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Abstract

Modeling the formation and evolution of microstructure in phase transforming materials presents
challenges to traditional continuum mechanics approaches. This is mainly because they do not
account for effects arising from the discreteness of the underlying lattice. Such effects can be de-
scribed by non-classical approaches based on discrete particle models. We study the propagation
of an austenite-martensite phase boundary using a Frenkel–Kontorova model. The model is based
on a one dimensional chain of atoms on the phase boundary under the influence of a temperature
dependent substrate potential. Using this model we derive the kinetic relation as a function of
temperature.

Keywords: Frenkel–Kontorova model, phase transitions, kinetic relation, shape memory alloys

1. Introduction

Classical continuummechanics has made great strides in solving for the deformation and stress in
problems involving combinations of mechanical and thermal loads [1]. With the advent of numerical
solution methods, problems with extremely complex geometries and boundary conditions are solved
relatively accurately [2]. However there are several classes of problems for which classical continuum
mechanics faces difficulties in modeling.

Some of the problems which are outside the ambit of classical continuum mechanics are those
which involve the nucleation and evolution of defects. Defects may be any localized features involv-
ing heterogeneity at smaller length scales – also termed microstructure [3]. Such microstructure is
present in almost all materials, but actively evolves during loading in some materials and in certain
loading regimes. This evolution of the microstructure affects the overall response of the material
and it is important to incorporate the concomitant effects in order to describe the macroscale re-
sponse. Examples of such evolving defects include the initiation and growth of cracks, shear bands
or phase transformations in materials. It is well known that the classical continuum mechanics
approach cannot describe these phenomena [4].

Attempts at overcoming this lacuna involve specification of additional constitutive equations on
the evolving interfaces [5]. Such constitutive relations are known as kinetic relations which relate
the driving force on the defect to its velocity. It is well known that the kinetic relation is strongly
dependent on the details of the microstructural features underlying the evolving defects [6].

Non-classical continuum models are based on regularization and employ additional order pa-
rameters such as strain gradients or phase field parameters [8–10]. These augmented models possess
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implicit kinetic relations. However, the implicit kinetic relations generally do not account for the
detailed microstructural features. In order to model features such as stick-slip kinetics which are
affected by the microstructural details, it is necessary to develop relatively complicated phenomeno-
logical description of the kinetic parameters in the models [10].

In order to account for the microstructural features in greater detail, other approaches have
used atomistic level modeling [11]. It is possible to extract microstructurally informed kinetic
relations from such atomistic models and use them along with continuum models. Alternatively,
multiscale approaches employ atomistic and continuum approaches in the same domain and solve
for the relevant scales simultaneously [12]. However, atomistic scale modeling is computationally
prohibitive and provides too much detail. Obtaining macroscopically relevant quantities such as
strain [13] or stress [14] from atomistic information also proves to be challenging.

A third possible class of approaches to model the formation and evolution of microstructure
is based on discrete particle models [15]. Such models are based on discrete interacting particles
at length and time scales relevant to the continuum description. It has been shown that discrete
particle models possess features such as radiative damping and lattice trapping which are important
to accurate representations of the kinetic relations and, consequently, macroscopic response [16].

There have been several classes of one dimensional discrete models. These approaches are
broadly classified as Frenkel-Kontorova (FK) [17] or Fermi-Pasta-Ulam (FPU) [18] type models.
While these models do not give quantitative information they do qualitatively indicate the origins of
various microscale phenomena at the macroscale. The former was first proposed to study the motion
of dislocations in a lattice. The plane in which the dislocation propagates is considered as a chain
of particles and the surrounding atoms are taken to provide a sinusoidal substrate potential. Later
studies have approximated the substrate to be piecewise parabolic in order to obtain analytical
results [19]. This model was adapted to study the motion of ledges on twin boundaries [20].
The latter class of models based on the FPU approach consider non-linear interactions between
particles in the one-dimensional chain [21]. These models have also been extended to study phase
transformations by considering bi-stable interactions [22].

Generally, the FK models have not considered the effect of temperature. Describing the thermal
effects due to atomic vibrations proves to be a challenge. Recently Mahendaran et al [23] developed
a discrete particle approach by which the temperature dependent continuum free energy is directly
used to derive interparticle interactions in a discrete particle model. Based on this approach, we
develop a FK model with a temperature dependent substrate to describe a material undergoing
phase transformations. The kinetic relation derived from this FK model is dependent on the
temperature through the substrate potential.

We consider a material which undergoes phase transformations from a cubic austenite phase at
high temperatures to an orthorhombic martensite phase at low temperatures. The crystallography
of such transformations has been calculated in detail [24]. Under certain conditions of the lattice
parameters the austenite phase forms an interface with a single variant of martensite. We examine
the kinetics of such a boundary using the Frenkel-Kontorova model. Additional insights into the
transformation are obtained by considering a quasicontinuum approximation of the problem and
analytical solutions of the same [7, 25].

The paper is organized as follows. In Section 2, we outline the essential kinematics and the
free energy function appropriate to phase transforming materials. We describe how certain three
dimensional problems can be amenable to a one-dimensional description on the phase boundary.
Next, in Section 3 we describe the Frenkel-Kontorova model and derive the governing equations for
the model. We also consider a simple quasicontinuum approximation of the governing equations.
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In Section 4, we present numerical solutions of the governing equations and compare with the
analytical traveling wave solution to the quasicontinuum problem. We derive the kinetic relation
for this model as a function of temperature.

2. Model

2.1. Kinematics

We begin with a brief description of the kinematics of the austenite–martensite interface. A
detailed description of the relevant kinematics can be found in [24] and references therein.

Consider a material which undergoes a phase transformation between a cubic austenite phase
and an orthorhombic martensite phase. The martensite phase occurs as six variants. Taking the
unstressed austenite to be the reference configuration, the austenite phase is characterized by the
deformation gradient tensor F = I, the variants of the martensite phase are characterized by
F = U1,U2, . . . ,U6, where the Ui’s are called the Bain stretch tensors. The subscript i is refers to
the ith variant.

We consider a coordinate system described by a ê1, ê1, ê3 with the unit vectors aligned to the
edges of the parent cubic lattice. Then the orthorhombic martensite phase can be described by the
stretch tensors for the variants 1 and 2, respectively U1 and U2. In the coordinate system under
consideration these take the form

U1 =





α+γ
2

γ−α
2 0

γ−α
2

α+γ
2 0

0 0 β



 , U2 =





α+γ
2

α−γ
2 0

α−γ
2

α+γ
2 0

0 0 β



 , (1)

where α, β and γ are transformation stretches which are proportional to the ratios of the lattice
constants of the orthorhombic lattice to the side of the cubic parent austenite lattice. The other
variants are symmetric representations of the matrices listed above [24].

Under the condition γ > 1, α < 1 and β = 1, it is possible for the austenite phase to have a
compatible interface with a single variant of martensite. Compatibility of the interface requires that
the deformations on the two sides of a phase boundary are rank-one connected. The compatibility
condition on the phase boundary with austenite phase on the one side and martensite variant i on
the other is

RUi − I = b⊗ m̂, (2)

where R is a rotation and m̂ is a unit normal to the interface in the reference configuration.
The solutions of the compatibility equation (2) as given by [24] for i = 1 are given by

b1 =
1√
2

√

γ − α

γ + α





γ
√
1− α2 + κα

√

γ2 − 1

γ
√
1− α2 − κα

√

γ2 − 1
0



 , m̂1 =
−1

√

2(γ2 − α2)





√
1− α2 + κ

√

γ2 − 1√
1− α2 − κ

√

γ2 − 1
0





(3)
where κ = ±1.

It may be noted that both m and b are in the (x1, x2) plane. In fact, if the transformation
stretches are chosen such that detU1 = 1 then it can be shown by simple calculation that b ·m = 0
and that I + b ⊗ m̂ is a simple shear deformation. We write b = εb̂ where ε is the magnitude of
the simple shear and b̂ is a unit vector in the direction of the shear. The rotation R is about the
x3 axis and the angle is given by θ = arccos [(1 + αγ)/(α+ γ)].
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The Cauchy-Born rule relates the continuum deformation gradient to the deformation of the
lattice vectors [26]. Thus the lattice view of the material at the phase boundary correlates with
the continuum description.

For simplicity, in this work we choose α = 1 − δ and γ = 1 + δ. For δ ≪ 1, the condition
that det U1 = 1 is also approximately satisfied. Under this condition, it can be easily seen that
b̂ = e1 and m̂ = e2. Also the angle of rotation of the martensite variant about the x3 axis for
compatibility with the austenite phase is given by θ ≈ 0.

A schematic of the reference configuration of the stress-free austenite phase is shown in Fig. 1(a).
A phase boundary between the austenite phase and a martensite variant P is shown in Fig. 1(b).
Figure 1(c) shows a schematic of the lattice underlying the continuum description.

2.2. Energy

The free energy per unit volume of a thermoelastic material in a continuum description is taken
to be a function of the deformation gradient tensor F and temperature θ. As a consequence of
material frame-indifference, the free energy is considered of the form

ψ = ψ̃(E, θ), (4)

where E = 1
2

(

F TF − I
)

is the Lagrangian or Green strain tensor.
The Lagrangian strain tensor for our choice of transformation stretches can be calculated to be

E1 =







α2+γ2

2 − 1 α2
−γ2

2 0
α2

−γ2

2
α2+γ2

2 − 1 0
0 0 0






=





δ2 2δ 0
2δ δ2 0
0 0 0



 (5)

For a material undergoing phase transformations, the free energy is a non-convex free function of
the Lagrangian strain tensor E and temperature θ, ψ = ψ̂(E, θ). Specifically it is taken to possess
multiple minima: a single minimum corresponding to the austenite phase above a transformation
temperature θT and minima corresponding to the variants of martensite below the transformation
temperature. To be precise,

ψ̂(E, θ) > ψ̂(0, θ) for θ > θT , ∀E 6= 0

ψ̂(E, θT ) > ψ̂(0, θT ) = ψ̂(Ei, θT ) for ∀E 6= 0,Ei, i = 1, 2, . . . , 6,

ψ̂(E, θ) > ψ̂(Ei, θ) for θ < θT , ∀E 6= Ei, i = 1, 2, . . . , 6.

(6)

A free energy function possessing these properties can be systematically constructed using the
symmetry strain invariants of the parent phase in the form of a Landau polynomial expansion as
given in [27].

The strain components describing the martensite well can be seen to satisfy E11+E22 = 2δ2, and
E12 = 2δ from Eq. (5). The energy can be a taken to be a function of the normalized invariants [27]

I1 =
E11 + E22

2δ2
, I2 =

E11E22

4δ4
, I5 =

E2
12

δ2
. (7)

We construct a free energy function of the form

ψ(I1, I2, I5, θ) = d1(I
2
1 − I2) + d2I

2
1





(

I1 −
3−

√

1− 4h(θ)

2

)2

+ h(θ)



+ d3

(

−I1I5 +
I25
2

)

, (8)
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Figure 1: (a) Reference austenite configuration. (b) Partially transformed martensite. The phase
boundary P has a normal m̂. (c) The underlying lattice in the deformed configuration.

where d1, d2, d3 are positive constants and h(θ) ≤ 0.25 gives the energy difference between the
martensite and austenite wells and is a monotonically increasing function of temperature θ. Further,
at the transformation temperature h(θT ) = 0.

3. Frenkel-Kontorova model

The Frenkel-Kontorova model was originally proposed in the context of an edge dislocation
propagating through a lattice. It has been later extended to study screw dislocations, cracks, twin
and phase boundaries. The main simplifications of the model are to consider the entire dislocation
line as a single degree of freedom and study the dynamics of the rows of atoms on the plane in which
the dislocation line propagates. The masses of all the atoms are also considered to be uniform in
this simple model. In this section we describe this model in the context of a phase boundary.

Figure 2 shows a schematic view of the underlying lattice as a phase boundary propagates
through the material. Under an applied resolved shear stress τ , propagation of the boundary from
its initial location P0 to its current location P1 occurs through the motion of a ledge along the
phase boundary [28, 29]. A schematic view of this ledge is shown in Fig. 2(c). In the Frenkel-
Kontorova model, the atoms on Pt are considered. To the left of the gray shaded ledge, Pt is the
phase boundary whereas to the right of the ledge the material is transformed into the martensite
phase on Pt.
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Figure 2: (a) The lattice showing the location of the phase boundary P0. (b) Phase boundary P1

after motion by one lattice spacing. (c) Schematic of a ledge on the phase boundary. The ledge is
shaded dark gray. The propagation of the ledge to the right results in a downward propagation of
the phase boundary.

3.1. Governing equations

We consider the dynamics of the nth particle on the plane Pt. The equation of motion of the
nth particle is

mün = −Φ′(un) + f, (9)

where m is the mass of each particle and f represents the applied resolved shear stress on the phase
boundary. Φ(un) is the total interaction energy of particle n with all its neighbors.

The key idea of the Frenkel-Kontorova formulation is to consider the interaction to be composed
of harmonic nearest neighbor interactions along the phase boundary and anharmonic interactions
with the rest of the surrounding atoms. Thus Φ is taken to be of the form

Φ(un) =
1

2
s(un+1 − un)

2 +
1

2
s(un − un−1)

2 + W̄ (un), (10)

where s is the stiffness.
The energy W̄ (un) arises due to a change in the atomic position on ledge from the parent

austenite configuration to the martensite phase. As discussed earlier, the kinetics of this transfor-
mation is a simple shear. Thus the energy change associated with this process can be obtained
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h(θ)

W

εξ υ

Figure 3: Energy per atom of the lattice as a function of the shear of the lattice ε. The free energy
presented in Eq. (8) is shown as a function of the parameter ε as a dashed line. The solid lines
represent a piecewise parabolic approximation.

a

n− 2 n− 1 n
n+ 1

n+ 2

Figure 4: Frenkel-Kontorova model of the atoms on the phase boundary plane Pt. Each particle
experiences a substrate potential given by Eq. (11). The distance between the periodic wells is the
lattice spacing of austenite a.

from Eq. (8) by parametrizing through the shear ε. The parametrized equation is shown in Fig. 3
using a dashed line. In this work, we approximate W (ε) as two piecewise parabolas shown with
solid lines in Fig. 3. The specific form of Ŵ is chosen to be

Ŵ (ε, θ) =

{

1
2µε

2, ε ≤ ξ(θ),

1
2µ(ε− εm)2 + h(θ), ε ≥ ξ(θ),

(11)

where µ is the shear modulus. The parameter ξ(θ) represents the intersection of the two energy
wells and is given by

ξ(θ) =
υ

2
+
h(θ)

2µυ
. (12)

Since we consider only the position of the atom on the phase boundary and the motion is in
the direction of shear, the energy per atom due to all the neighboring particles not on the phase
boundary can be taken as a function of the atomic position un and is thus Ŵ (un, θ). Thus the
temperature θ changes the energy per unit atom and thus influences its dynamics.

With this specific form of the interaction energy, the equation of motion for the nth particle
becomes

mün = s (un+1 − 2un + un−1) + f − ∂Ŵ (un, θ)

∂un
. (13)
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3.2. Quasicontinuum approximation

In order to obtain information at macroscopic length scales, it is interesting to study the contin-
uum limit of the Frenkel-Kontorova model. There have been several different different approaches
to obtain such continuum limits. A polynomial based Boussinesq was used by Abeyaratne and
Vedantam [7] to obtain a quasicontinuum approximation. However, the strain gradient part of
the elastic energy in this model is not positive definite [30]. Thus the initial-value problem for
the Boussinesq model is linearly ill-posed and has unbounded growth rates at short wavelengths
[31, 32].

Alternatively a rational approximation of the difference term has been considered with the
advantage of always being stable at short wave lengths [33].

A detailed study of these two approaches has shown that both the models present qualitatively
similar kinetic relations which are comparable to the discrete kinetic relation [34]. For this reason,
we only consider the polynomial approximation of the difference term in this paper [7]. In the
continuum limit, the particle displacement un(t) is replaced by a continuous displacement u(x, t)
chosen such that un = u(na, t) where a is the interparticle spacing in the reference configuration.

Then the equations of motion Eq. (13) in terms of the continuous displacement field take the
form

m
∂2u

∂t2
= s (u(x+ a, t)− 2u(x, t) + u(x− a, t)) + f −

{

µu, u < ξ(θ),

µ(u− υ), u > ξ(θ).
(14)

The quasicontinuum approximation of the governing equation is obtained by replacing u(x±a, t)
in Eq. (13) by five terms (see [7]) of the series expansion to obtain

m
∂2u

∂t2
= sa2

∂2u

∂x2
+
sa4

12

∂4u

∂x4
+ f −

{

µu, u < ξ(θ),

µ(u− υ), u > ξ(θ).
(15)

4. Results

We first explore steady traveling wave solutions of the problem. Such motions arise when the
ledge propagates at a constant speed. If the motion propagates from one atom to the next at a
steady speed, say c, then the motion of the (n+ p)th atom is identical to that of the nth atom but
with a time delay pa/c. For such a motion

un+p(t) = un

(

t− pa

c

)

. (16)

Such a steady motion can occur if and only if un(t) has the traveling wave form

un(t) = u(na− ct). (17)

In terms of the continuum displacement u(x, t) the traveling wave form that we seek is of the form

u(x, t) = û(y), y = x− ct. (18)

In the traveling wave form, Eq. (15) becomes

sa4

12
û′′′′ + (sa2 −mc2)û′′ + f =

{

µû, û < ξ(θ),

µ(û− υ), û > ξ(θ).
(19)
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Figure 5: (a) Solution of the quasicontinuum problem for two different values of the non-dimensional
temperature. Solid line is for θ̄ = 0 and dashed line is for θ̄ = 0.1. (b) Kinetic relations for the
corresponding temperatures.

We consider a single ledge propagating along the phase boundary to the right such that the austenite
phase is transformed to martensite as shown in Fig. 2(c). In such a case, taking the ledge to be at
the origin of the traveling wave coordinate, the boundary conditions are

û < ξ, y → ∞,
û > ξ, y → −∞.

(20)

Equation (19) can then be rewritten under these conditions as

sa4

12
û′′′′ + (sa2 −mc2)û′′ + f =

{

µû, y > 0,

µ(û− υ), y ≤ 0.
(21)

Since we have chosen the origin of the traveling wave coordinate y = 0 at the intersection of the
austenite and martensite wells, we impose the following conditions

û′(0+) = û′(0−) = ξ(θ). (22)

Additionally, we require the first three derivatives to be continuous at y = 0. Under these conditions
and the boundary conditions given in Eqs. (20), the solution of Eq. (21) is given by

û(y) =







f
µ +

(

υ
2 + h(θ)

2µυ − f
µ

)

exp (−w1y) , y ≥ 0,

υ + f
µ −

(

υ
2 + h(θ)

2µυ − f
µ

)

exp (w1y) + 2
(

h(θ)
2µυ − f

µ

)

cos (w2y) , y ≤ 0,
(23)

along with the kinetic relation

f

µυ
=

{

h(θ)

2µυ2
+

1

2

[

1− 1− Ω2V 2

√

(1− Ω2V 2)2 + µ/(3s)

]}

, (24)
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where

w1 =
√
6
{

√

(1− Ω2V 2)2 + µ/(3s) + (1− Ω2V 2)
}1/2

> 0,

w2 =
√
6
{

√

(1− Ω2V 2)2 + µ/(3s)− (1− Ω2V 2)
}1/2

> 0

(25)

and we have set the non-dimensional velocity Ω2V 2 = mc2/sa2.
The solution to the quasicontinuum problem given by Eq. (23) and the kinetic relation Eq.

(24) are plotted in Fig. 5(a) and Fig. 5(b) respectively, taking the parameters h(θ)/2µυ2 = θ̄
where θ̄ = θ/θT is a non-dimensional temperature. Equation (24) indicates that the driving force
required to propagate the phase boundary at a given velocity increases with temperature. The
kinetic relation shows a classical form with a critical driving force below which the ledge does not
propagate. The value of the critical driving force increases with temperature.

As the ledge propagates to the right, waves are emanated from the ledge behind it (Fig. 5(a)).
The effect of the temperature is to increase the resistance to the propagation. The amplitude of the
waves is independent of the temperature but the mean particle positions ahead as well as behind
the ledge increase with temperature.

5. Conclusions

We have derived a Frenkel-Kontorova model of an austenite-martensite phase boundary between
a cubic austenite phase and an orthorhombic martensite phase. Under certain conditions of the
transformation stretches between the two phases, the phase boundary connects the two phases
through a simple shear deformation. Based on a Landau polynomial expansion of the free energy in
terms of the invariants of the Lagrangian strain for such a material, we obtain a substrate potential
for particles on the phase boundary. Assuming that the phase boundary propagates by means of
a propagating ledge, as observed in experiments, the equations governing the Frenkel-Kontorova
model are derived. A quasicontinuum approximation of the FK equations is also studied in order
to obtain an analytical description of the phase boundary motion. The solution of the traveling
wave problem for the quasicontinuum model indicates that a critical driving force is required in
order to drive the ledge and the driving force for ledge propagation increases with temperature.
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