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Abstract A numerical investigation is carried out to study the transition of
a subsonic boundary layer on a flat plate with roughness elements distributed
over the entire surface. Post-transition, the effect of surface roughness on a
spatially developing turbulent boundary layer (TBL) is explored. In the transitional regime, the onset of flow transition predicted by the current simulations
is in agreement with the experimentally based correlations proposed in the
literature. Transition mechanisms are shown to change significantly with the
increasing roughness height. Roughness elements that are inside the boundary layer create an elevated shear layer and alternating high and low speed
streaks near the wall. Secondary sinuous instabilities on the streaks destabilize
the shear layer promoting transition to turbulence. For the roughness topology
considered, it is observed that the instability wavelengths are governed by the
streamwise and spanwise spacing between the roughness elements. In contrast,
the roughness elements that are higher than the boundary layer create turbulent wakes in their lee. The scale of instability is much shorter and transition
occurs due to the shedding from the obstacles. Post-transition, in the spatially
developing TBL, the velocity defect profiles for both the smooth and rough
walls collapsed when non dimensionalized in the outer units. However, when
compared to the smooth wall, deviation in the Reynolds stresses are observable in the outer layer; the deviation being higher for the larger roughness
elements.
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1 Introduction
Gas turbine engine manufacturers carefully monitor the surface finish of the
components to be within the admissible tolerance levels. Such surfaces are
considered to be ‘aerodynamically smooth’. Once deployed into service, various
damage mechanisms progressively degrade the surfaces of these components
resulting in: a gradual drop in the performance of the engine, gradual increase
in the specific fuel consumption, excessive temperatures in localized zones and
under extreme cases the loss of stall margin [3]. During the design phase,
aerodynamic analysis is carried out under the assumption that the surfaces
are smooth; largely ignoring the aforementioned performance penalties (or
in some cases benefits [3, 32]) encountered due to surface roughness. In the
literature, the studies concerning roughness can be broadly classified into the
categories of: (a) roughness induced transition in a laminar boundary layer
and (b) roughness enhanced turbulence in a turbulent boundary layer (TBL).
A brief review of the relevant work is given here.

1.1 Transitional boundary layers
It is well known that the onset of the boundary layer transition is sensitive
to the surface roughness. Post-transition, both the drag and heat transfer significantly increase over the aerodynamic surfaces. Reshotko [37] noted that
smaller levels of roughness destabilize the mean flow through a linear amplification of the exponentially growing disturbances. On the other hand, larger
levels of roughness bypass this route by distorting the flow locally [6, 28, 45].
Transition induced by isolated roughness has been extensively studied in the
literature [2, 12, 18, 36], specifically at supersonic speeds. It was observed that
the low-speed fluid behind the roughness element lifts up from the wall creating streamwise vortices. This is followed by a transient growth phenomena
where an algebraic amplification of the initial disturbances evolve into streak
like motions. In all the studies, an unstable detached shear layer is also shown
to develop over the isolated roughness element which further accelerates transition to turbulence. A shear layer is also observed to develop on the distributed
roughness elements, as shown in the recent direct numerical simulations (DNS)
by Muppidi and Mahesh [29] at Mach = 2.9. In their study, counter-rotating
pairs of streamwise vortices developed underneath the shear layer. The interaction of these vortices with the shear layer is shown to trigger transition.
The dataset generated from both the experimental and numerical studies are
generally used to develop empirical correlations for predicting the transition
onset [2, 36, 39, 45]. Such correlations, when incorporated into the low order
transition models, can be used to design efficient aerodynamic components.

Distributed roughness effects on transitional and turbulent boundary layers

3

1.2 Turbulent boundary layers

The effect of roughness in fully turbulent boundary layers and channel flows
has been addressed by several researchers starting from the classic work of
Nikuradse [30]. In TBL, Townsend’s [46] wall similarity hypothesis states that
the turbulent motions outside the roughness sublayer are independent of the
surface roughness. Jiménez [20] reviewed a variety of roughness topologies investigated by several researchers and noted that the dimensionless parameters;
Roughness Reynolds number ks+ = kuτ /ν and blockage ratio δ/k; control the
effect of roughness on TBLs. Surface topology of the rough surfaces in both
the experimental and numerical investigations has evolved from idealized 2D
elements [24] to distributed 3D elements [8, 10] and more recently to the real
rough surfaces [25, 51]. Majority of the numerical investigations are confined
to channel flows where periodicity is imposed in the streamwise direction. Lee
et. al. [21] and Lee and Sung [22] simulated a spatially developing TBL and
compared the effects of 2D rod-roughened and 3D cube-roughened walls. For
both these configurations, surface roughness affected the turbulent Reynolds
stresses in the outer layer.

From numerical perspective, it is evident that most of the eddy resolving
simulations in literature have addressed transition induced by isolated roughness in supersonic flows. The objective of the present study is to investigate the
effect of distributed roughness on subsonic boundary layers typically observed
in turbomachines. However, unlike the recent work [32, 33, 42, 43, 47] where
a flat plate has been subjected to turbine blade loading which triggered flow
separation, current simulations are much more fundamental and consider a
flat pate in the absence of pressure gradients. In contrast to the simulations of
Muppidi and Mahesh [29], the rough surface is specified over the entire length
of the flat plate. The motivation for such an arrangement is to cover the transition behaviour over a wide range of Reynolds numbers based on roughness
height. Hence, once the flow undergoes transition, the current distribution also
helps to explore the effects of surface roughness on the spatially developing
TBLs and further validate the numerical framework.

The paper is organized as follows: computational framework, numerical algorithm and grid sensitivity study is described in the next section. In Section
3.1, the effect of surface roughness on transition is explored where comparisons
are made against the transition onset correlations. In Section 3.2, the transition mechanisms are investigated in detail. Section 3.3 presents the roughness
effects on the spatially developing turbulent boundary layers and concluding
remarks are provided in Section 4.
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Fig. 1: Compuational domain and boundary conditions. Inset plot shows the
roughness characteristics. Contours of vorticity magnitude on xy-plane demonstrate the transition of boundary layer.

2 Numerical Framework
2.1 Computational domain and boundary conditions
Figure 1 is a schematic of the computational domain and the associated boundary conditions. The numerical setup consists of a new boundary layer developing over the flat plate with a sharp leading edge. The flat plate extends for
Lx = 10000θ0 , Ly = 1000θ0 and Lz = 700θ0 in the streamwise, wall-normal
and spanwise directions respectively. Here, θ0 is the momentum thickness of
the laminar boundary layer developing on a smooth wall estimated at an axial
location of x = 600θ0 . This location corresponds to the leading edge of the
first roughness element which is placed at a distance of 100θ0 from the leading
edge of the flat plate. On a smooth wall, the momentum thickness Reynolds
number Reθ0 at this location is around 50. The free-stream Mach number is
set to 0.5.
A free-slip boundary condition is applied on the lower wall upstream of the
leading edge (x < 500θ0 ) while a no-slip boundary condition is imposed beyond
x ≥ 500θ0 . Free-stream boundary conditions are applied on the top boundary.
Periodic boundary conditions are employed in the spanwise direction with a six
point grid overlap to maintain the spatial accuracy. A non-reflective boundary
condition based on Riemann invariants is imposed at the inflow as described
in Matsuura and Kato [27]. In addition, following the approach of Rizzetta
and Visbal [38], any spurious reflections are avoided by stretching the mesh
beyond x ≥ 10000θ0 at the outlet and on the upper boundary. This method
transfers information to higher wave numbers which is subsequently dissipated
using a low pass filter [49].
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The time-step is adjusted such that the maximum local CFL is 1.0 [27]
which results in a non-dimensional time step of 0.1θ0 /U∞ , U∞ being the
freestream velocity. After flushing out the initial transience, statistics are sampled on the fly over a non-dimensional time of 100,000θ0 /U∞ . This corresponds
to around 10 charateristic time units based upon freestream conditions and the
streamwise extent of the domain. Based on the local boundary layer thickness
δ and friction velocity Uτ , the sampling time of the statistics correspond to
around 28δ/Uτ at Reθ = 1000. Statistical convergence of the mean quantities
and Reynolds stresses are within 1%.
Following [29], the surface roughness is defined as:
ywall = max(0, k sin(kx x) sin(kz z))

if

x ≥ 600θ0

(1)

ywall = 0 elsewhere,

(2)

where k is the peak amplitude of the roughness element, kx = 2π/λx and
kz = 2π/λz are the wavenumbers in the streamwise and spanwise directions
respectively. λx and λz are the corresponding wavelengths which are fixed
at 200θ0 and 175θ0 such that roughness spans four full wavelengths in the
spanwise direction. Observe that only the positive peaks of roughness elements
are considered in the simulations while the negative troughs are clipped. Three
different test cases with increasing amplitudes of roughness are considered k =
4θ0 , 8θ0 , 16θ0 which will be henceforth referred as k4, k8 and k16 respectively.
The ratio between the streamwise wavelength to roughness height for these
test cases are λx /k = 50, 25, 12.5. Hence, in an engineering context, the surface
configurations considered in this study can be classified as ‘k’ type [23].

2.2 Governing equations and numerical method
Unsteady three dimensional compressible Navier-Stokes equations governing
the fluid flow are transformed into the generalized curvilinear coordinate system. Following are the resulting governing equations in the conservative form:

∂
∂Q
+
∂t
∂ξ1



Finv −

Fvis
Re



+

∂
∂ξ2



Ginv −

Gvis
Re



+

∂
∂ξ3



Hinv −

Hvis
Re



=0

(3)
Here t is time, ξ1 , ξ2 , ξ3 are the transformed coordinates 1 , Q is the dependent variable vector, Finv , Ginv , Hinv are the inviscid flux vectors and Fvis ,
Gvis , Hvis are the viscous flux vectors. Following Visbal and Gaitonde [50],
these vectors are given by:
1 Note that in some publications, (ξ , ξ , ξ ) are represented as (ξ, η, ζ) and (x , x , x )
1 2 3
1
2
3
as (x, y, z)
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ρ
 ρu 



Q=
 ρv 
 ρw 
E






ρV
ρU
 ρuU + ξ1x1 p 
 ρuV + ξ2x1 p 







Finv =  ρvU + ξ1x2 p  Ginv = 
 ρvV + ξ2x2 p 
 ρwU + ξ1x3 p 
 ρwV + ξ2x3 p 
(ρE + p)U
(ρE + p)V




ρW
0
 ρuW + ξ3x1 p 


ξ1xi τi1








ξ1xi τi2
Hinv =  ρvW + ξ3x2 p  Fvis = 

 ρwW + ξ3x3 p 


ξ1xi τi3
(ρE + p)W
ξ1xi (uj τij − Qi )




0
0




ξ2xi τi1
ξ3xi τi1








ξ
τ
ξ
τ
Gvis = 
2xi i2
3xi i2
 Hvis = 





ξ2xi τi3
ξ3xi τi3
ξ2xi (uj τij − Qi )
ξ3xi (uj τij − Qi )

(4)

where stress tensor τij , heat flux vector Qi and energy flux E are given by:


∂ξk ∂uj
2
∂ξl ∂uk
∂ξk ∂ui
+
− δij
(5)
τij = µ
∂xj ∂ξk
∂xi ∂ξk
3 ∂xk ∂ξl
Qi = −
E=

µ
∂ξl ∂T
2 ∂x ∂ξ
(γ − 1)P rM∞
i
l

T
+ 0.5(u2 + v 2 + w2 )
2
γ(γ − 1)M∞

(6)
(7)

In these equations, u, v, w are the cartesian components of velocity. Also,
ρ, p, T are the density, pressure and temperature respectively. δij (=1 if i = j
and = 0 if i 6= j) is the kronecker delta. The perfect gas law (p = ρRT ) is used
to close the system of equations, R being the gas constant. Molecular viscosity
(µ) is estimated using Sutherland’s law. The specific heat ratio and the Prandtl
number are set to 1.4 and 0.72 respectively. Finally, U, V, W represent the
contravariant velocity components given by:
U = ξ1x1 u + ξ1x2 v + ξ1x3 w
V = ξ2x1 u + ξ2x2 v + ξ2x3 w
W = ξ3x1 u + ξ3x2 v + ξ3x3 w

(8)

The length and velocity scales in the preceeding equations are non-dimensionalized
by the characteristic length L and freestream velocity U∞ . Density and pres2
sure are normalized by ρ∞ and ρ∞ U∞
respectively.
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Simulations presented here are performed using an in-house high-order
structured code, COMP-SQUARE. The solver has been developed on the basis of the numerical algorithm described in [15, 50]. For all the test cases
investigated here, sixth-order tri-diagonal compact finite-difference schemes
are used for the interior nodes to spatially discretize the metric terms, inviscid and viscous fluxes. Following [15, 27, 38], fourth order one-sided compact
schemes are used at the boundary nodes. The metric terms are recast in the
conservative form as described in [50]. This ensures that the metric cancellation errors, which can degrade the accuracy of the solution, are minimized on
distorted meshes. Time integration is carried out using an explicit four stage
fourth-order Runge-Kutta (RK) scheme. The numerical instabilities arising
due to the non-dissipative nature of the high-order compact central difference
approximation are eliminated by filtering the conservative variables. For this
purpose, 10th order low pass Pade-type non-dispersive spatial filter is employed
at each RK stage. Filtering is sequentially applied in each of the three computational directions. In the filter formulation, the adjustable parameter αf
(−0.5 < 0 ≤ 0.5) dictates the amount of filtering applied (see [50]). Higher values of αf correspond to a less dissipative filter. As noted in [27], αf influences
both the stability and accuracy of the solution. In the current simulations
αf = 0.492, maintaining both the stability and high accuracy of the numerical scheme. The code utilizes MPI message passing for parallelization on the
distributed memory platforms.
The numerical framework has been validated on a number of canoncial
test cases: Taylor green vortex, inviscid vortex convection, turbulent channel
flows and boundary layers. It has also been used to investigate the transitional
boundary layers separating under the influence of streamwise pressure gradients [42] and highly accelerated flows with strong streamline curvature over
an intake lip [34].

2.3 Grid sensitivity study
The number of grid points in the streamwise, wall-normal and spanwise directions are 2020, 192 and 192 respectively. This results in a total of approximately
75M (×106 ) mesh nodes. On the test case k16, considering the highest value
of the friction velocity uτ in the domain (uτ /U∞ ≈ 0.08, see figure 13(c)), the
grid resolution is within the wall units of ∆x+ < 20, ∆y + < 0.6 and ∆z + < 14.
A grid sensitivity study has also been carried out for the test case k8. Table
1 provides the details of three different grids used for the study, comprising
around 9M, 36M and 75M nodes. The maximum value of the time-averaged
turbulence kinetic energy (kmax ) at each streamwise station is extracted at
the mid-plane of the computational domain. Figure 2(a) plots the streamwise
evolution of kmax predicted on the different grids. A steep increase of the TKE
indicates that the flow is undergoing transition to turbulence. Consistent results are observed for grids B and C. The transition is delayed on grid A.
This is most likely due to an insufficient resolution in the spanwise direction
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Fig. 2: Grid sensitivity study: (a) Streamwise evolution of the maximum value
of the time-averaged turbulent kinetic energy (TKE) along the mid plane of
the computational domain for test case k8 (b) Carpet plot showing the profiles
of u′ u′ over a roughness element in the turbulent regime marked in figure (a).
Table 1: Computational parameters for grid sensitivity study
Grid
A
B
C

Nx
1020
2020
2020

Ny
96
96
192

Nz
96
192
192

to capture secondary instabilities. Wall-normal profiles of u′ u′ are also shown
in figure 2(b). The profiles were extracted over a roughness element in the
turbulent regime at an axial location (5600 ≤ x/θ0 ≤ 5800) indicated by an
enclosed region in figure 2(a). Again deviations are noticeable on the coarsest
grid A. However, consistent results are observed for grids B and C indicating
that the results are grid independent. Despite achieving the convergence on
grid B with 36M nodes, results presented in this manuscript are extracted
from the finest mesh C.
3 Results and Discussion
3.1 Transitional Regime
3.1.1 Influence of increasing roughness height
Roughness past an isolated roughness element has been extensively studied in
the literature. The key characteristics governing the transition process in the
current study with distributed roughness are similar to those observed over
an isolated roughness element. Figure 3 compares the height of the roughness
elements against the thickness of an unperturbed laminar boundary layer developing over the flat plate. While the roughness elements in the first two cases
k4 and k8 are submerged within the boundary layer, the roughness element
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Fig. 3: Roughness elements embedded within and protruding into the boundary layer.
in k16 case protudes beyond the boundary layer. Boundary layer thickness, δ,
at an axial location corresponding to the peak of the first roughness element
is around 9θ0 . Hence k/δ for the three test cases k4, k8, k16 are around 0.44,
0.88 and 1.76 respectively.
Local Reynolds number based on the roughness height Rek is a critical
parameter to determine if the flow transitions to turbulence. Rek is defined as
Rek =

ρk U k k
µk

(9)

where k, ρk , Uk and µk are the height of roughness element, fluid density,
streamwise velocity and dynamic viscosity at height k in a laminar boundary
layer in the absence of roughness [36]. Based on this, Rek for the test cases
k4, k8 and k16 are estimated as 150, 400 and 800 respectively at the peak of
the first roughness element.
The effect of increasing the roughness height (and hence the roughness
Reynolds number, Rek ) on transition can be visualized in Figure 4. Instantaneous contours of the vorticity magnitude on x − z plane are shown in figure
4(a) at a wall-normal height of y/θ0 = 20. Contrasting trends in the transition
behaviour are observable. For the test case k4 with the lowest Rek = 150, the
flow has not transitioned over the entire length of the flat plate. On the other
hand, the flow has transitioned downstream at an axial location of x/θ0 ≈ 1500
for the case k8 with Rek = 400. Consistent with the observation of Choudhari and Fischer [9], spontaneous transition occurs behind the first roughness
element for the k16 case with highest Rek of 800. Note that the scale of the
instability is much shorter in k16 than k8. The former is due to shedding from
the obstacles; the latter is due to the instability of streaks.
Figure 4(b) compares the contours of vorticity magnitude on x − y plane
extracted at the mid-plane of the computational domain. A detached shear
layer lifting away from the roughness elements is clearly seen in case k8. The
strength of the shear layer increases with Rek . This was also observed by
Redford et. al. [36]. The corresponding wall-normal distance by which the
shear layer lifts away from the wall also increased with Rek . For the test case
k8, the shear layer starts to break up at a streamwise location of x/θ0 ≈ 1500.
At this station, Kelvin-Helmholtz (KH) type roll-up can be observed due to
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Fig. 4: Instantaneous contours of vorticity magnitude on x−z and x−y planes.
the intrinsic instability associated with the inflectional velocity profiles within
the shear layer [2, 14, 29]. Detailed discussion on the transition mechanism for
case k8 will be presented in section 3.2.
3.1.2 Validation against transition onset correlations
In this section, the validity of the transition behaviour observed in the preceeding section is verified by comparing against a set of correlations proposed
in the literature. For this purpose, boundary layer integral parameters will
be first presented. These parameters are estimated from a time averaged flow
field. Spatial averaging has been carried out across the span at the same wall-
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normal location y from a zero-datum plane. It should however be noted that
the flow is not homogeneous in space due to surface roughness i.e. the timeaveraged statistics are not independent of the location at a given wall-normal
height.
Figure 5(a,b,c) shows the variation of the momentum thickness Reynolds
number (Reθ ), displacement thickness (δ ∗ ) and shape factor (H) along the
streamwise direction. Since the flow does not transition for the test case k4, the
variation of θ and δ ∗ are largely in agreement with the laminar Blasius solution.
Due to the presence of roughness, a marginal increase in δ ∗ when compared to
Blasius solution can be observed. Once the flow undergoes transition, Reθ and
δ ∗ increase almost steadily along the streamwise direction for the test cases
k8 and k16, the increase being more pronounced for the k16 case with the
largest roughness. Figure 5(c) shows a significant increase of the shape factor,
H before the flow breaks down to turbulence. The shape factor converged
downstream after transition, the values being again higher for the k16 case
when compared to k8. The trends are in agreement with those observed by
Lee and Sung [22] who compared the growth of a turbulent boundary layer on
a rod roughned wall against that over a smooth wall. The streamwise variation
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of the maximum turbulent kinetic energy (TKE) is shown in Figure 5(d). A
steep increase in the maximum TKE is notable during transition. For case
k8, the initial growth is algebraic which is in agreement with the transient
growth phenomenon. Subsequently, the algebraic growth is overtaken by the
exponential growth associated with KH instability. On the other hand, the
TKE growth is quite abrupt for the case k16, the laminar boundary layer
being tripped by the first roughness element itself [9].
Stripf et. al. [45] investigated around 30 different configurations of rough
surfaces. These included both regular distributions of truncated cones and random roughness. Measurements were collected at several Reynolds numbers and
free-stream turbulence intensities. Based on this data, the following transition
onset correlation for the rough surface was proposed:

Reθ,t = Reθ,t,s if k/δt∗ ≤ 0.01
"

fT u #−1
1
k
+ 0.0061.fΛ .
− 0.01
=
Reθ,t,s
δt∗

(10)
if

k/δ ∗ > 0.01

(11)

Here Reθ,t and δt∗ are the momentum thickness Reynolds number and displacement thickness estimated at the transition location for the rough surface.
Reθ,t,s is the momentum thickness Reynolds number at the transition loca−0.75
tion on a smooth surface which is given by 500T uef
f ; where T uef f is the
effective turbulence intensity evaluated as an average between the T u of the
approacing flow and the local value of T u at the boundary layer edge. fΛ is
the roughness spacing parameter which characterizes the roughness density.
It is a function of ΛR = k/hm , where hm is the mean elevation height of the
roughness topography. For the roughness topologies considered in the current
study ΛR = 5 and fΛ ≈ 1 based on the recommended values of Stripf et. al.
[45]. In Eq. 11, fT u is a function of T uef f given by:

fT u = max[0.9, 1.61 − 1.15e−T uef f ]

(12)

In the current simulations, the values of Reθ,t and k/δt∗ have been extracted
at an axial location corresponding to a notable increase in the TKE. This is
evident from the figure 5(d) and indicates the onset of flow transition. Figure
6(a) overlays the current predictions against the correlation proposed by Stripf
et. al. [45]. The present results are in good agreement with their experimental
correlation. Note that the simulations addressed in this manuscript do not
include any FST at the inlet 2 . Hence the correlation has been estimated
under the limiting condition of T uef f = 0 as follows:
2 We have also carried out additional simulations to explore the effects of free-stream turbulence (FST). However, this is beyond the scope of the current paper and will be published
elsewhere.
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"

Reθ,t = 0.0061.fΛ .



k
− 0.01
δt∗

0.9 #−1

if

k/δ ∗ > 0.01

(13)

Notice that under this limit, fT u = 0.9 and the transition onset Reynolds
number is primarily governed by the second term in Eq. 11, while the contribution from the first term (1/Reθ,t,s ) vanishes. For the test case k4, k/δ ∗ at
the exit of the domain is around 0.05. At this location, the correlation suggests
that Reθ,t should be ≈ 1000 for the flow to undergo transition. However, it
is evident from figure 5(a) that Reθ at the exit for the test case k4 is around
450 which is substantially lower than the threshold value. Hence the observation that the flow has not transitioned on the flat plate for the test case k4 is
consistent with the expected behaviour from the experimental correlation.
Redford et. al. [36] carried out simulations on an isolated roughness element
over a range of Mach numbers and proposed a criterion for the transition
behaviour. It is based on the Mach number at the edge of the roughness element
(Mk ), Rek and the ratio of free-stream to wall temperatures (T∞ /Tw ). The
dividing line that separates the laminar and transitional cases is given by:
Mk T ∞
3(Rek − 300)
=
Tw
700

(14)

Mk and Rek from the present computations are estimated at the peak of
the first roughness element. Figure 6(b) compares the estimated values against
the criterion proposed by Redford et. al. [36]. Interestingly, the current results, with distributed roughness, compare favourably against their criterion
of isolated roughness. Notice that test case k8 is almost at the threshold that
demarks the laminar and transitional regimes. However, given that the roughness element in the current study is placed close to the leading edge of the
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Fig. 7: Comparison of the surface streamlines for test cases k8 and k16.
flat plate, k/δ for this test case is around 0.8. This is greater than the value
of k/δ = 0.65 used by Redford et. al. and hence is more likely to trigger transition. As noted by Reda [35], it is expected that the transition onset over
distributed roughness patterns occurs earlier when compared to the isolated
roughness.

3.2 Transition mechanism
Figure 7(a,b) shows the surface streamlines over the roughness elements for
the cases k8 and k16, respectively. It can be seen that the uniform laminar
flow decelerates as it approaches the first roughness element. Part of the flow
travels around it and rest of the flow is displaced away from the wall. Lift
up of the near wall fluid results in the formation of a detached shear layer
over the roughness element (see Figure 4(b)). A wake type flow forms behind
the element and is characterized by the recirculation zones marked in figure
7. Subsequent roughness elements encounter a non-uniform wake flow from
the preceeding ones resulting in a stronger deceleration. Observe from figure
7(a) that the recirculation zone behind the second element is larger than the
first. This leads to a decelerated flow in the line of roughness elements and
an accelerated flow in between the roughness elements. This is similar to that
observed by Muppidi and Mahesh [29]. For case k16, recall that the roughness
element penetrated through the boundary layer and shows clear evidence of
the saddle points upstream of the roughness elements (see figure 7(b)). As
expected, the recirculation behind the roughness elements is also stronger when
compared to case k8.
Progressive acceleration in between the roughness elements and deceleration in the line of the roughness elements result in the formation of steady
streamwise streaks. Figure 8 shows iso-surfaces of the streamwise disturbance
velocity, u′ . Alternating high (u′ = 0.2U∞ ) and low (u′ = −0.2U∞ ) speed
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Low speed streaks
High speed streaks

Fig. 8: Iso-surfaces of Q (=200) coloured with axial velocity for test case k8.
Iso-surfaces of streamwise velocity fluctuation u′ are also overlaid. Positive
perturbation (u′ = 0.2U∞ ) represented by light grey and negative perturbation
(u′ = −0.2U∞ ) indicated by black. Inset plot shows the magnified view of the
transition zone and evolution of hairpin vortices.
streaks are indicated by the light and dark iso-surfaces. Vortical structures
identified using iso-surfaces of Q(= 200), coloured with axial velocity, are also
overlaid in the figure. The inset plot shows a magnified view of the transitional
zone. Notice that the streamwise streaks are steady earlier on and subsequently
become unsteady beyond x/θ0 > 1500. Beyond this station, secondary instabilities develop over the streaks; specifically the vortical structures appear on
the flanks of the low-speed streaks. Hairpin vortices start originating at this
point and a sustained turbulent flow develops downstream.
Secondary instability developing on one of the low-speed streaks marked
in the inset plot of figure 8 is further analyzed. It should be noted that in
order to elucidate the steady streamwise streaks, u′ in the figure 8 is defined
relative to the time and spanwise averaged mean flow i.e. u′x,y,z,t = ux,y,z,t −
ux,y . While this approach is feasible above the roughness elements, it results
in a perturbation within the roughness element. Instead, figure 9 shows the
contours of streamwise fluctuations defined relative to the time-averaged flow
field without any span-averaging or phase-averaging 3 i.e. u′x,y,z,t = ux,y,z,t −
ux,y,z . This will isolate the effects of the secondary instability developing on a
steady streak. Figure 9(a) shows the wall-parallel plane extracted at a height
of y/θ0 = 20 and 9(b) shows an x − y plane extracted at the centreline of the
streak (z/θ0 = 430). Velocity vectors of the streamwise disturbance velocity
u′ and spanwise velocity w are overlaid. Vortical structures identified by Q are
also shown using the dashed lines. Spanwise oscillations that are antisymmetric
with respect to the centre line of the streak are evident on the low speed
streak. This is reminiscent of the ‘sinuous’ type instability noted by several
researchers in literature ( for example, see Brandt et. al. [5], Hack and Zaki [16])
3 In the case of regularly distributed roughness, u′ can also be defined by subtracting the
instantaneous flow from the flow field averaged over multiple roughness elements at identical
phase. However, this approach is not feasible for randomly distributed roughness.
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Fig. 9: Contours of disturbance velocity u′ (±0.2U∞ ) showing sinuous like
breakdown on (a) wall-parallel plane extracted at y/θ0 = 20 and (b) on x − y
plane extracted at the centreline of the streak (z/θ0 = 430). Core of vortical
structures is shown using dashed lines which mark regions of Q = 200. Velocity
vectors represent u′ and spanwise velocity w. Contours of (c) wall-normal
(−0.025 ≤ v ′ /U∞ ≤ 0.025) and (d) spanwise (−0.05 ≤ w′ /U∞ ≤ 0.05) velocity
fluctuations on wall-normal plane y/θ0 = 20.

in the context of transition due to free-stream turbulence. The velocity vectors
show the intense shear between the high and low speed streaks and the local
recirculation zones. Strong vortex cores (see dashed lines) are predominant in
the region of this shear.
On the other hand, KH type rollers can be observed in figure 9(b). Recall from figure 4(b) (for test case k8) that a detached shear layer develops
over the roughness elements which destabilizes at x/θ0 = 1500. High and low
speed streaks shown in figure 8 are beneath the shear layer. Secondary instabilities that develop on the low speed streak also grow at the axial location
x/θ0 = 1500. This indicates that the secondary instability growing on the
streaks underneath the shear layer influences the KH type shear layer instability observed in literature [2, 29, 36] in the context of roughness induced
transition. Transition to turbulence progresses under the combined influence
of both these instabilities.
Figures 9(c,d) also show the contours of wall-normal (v ′ ) and spanwise
(w′ ) fluctuations. An antisymmetric pattern is evident in the contours of both
u′ and v ′ , unlike w′ which is symmetric with respect to the centreline of the
low-speed streak. The magnitude of w′ is also larger than that of v ′ . Using
linear stability analysis, Hack and Zaki [16] computed the eigenfunctions of
the sinuous outer mode instability in the context of bypass transition due
to free-stream turbulence. The patterns of the perturbation fields observed
in the current study are in accordance with the shapes of the eigenfunctions
computed by them (see figure 5 in [16]) using local stability approach. It is
worth pointing out that, the global modes obtained from the recent global
stability analysis by Loiseau et. al. [26] on an isolated cylindrical element and
by Citro et. al. [11] on an isolated hemispherical roughness element are similar
to the ones obtained using local stability approach. As noted by Loiseau et.
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Fig. 10: Temporal evolution of the sinuous like breakdown on a low-speed
streak on a (a) wall-parallel plane (y/θ0 = 20) and (b) x − y plane extracted
at the centreline of the streak (z/θ0 = 430). Contours show the disturbance
velocity u′ (±0.2U∞ ). Time interval between the pictures is 70θ0 /U∞ .

al. [26], the secondary instabilities appear relatively far from the roughness
element where the base flow is nearly parallel with a dominant streamwise
component. Hence both the global and local stability analysis give similar
mode shapes. However, deviations are expected in the vicinity of the roughness
element due to the non-parallel flow and hence the critical Reynolds number
can be over or under predicted. It will be interesting to further investigate this
aspect by carrying out global stability analysis of the current DNS results on
distributed roughness elements.
Figure 10 further elucidates the secondary instability using a time sequence
of sinuous type breakdown. Both wall-parallel and x − y planes are shown in
the figure. Notice that the streak is steady early on and the sinuous instability
develops downstream. Spanwise antisymmetric oscillations can be visualized
on the wall-parallel plane and the unsteady KH type shedding from the x − y
plane. Streaks are almost locked over the roughness elements for a prescribed
roughness distribution. Hence there isn’t any appreciable change in the transition location in space and time. This is indeed the case for all the streaks that
can be seen in figure 8. The streamwise wavelength of the sinuous instability is
estimated to be around 200θ0 . When non-dimensionalized with respect to the
inlet boundary layer thickness used by Hack and Zaki [16], the corresponding
wavelength is around 12.5δ0 which is in agreement with their values. Inter-
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Fig. 11: y − z planes extracted in the cross-stream direction at different axial
locations (Solid lines: positive fluctuation, Dashed lines: negative fluctuation).
Arrows indicate instantaneous velocity vectors of spanwise velocity w and wallnormal velocity v. Frames (a) and (b) show the base flow using dashdot lines
of constant streamwise velocity from 0.05 to 0.95 with a spacing of 0.1.

estingly, in the current simulations, the streamwise spacing (λx ) between the
roughness elements is also 200θ0 . It will be worth verifying if the wavelength of
secondary instability changes for a different topology with randomized roughness distribution. However, it is beyond the scope of the current study. The
phase speed of the outer instability is estimated by tracking the extrema of
w′ in space and time. The phase speed is found to be 0.72U∞ which is close
enough to the value of 0.78U∞ reported by Vaughan and Zaki [48] and Hack
and Zaki [16]. This confirms that the secondary instability observed in the
present computations is an outer sinuous mode rather than the inner modes
which are characterized by much more smaller phase speeds (≈ 0.3 − 0.4U∞
[4]).
Cross-stream planes (or y − z planes) are extracted at several streamwise
locations between 1400 ≤ x/θ0 ≤ 1950 which covers around two wavelengths of
the sinuous oscillation of the low speed streak shown in figure 9. Instantaneous
flow on these planes is presented in figure 11 using contours of streamwise velocity perturbation u′ . Frames (a,b) also show the base flow using the contours
of streamwise velocity (dashdot lines). Velocity vectors based on the spanwise
w and wall-normal v velocities are overlaid. It can be seen that the low-speed
streaks (local streamwise velocity being lower than the span-averaged mean)
are formed over the peaks of the roughness elements while the high-speed
streaks (local streamwise velocity being higher than the span-averaged mean)
are situated mid-way between the low speed streaks. The spanwise spacing between two low-speed streaks is around 80 − 85θ0 which is half of the spanwise
spacing (0.5λz ) between the roughness elements 4 . In terms of the wall-normal
distance, the low-speed streaks are farther away from the wall compared to
4 Note: The low-speed streak situated mid-way between the roughness peaks in figure
11(a) is due to the peaks of the roughness element at an upstream location (refer to the
computational domain in figure 1)
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the high-speed streaks. Frames (a) and (b) show that the streaks are initially
coherent. Further downstream, the interaction between the high and low-speed
streaks is clearly evident from frames (c) and (d) with a noticeable increase in
u′ across the junction between them. Intense shear between the streaks leads
to oscillations in the spanwise direction and subsequently to secondary sinuous
instability. In the context of roughness-induced transition on isolated roughness element, Denissen and White [13] also noted such secondary instabilities
which are much more unstable in the mid-wake region than the far-wake region. More specifically, the instability observed in the current study is similar
to the subharmonic sinuous mode observed by Andersson et. al. [1]. In frame
(d), velocity vectors indicate the presence of strong counter rotating vortices
at a wall-normal location of around y/θ0 = 30. The counter-rotating vortex
pair accelerates the mixing process: low momentum fluid near the wall being
pumped into the outer shear layer region and high momentum fluid being
pushed closer to the wall. This eventually destabilizes the shear layer which
has developed over the roughness elements initiating transition to turbulence
[29].
3.3 Turbulent regime
In the current simulations, roughness elements are distributed over the entire surface of the flat plate (see figure 1). Once the flow undergoes transition
and breaks down to turbulence, interaction between the roughness and the
subsequent turbulent boundary layer can hence be explored, albeit at low
Reynolds numbers. As mentioned in the introduction, the effect of surface
roughness in turbulent channel flows has been extensively investigated in literature [10, 20, 24]. In the context of roughness effects on turbulent boundary
layers, there are relatively fewer experimental [17, 41] and numerical studies
[21, 22]. This section will delve into the effect of surface roughness on the mean
and turbulent statistics of a spatially developing turbulent boundary layer.
In order to firstly demonstrate the accuracy of the current numerical framwork in the turbulent regime, an additional simulation has been carried out.
The new test case (denoted by k8new ) is a variant of k8 and the roughness for
this new test case is confined only to 600 ≤ x/θ0 ≤ 2500. Beyond x/θ0 > 2500,
the flat plate is smooth. The flow has fully transitioned at x/θ0 = 2500 and a
new turbulent boundary layer develops over the smooth surface. Figure 12(a,b)
compares the current results against the DNS of Schlatter and Örlü [40]. Both
the mean velocity profiles and the corresponding Reynolds stresses at two
different axial locations correponding to Reθ = 670 and Reθ = 1000 are in
encouraging agreement with that of the DNS.
3.4 Skin friction and form drag
The coefficient of skin friction (Cf ) and pressure drag (or form drag) (Pd ) are
evaluated from the current simulations. These are given by [24, 31]:
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Here, nx is the streamwise component of the surface normal vector n, Pw is
the pressure evaluated at the wall, S is the wetted area of the surface and Ssm
is the corresponding area of the smooth surface. Subsequently, friction velocity
(uτ ) is estimated from the total drag given as uτ = (0.5(Cf +Pd ))0.5 . Note that
uτ has also been estimated using the constant stress layer suggested by Cardillo
et. al. [7]. The values of uτ obtained from both these approaches are found to be
similar. Unlike in the channel flows, where periodic conditions are imposed in
both the spanwise and streamwise directions, the characteristics of a spatially
developing turbulent boundary layer evolve in the streamwise direction. The
presence of 3D distributed roughness also introduces inhomogenity across the
span. Following the approach of Lee et. al. [21], both Cf and Pd are hence
spatially averaged over the surface S spanning λx × λz i.e. over one roughness
element. Also uτ is evaluated based on the spatially averaged total drag.
Figure 13 shows the streamwise variation of Cf , Pd and uτ for all the
three test cases. For comparison, Cf for the laminar (Cf = 0.664/Re0.5
x ) and
turbulent boundary layers (Cf = 0.0592/Re0.2
)
on
smooth
surfaces
are also
x
overlaid in the figure 13(a). Recall that the flow remains laminar for case k4.
Hence the pressure drag is minimal and the skin friction coefficient agrees well
with the laminar value for this case. For the cases k8 and k16, Cf approaches
close enough to the turbulent skin friction values on a smooth wall. However,
due to the recirulations behind the roughness elements (see figure 7), the
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Fig. 13: Streamwise variation of (a) skin-friction coefficient, Cf (b) pressure
drag coefficient, Pd and (c) friction velocity for cases k4, k8 and k16.
spatial averaged skin friction is lower than that over a smooth wall. Due to
larger recirculations, Cf for the case k16 is lower than that of k8. In contrast,
larger roughness elements induce a higher pressure drag. Hence, Pd for the
test case k16 is higher when compared to k8, thereby increasing the overall
drag and the corresponding uτ .

3.5 Roughness sublayer
For the test case k8, time-averaged contours of u′ u′ and −u′ v ′ normalized
by u2τ are shown in figure 14. xref represents the reference location of the
leading edge of the roughness element of interest which is the chosen as 5640θ0 .
Streamwise velocity fluctuations increase above the crests of the roughness
elements. A local maxima in u′ u′ is observable at a wall-normal height of
around y/k = 1.5 and at an axial distance of around 10k from the peak of the
roughness elements. Consistent with the DNS results of Lee and Sung [21] on
rod-roughened surfaces, there is a noticeable increase in the Reynolds shear
stress above the cavity mid way between the roughness elements.
Profiles of mean velocity and Reynolds stresses are extracted at three different axial locations indicated by L1, L2, L3 in the figure 15. Evidently, the
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Fig. 15: Variations of mean velocities and turbulent Reynolds stresses at locations L1 − L3 in the roughness sub-layer for test case k8.
effect of roughness is confined within y < 4k beyond which the profiles collapse, indicating that the roughness sublayer is within y = 4k. The results for
the test case k16 are similar to those of k8, except that the roughness sublayer
extends upto y = 6k.

3.6 Roughness effects on mean velocity and Reynolds stresses
From figure 13(c) it can be noted that the change in the friction velocity is
marginal for both the cases k8 and k16 beyond x/θ0 > 5000. The thickness of
the boundary layer also increases linearly downstream. Both these conditions
are essential for the self-preservation in a rough-wall turbulent boundary layer
[22, 44]. Figure 16(a) compares the mean velocity profile for the test cases k8
and k16 against that of a smooth wall in inner variables. Note, y + is defined
as y ′ uτ /ν, where y ′ = y − ǫ is the distance from the virtual origin. Here ǫ, is
the distance from the bottom wall to the virtual origin. It is estimated using
the method proposed by Jackson, [19] evaluating the centroid of the moment
of forces acting on the roughness elements. Beyond x/θ0 > 5000, ǫ/k for the
test cases k8 and k16 are almost constant and are estimated to be around 0.31
and 0.29 respectively.
Following Lee and Sung [22], the profiles shown in figure 16 are extracted
at an axial location where the boundary layer thickness is identical for both
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Fig. 16: Effect of increasing roughness height on the (a) mean velocity profiles
and (b) defect profile. Inset shows the defect profile on a semi-log plot

cases. This corresponds to an axial location of x/θ0 = 7000 for the case k8
and at x/θ0 = 5000 for case k16. At these stations, Reθ , uτ , k + (= kuτ /ν)
for the cases k8 and k16 are around 1000, 0.05, 20 and 1200, 0.059, 47.2,
respectively. Comparisons are made against the smooth wall case extracted at
Reθ = 1000 with a friction velocity of 0.046. The effect of increasing roughness
is manifested as an increase in the downward shift of the logarithmic region.
The shift in the log-law can be quantified in terms of the roughness function,
∆U + which is around 1.7 for k8 and 5.4 for k16.
Figure 16(b) also presents the mean velocity profiles in velocity-defect form
scaled in outer units. It is evident that the smooth and rough wall profiles
collapse in the log-law and the outer region of the boundary layer. The inset
shows the defect profiles on a semi-log axis demonstrating that the effects of
roughness are confined within the overlap region. The trends are inline with
the experimental observations of Schultz and Flack [41] and also support the
wall-similarity hypothesis of Townsend [46].
Figure 17 compares the Reynolds stresses normalized by u2τ for the smooth
and rough walls. The collapse of the Reynolds stresses in the outer layer is not
as encouraging as that of the defect velocity profile. This trend is consistent
with the observations of Lee and Sung [22]. They noted that the effect of
roughness is observable in the outer layer. Deviation from the smooth wall
profiles is much more predominant for the case k16 when compared to k8. This
is attributed to the variation of δ/k in the similarity region (x/θ0 > 5000). For
the test case k8, δ/k increases from 16.5-25 while it is around 10-17 for the k16
case. The values are well under the threshold value of 40 proposed by Jiménez
[20] for wall similarity. The outer flow is hence affected in the current study,
due to an insufficient scale separation between the roughness height and the
boundary layer thickness.
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4 Conclusions
Transition of a subsonic boundary layer on a flat plate in the presence of roughness elements, distributed over the entire surface, is numerically investigated
using a series of eddy resolving simulations. The effect of roughness on both
the transitional and the subsequent turbulent boundary layers is explored. In
the transitional regime, the onset of the flow transition predicted by the current simulations is in agreement with the correlations proposed by Stripf et.
al. [45] and Redford et. al. [36]. The underlying transition mechanisms are
shown to change significantly with an increasing roughness height. Roughness
elements that are inside the boundary layer create an elevated shear layer. Alternating high and low speed streaks are observed underneath the shear layer.
Secondary sinuous instabilities on these streaks destabilize the shear layer promoting transition to turbulence. For the roughness topology considered, it is
observed that the instability wavelengths are governed by the streamwise and
spanwise spacing between the roughness elements. In contrast, the roughness
elements that are higher than the boundary layer create turbulent wakes in
their lee. The scale of instability is much shorter and transition occurs due to
the shedding from the obstacles.
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Post-transition, in the spatially developing TBL, the skin friction drag
decreased and pressure drag increased with increasing surface roughness. For
both the test cases k8 and k16, the roughness sublayer is confined within 4k −
6k. The velocity defect profiles for both the smooth and rough walls collapsed
when non dimensionalized in the outer units. However, when compared to the
smooth wall, deviation in the Reynolds stresses are observable in the outer
layer; the deviation being higher for the larger roughness elements.
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