up
to 100 block errors to compute the symbol error rate. As seen
from the Figure, we note that the error performance of ring-
based non-linear strategy is better than that for all the other
strategies. This is because, the ring-based strategy considers
both linear and non-linear maps unlike the other strategies,
which results in larger distances between points from different
clusters in the relay constellation.

In Figure 9, we consider a 16-PAM transmit constellation
and plot the expected pairwise error probabilities for ring-
based strategy at different SNRs. These are based on the
expression (21). For comparison, we plot the pairwise symbol
error rates at the relay for integer-sum based, field based and
bitwise-XOR based strategies, obtained using simulation as
follows. We transmit blocks of N symbols from nodes A
and C. For each block, the minimum cluster distance d<, is
computed using (1) from the values of hi, ho and the network
map chosen. For determining the pairwise symbol error rate,
we consider a binary-input additive white Gaussian channel:
y = x + n, where x € {—%,% ,no~ C./\/(O,2o']2v) for
16-QAM. For each transmit block we determine the number
of symbol errors after estimating these transmitted symbols
from the received values of the channel. We count up to 500
block errors for to compute the pairwise symbol error rate.
As seen from the Figure, we note that the error performance
of ring-based non-linear network mapping strategy is better
than that of all the other strategies. The ring-based non-linear
network mapping strategy requires the construction of non-
linear network maps, which results in additional complexity.
However, this may be done off-line using methods proposed
in our earlier work [14].

B. Comparison of results from analysis with simulated results

In this section, we consider a M-PAM transmit constel-
lation and compare the error performance results obtained

http://dx.doi.org/10.1109/TCOMM.2017.2657756

from analysis and simulation for the each of the following
network mapping strategies: (i) Ring-based non-linear network
mapping strategy (ii) Field based linear network mapping
strategy (iii) Bitwise-XOR based network mapping strategy.
Specifically, we plot in Figure 10 expected pairwise error prob-
abilities (using (11)) and pairwise symbol error rates (based
on simulation) at different SNRs. The expected pairwise error
probability plot for the ring-based network mapping strategy
also forms the lower bound, since in this case [NRI| = 0.
For the ring based, field based and XOR based strategies, we
consider sets of network maps denoted Fr, Fr and Fxor.,
respectively, and choose a map for a given hy, hy from these
sets based on the method described in section II. From the
plots we see that for SNR > 30 dB, the results obtained
using analysis are close to the simulated results.

VI. CONCLUSION

In this work, we considered a bidirectional relaying setup
and characterized the error performance in decoding the
network-coded combination at the relay at high SNR. Specif-
ically, we derived expressions for the expected pairwise error
probability (with AM-PAM and M?2-QAM transmit constel-
lations) and approximate expected overall error probability
(with M-PAM transmit constellation). Also, we derived lower
bounds for these. Using the expressions for error probability,
we compare the error performance of ring based non-linear
network mapping strategy with other network mapping strate-
gies such as field based and bitwise-XOR based strategies.
Based on the results obtained, we find that the ring based
strategy is better than the other strategies. This is consistent
with the simulated results and also with the results from our
earlier work.

APPENDIX

A. PDF of minimum cluster distance in the region B (ho =
Oéihl) fOV M-PAM

Let us consider the linear transformation

(26)

y2 = ha. (27)
Since wi;, wo; > 0V4 € NRI, this transformation is always in-
vertible. This transformation maps the region B, (he = a;hy)
to the region By; = {(y1,y2) : A;lYT € B (ha = a;h1)},
where A; = [“}" “?'], and Y = [y1 y2]. Let Ey; be the event
that (y1,y2) € By;. We note that the events Eg; and Fy-; are
equivalent since there is an one-to-one mapping between the
regions B (hy = a;hy) and By; (equations (26), (27)). Let
Y and H be the random vectors corresponding to Y = [y; y2]
and H = [hy hs), respectively. The PDF of H conditioned on
the event F; is computed as

h? + h§>

1
hi,ho|Eg;) = ———
fr(h1, ho|Eq;) 2702 Py eXP< 202

(hh hg) S B;{(hg = Otihl)7 (28)
where Pp; = Pr(Ep;). The PDF of Y conditioned on the
event F'y; can be computed as

Fy(Y|Byi) = |J(Y)| fu(A7 YT B,

Y1 = wizhi + waho,
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where |J(Y)| = ﬁ is the determinant of Jacobian matrix
corresponding to the linear transformation. The PDF of the
random variable Y7 corresponding to y; can be computed by
marginalizing the PDF of Y as follows.
fy. (1| Byi) = | (y1, y2) | fy (Y1, y2| Evi)dy2,
R(y1)
1 — Wy
=T Ja <ylw2yg EHi) dyz,
w1l R(y1) W14
where the integral is over the region R(yi) {y2
fy (y1,y2|Ey;) > 0}. It can be verified that the PDF of Y7 is
symmetric about 0. So, the PDF of the random variable D =

» Y2

['Y1]| can be computed as fp(d|Ey;) = 2fy, (d|Eyi), d > 0.
Applying the limit d — 0, we have
élir(l)fD((ﬂEYi) = lim 2fy, (d| Ey),
d—wy;
= lim —— fu (w2y2,92 EHi) dya,
d—0 ‘w11| R(d) w14
d — wos
= lim fH M,yg EHi dyg,
|'[U1,L| o0 @0 W1;

y2 2
= / €xXp ( 92 < >) dyQa
27rah|w1i\PHi — o 20 wh-
1 \/5 1
onPi VT \fw?, + w3,

In the third step, the limit d — 0 is moved inside the
integration. This can be justified based on Bounded conver-
gence theorem. According to this, if a sequence of functions
{gn(z)} converges to the function g(x), where |g,(z)| < K
for all n and g(z) is integrable, then [ g,(z) converges
to [g(z). In our case, fu 27302 and limg o fu( ) is
integrable. Also, in the limit d — 0, the region of integration
R(d) = R(0) = {y2 : fx(0, y2|EYi) > 0} = (=00, 00). This
can be justified as follows: At 2 = «y,i € NRI we have

d(fi, h1, he) = wishy +waihe = 0 So, as per the transforma-
tion in (26), (27), the region Sg; = {(h1,h2) : ha = a;h1}
maps to the region Sy; = {y1,y2 : y1 = 0,92 € (—00,00)}.
From (28), we have fH(hl,h2|EHi) >0V (h1,h2) € Sui.
So, fy(y1,y2|Eyi) > 0V (y1,y2) € Sy;. Hence, R(0) =
(—00,00). Since the events Ey; and Ey; are equivalent, we
have (6).

B. PDF of minimum cluster distance in the region B (he =
0) for M-PAM

Let H be the random vector corresponding to H = [h; hs).
The PDF of H conditioned on the event E}, is computed as
1 hi + h3
fu(hi, ha|Ep,) = WGXP ( 2‘7h> )

(h1,he) € By (he =0),
where P,, = Pr(Fj,). The PDF of the random variable
H2 corresponding to he can be computed by marginalizing
the PDF of H. The PDF of Hs is symmetric about 0. So,
the PDF of the random variable D = 2|Ha| is computed
as fp(d|En,) = fu, (£|En,), d > 0. Applying the limit
d — 0, we can show that,

1
lim d|FE = —.
d—>0fD< | hz) O’h\/ﬂph2
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C. PDF of left and right minimum cluster distance in the
region By (hy = 0) for M-PAM

In this section, we compute limg—o fD, (d|Ep,). We
consider the cases p = 1 and p # 1 separately. First, let us
consider the case p = 1. Let (hq, he) € B (he = 0). Consider
the symbol pair (20 — M —1,v1) € A;. This corresponds to the
point r1 = (21— M —1)h; +v1he € T}, which is the left most
point in M p among the points in 7;. So, the left minimum
cluster distance in Mp with reference to (20 — M — 1,vy) is
dr,1) = |r1 — 72|, for some 75 € Ty, q # 1. It can be proved
that |1y — 72| > 0V (h1, he) € By (he = 0). So, we have

Cllli% fDL(l,p) (d|Ehy) =0, p=1.

Next, we consider the case p # 1. Consider the point 7, =
(2l = M — 1)hq + vpho € T). The point ro = (21 — M —
Dhy + vp—1ha € Tj is to the left of r; as per the ordering
in T;. We have |rqy — ro| = 2|hg| (refer section III-D1), which
is also the minimum cluster distance in Mp in the region
B¢ (he = 0). So, ro is adjacent, and to the left of ro, in Mp.
Also, 1 and 79 correspond to transmit pairs from different
clusters. So, the left minimum cluster distance in Mg with
reference to (21 — M — 1,v,) is 2|ha|. We have

li dlEy,) = ———

iy o (NP) = T
which follows from results in section VI-B. Similarly, we can
derive

lim fDR (d|E ) - ’ :

! 1,p) h2 S S — - _

d—0 Le ;LP;LI\/T’ p=1,2, M —1.
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