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ABSTRACT: We derive the fermion bilinear terms in the world volume action for a D3 brane
in the presence of background flux. In six-dimensional compactifications non-perturbative
corrections to the superpotential can arise from an euclidean D3-brane instanton wrapping
a divisor in the internal space. The bilinear terms give rise to fermion masses and are
important in determining these corrections. We find that the three-form flux generically
breaks a U(1) subgroup of the structure group of the normal bundle of the divisor. In an
example of compactification on T°/Z,, twelve of the sixteen zero modes originally present
are lifted by the flux.
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1. Introduction

Flux compactifications have attracted considerable attention recently. They are of interest
from the point of view of string cosmology, phenomenology, and the general study of string
theory vacua with A/ < 1 supersymmetry.

Much more needs to be done to understand these compactifications better. In particu-
lar it should be possible to understand the full superpotential, including non-perturbative
corrections, for these compactifications in greater depth. The superpotential has already
proved amazingly useful in the study of supersymmetric string theories and field theories.
And we can hope that its study for flux compactifications will prove similarly rewarding.



An immediate motivation for our work is to understand KKLT [1] type compactifi-
cations better. These compactifications were first formulated in the context of IIB string
theory of Calabi-Yau orientifolds or related F-theory compactifications. Here the non-
perturbative corrections to the superpotential play a vital role in stabilising the Kahler
moduli [2].

The study of non-perturbative corrections to the superpotential -in the closely related
context of M-theory on a Calabi Yau fourfold - was pioneered by Witten [3]. He showed that
non-perturbative corrections due to euclidean 5-branes wrapping divisors in the four-fold
could arise if the divisor satisfied a particular topological criterion, namely its arithmetic
genus was unity. In Witten’s analysis it was assumed that a particular U(1) symmetry,
which is a subgroup of the structure group of the normal bundle to the divisor, was un-
broken. The arithmetic genus is an index which counts the number of zero modes after
grading by this symmetry. More recently, in [4], a class of non-perturbative corrections
were studied in a IIB compactification on K3 x T?/Z, This is related to M theory on
K3 x K3. Evidence was found that in the presence of flux the U(1) symmetry mentioned
above is broken. And it was argued that as a result non-perturbative corrections could
arise even in situations where the arithmetic genus in not unity.

In this paper we consider a euclidean D3 brane wrapping a 4-cycle in a non-trivial
background including flux. Using the method of gauge completion we calculate all the
terms in the action of the D3 brane which are bilinear in fermions. These terms explicitly
show that the U(1) symmetry of rotations normal to the 4-cycle is indeed broken in the
presence of flux. As a result the zero mode counting will be altered in general and modes
with the same U(1) charge can pair up and get heavy. In a particular example of IIB on
an T%/Z, orientifold we examine the resulting fermion zero modes. A non-perturbative
correction to the superpotential requires two zero modes. Ignoring flux, there are sixteen
zero modes. Including flux, we find for a large class of divisors that twelve of the sixteen
zero modes are lifted. Although this still leaves four zero modes, which is too many for a
correction to be possible, the example illustrates the “efficacy” of flux in lifting zero-modes.

This paper is only a first step towards a more complete understanding. One would like
to use the results obtained here to understand the number of zero modes which arise more
generally. And when the zero mode counting allows for a correction to the superpotential,
calculate these corrections. These are interesting questions which we leave for the future.

We should also comment on some of the other relevant literature here. We use the
method of gauge completion to determine the world volume theory for the D3 branes.
This method is clearly discussed in the paper by [5, 6]. Our analysis very closely parallels
the work by Grana [7]. The only difference is that we are interested in the more general
situation where the D3 brane is not necessarily transverse to the compactified directions.
Our results are in agreement after T-duality with those obtained for the DO brane by [8].
This is a useful check on our work. The fermion bilinear terms for a Dp brane in a general
background have in fact been obtained earlier in the significant papers by Marolf, Martucci
and Silva, [10, 11]. Our results can be obtained as a gauge fixed version of their’s for the
D3-brane case and agree. This constitues an important check on our results and methods.
Finally, while we were working on this project, the paper by Kallosh and Sorokin [9]



appeared which determined the fermion bilinear terms for an M 5-brane. Using duality
this can be related to the action we calculate here. After identifying the relevant gauge
conditions etc we have found substantial agreement.!

This paper is planned as follows. The method of gauge completion, which we use to
deduce the fermion bilinear terms, is first briefly explained in section 2. Following that
we illustrate its use for some examples and then present the main results determining the
superfields in IIB theory in terms of the component supergravity fields upto the required
order. In section 3 we discuss the resulting D3 brane action. Our results are checked against
those for a DO brane using T-duality in section 4, we also comment on the agreement with
other resulsts in the literature. In section 5 we discuss an example of a compactification on
a T®/Zy orientifold and calculate the resulting zero modes for a class of divisors. Last, but
not least, are the six appendices which contain some of the important detailed calculations
of the paper.

2. Gauge completion

The approach we will follow for constructing the world volume action of the D3 brane
is straightforward. Given a IIB background in superspace the D3-brane action can be
constructed by appropriately pulling back the background fields on to the brane world
volume, as is explained in [12-16]. This action has the required supersymmetry and is
also k symmetric, for on-shell backgrounds. We are interested here in the D3-brane action
in terms of the standard component fields of IIB supergravity. So we will first express the
superfields of IIB theory in terms of the component supergravity fields by a process called
“gauge completion”. Once this is done we use the construction mentioned above in terms
of the superfields to obtain the required action.

The method of gauge completion is discussed in [5]. It was applied to the superme-
mbrane in [6]. Our work will closely parallel the paper of Grana who used an identical
strategy. The only difference is that [7] was interested in the case where the D3 brane
is transverse to the compactified directions. We will be interested in obtaining the more
general answer. Our primary interest is in applying these results to the case of a euclidean
D3 brane which wraps a four cycle in the internal directions. In this section and the next
two, where we construct the world volume action and compare our results with those ob-
tained in the DO brane case respectively, we will work in Minkowski space. The required
transformations to go to euclidean space will be discussed in section 5 before we apply our
results in an explicit example.

The idea behind gauge completion is to expand the superfields in terms of the fermionic
coordinates, 8, and express each term in the expansion in terms of the component fields
of supergravity. By the component fields here we mean the fields which appear in the
usual discussion of 1IB supergravity, for example, section 13, [17] and, [18]. For an on-shell
background these satisfy the equations of motion of the IIB theory. To lowest order in the
0 expansion of the superfields the component supergravity fields which appear are known.

"We thank R. Kallosh and D. Sorokin for discussions in this regard.



To go to higher orders one follows an iterative procedure. The idea is that superfields must
transform as appropriate tensors under general bosonic and fermionic coordinate transfor-
mations in superspace. In particular this included supersymmetry transformations which
are translations in the fermionic coordinates. Since the supersymmetry transformations
for the component supergravity fields are known this allows us to express the higher order
terms in the # expansion in terms of the lower order ones. Obtaining an answer to all
orders for a general background in this way is computationally quite non-trivial. Luckily,
since we are only interested in terms which are bilinear in the fermions here, it will suffice
to carry out this expansion upto second order in 6 at most.

In this section we will first illustrate this procedure for the dilaton superfield, ngb and
the NS-NS two-form superfield, By and then present the results for the other super-
fields towards the end. The calculations are somewhat cumbersome and several details are
presented in the appendix.

Let us begin by explaining our notation. We denote superspace coordinates by ZM =
(x™,0"), which stand for the bosonic and fermionic components respectively. The in-
dices {M,N,...} = {m,n,...,pu,v,...} denote curved (super) coordinates where (m,n)
denote Bosonic indices and (u,v) fermionic indices. Tangent space indices are given by
{A,B,...} ={a,b,...,a,,...}, with (a,b) denoting bosonic and («, ) fermionic indices.
We will use real 16 component Majorana-Weyl spinors, our conventions for the Gamma
matrices are summarised in appendix A. The spinor indices «, § should be viewed as com-
posite indices standing for the tensor product of a Majorana-Weyl index and an additional
SO(2) index.

Our notation for the superfields is as follows. A generic superfield is represented
by Fun.. (with a ¢~ over the field). The dilaton superfield, whose lowest compo-
nent is the dilaton, ¢, is denoted by é, the vierbein superfield by éﬁ and similarly for
B N C’, Cus N Cus ~pg which denote the superfields containing the NS-NS two form, and
the RR zero, two and four forms respectively.

Our conventions in superspace are the same as those in [19]. Derivatives with re-
spect to @ are left derivative. Superspace differentials satisfy the property that dZ™ A
dzN = (=1)HMN)GzN A dZM | where MN = 41 when both M, N are fermionic, and
zero otherwise. A differential two-form for example is given in terms of components by
B= dZNdZMBMN, and so on.

Under a superspace diffeomorphism ZM — ZM 4 $M(7), the dilaton superfield qAS is a
scalar and transforms as

66 =SMouo . (2.1)
The fields éf/[ and By transform as a vector and a two-index tensor respectively,
sy = 2Popes; + oyxtep
0BynN = EpapBMN + (6MEPBPN — (—1)MN6NEPBPM> s (22)

and similarly for the RR superfields C , C MN, C MNpPQ. We denote the action of a (super)
local Lorentz transformation on the vierbein as,

oesy = AMpel, . (2.3)



There are additional gauge symmetries under which the the NS-NS two- form and the
RR fields transform, these are superspace generalisations of the familiar gauge symmetries
that act on the component supergravity fields. For example there is a gauge symmetry

under which the B MmN transforms as,
5Byn = oyl — (—1)MNoyx )| (2.4)

while the other fields are invariant. Similarly, there are gauge symmetries under which Cun
and Crn pq transform with gauge transformation parameters ZE\Z) and Eg&)N p respectively.
To zeroth order in # we have the following identification of the superfields in terms of

the component fields.

6=0
c=C
ér = en
em = Ym”
e =g,
Bimn = Dmn
mn = Cmn
Cmnpq = Cmnpqa (25)

and all other fields are zero.

2.1 The dilaton superfield to O(#?)

We are now ready to illustrate how the procedure of gauge completion works. We will first
examine the dilaton superfield qAS Consider a super-diffeomorphism which to lowest order
in 6 has components,

¥m=0, Y =¢€*. (2.6)

From eq. (2.1) we see that, to O(#°), (ﬁ transforms under this super-diffeomorphism as
5 = €%0nd) . (2.7)

Now since the lowest component of qAS is the dilaton, ¢, we also know from the supersym-
metry transformations of IIB supergravity fields (appendix A.1) that to this order,

5 =0 = EM. (2.8)
Equating these two expressions tells us that to O(6!), qg is given by
¢=¢+0\. (2.9)

The components of super diffeomorphism we started with, eq. (2.6), are corrected at
O(0'). We need to calculate these corrections as the first step in obtaining the O(6?) terms
in ngb This can be done by relating the commutator of two supersymmetry transformations

to translations.



1

Given two supersymmetry transformations with parameters e!, €2 it is straightforward

to see that the dilaton transforms under their commutator by a translation,

(0162 — 6201)p = MO , (2.10)

where the translation parameter £ is given by
fm = &"e; . (211)

On the other hand, from eq. (2.1) we see that the dilaton superfield under the commutator
must transform as,

(6102 — 6201)6 = 2F0p2 Moy d — 2P 0pEN 0y . (2.12)

Requiring eq. (2.12) to agree with eq. (2.11) upto O(6°) allows us to obtain the O(#!)
corrections to the super diffeomorphism, eq. (2.6).

We are interested in this paper in backgrounds where only bosonic supergravity fields
acquire expectation values and not the fermionic fields ¢, and A. With this in mind, from
now on we will set terms depending on fermionic background fields to zero in the appropri-
ate equations. To O(#') one then finds that the components of the superdiffeomorphism
are given by

M= %érme, T = e”. (2.13)

Actually, the general solution for ¥ involves certain undetermined 6 independent tensors.
However, as explained elaborately in [6], by a redefinition of the superspace coordinates we
can set them to zero resulting in eq. (2.13).

The O(#?) terms in the dilaton superfield, 6 can now be obtained by matching eq. (2.1)
with

5p = 6+ BON. (2.14)
Using the expression for dA as given in the appendix A.1, we find
2 n 1_mn3 1¢_m-2 1¢_mn1
d=0¢+0\— 4—89F P 0 Hypnyp — 1€ 0T (ic*)0 F,, — 4—86 Or™" P o O F - (2.15)

2.2 BMN to 0(92)

We now turn to the NS-NS two-form superfield Buy. The only new twist here is that
we will need to include a suitable gauge transformation, eq. (2.4), with the coordinate
transformation, eq. (2.13), to determine the # expansion in this case.

To understand this let us first calculate the commutator of two supersymmetry trans-
formations, with parameters, €', e? on the component supergravity field B,,,. Using the

susy transformation rules given in the appendix A.1,

515Qan = E20'3 (chﬁwn — Fn51¢m) , (216)



we find that

(5152 - 5251)an = - (8m(€20'3rn61) - 8n(€20'3rm61)) + E2Pp€1[{mn]0
= €0, Bip + Om&” Bpn — 0n&¥ By + 0m&2® — 0,612 (2.17)

The second line on the r.h.s. is the transformation of B,,, under a combined translation

)

be met if £ is given by eq. (2.11), and the gauge transformation parameter is,

by £&™ and a gauge transformation with parameter f}LQ(b . One finds that this equation can

120) — ¢" B, — €0°T el . (2.18)

m

In terms of superfields this tells us that the super-diffeomorphism, eq. (2.13), should be
accompanied by a gauge transformation. We denote the gauge transformation parameter
in superspace by () below. The combined transformation can then be written as,

§Byn = 2P 0pBun+0mET Bpn—(—1)MNoN S Bpp+0y 2% — (= 1)MN ozl . (2.19)

The commutator of two transformations in superspace can now be calculated. We get
that

(6162 — 6261) Bary = S — (~1)MNgys 20 4 (2.20)

The ellipses on the rhs denote extra terms which arise due to a coordinate transformation
with parameters, eq. (2.13). $12() above denotes a gauge transformation, it’s components
turn out to be,

ni2®) _ (250@}@“ + aMz§z}§b)> (15 92). (2.21)

To leading order in 6, B,,, and B,, both vanish and the only non-zero component of
By is Bpn. Comparing eq. (2.21) and eq. (2.18) and using eq. (2.13) for the components
of ¥ we then find that upto O(6),

1_
»n® = 50 (T" Binn = o*Tom) €. (2.22)

And Eflb) =0.
We are now ready to evaluate By to higher orders in 8. From the susy transformation,
appendix A.1, for the supergravity field B,,, it follows that upto O(6")

Bin = Binn + 00T ythy, — 00°T by, . (2.23)
To evaluate Emu, note that
. . 1.
6By = €00 By + 3 (603Fm)u (2.24)
Since B,,,, vanishes at zeroth order in 6, the above variation should be zero, which gives
. 1 ,- 3
By =3 (00°Twm), - (2.25)

Similarly one can show that BW must vanish upto O(61).



To find the second order results for an, we consider the variation of an, eq. (2.19),
upto to first order in . Using the results for the superdiffeomorphism, eq. (2.13), and
gauge transformation, eq. (2.22), this is given by

. A 1- - 1
0By = €00 Bmn + §9FpeHmnp + 053 (T'1,0n€ — T'Ome) — 5903Fa6 (Omen® — Onen®) .
(2.26)
On the other hand this has to be equated with the variation of eq. (2.23) leading to

6Bin = 6B + 003 (D160, — T0dthy,)
= éo’ (Toton — Tptb) + fo> (T, 0n€ — T'Ome) — %9_031’@6 (Omen® — Onen®) +

1- 1 - 1-
—1—1003 (wmabfnab — wnabfmab) €— Ze‘bﬁalfmnper + §9FpeHmnp—

1 1 _
—g@ (P Hpg = ™ Hinpg) € — ﬂ6¢9(102) (anpquz;qr + GFPF;rmp) €=
1 _
~TE 00" (Dyn? V> F) gy + 200P7F) ) € (2.27)

where on the rhs we have used the susy transformations for B,,, and the gravitino from
appendix A.1. Eq. (2.26), (2.27) finally give us the expansion to second order in 6,

~ _ 1~
Byn = Bpn + fo® (men - Fn¢m) + 5903 <Wmabrnab - Wnabrmab) 0 —

1 -
_1_69 (Fmqunpq _ Fmqumpq) 0—

1, 1,
—ge%alrmnpw — 4—8e¢e(m?) (T Epyy + 6TPF),,, ) 0—
165! e’fo’ (Fm"quSth;qut + QOFPqTFr/nnpqr) 0. (2.28)

As was mentioned in the discussion of the previous subsection we are interested in
backgrounds for which the fermions v,, and \ are zero. Also, when we construct the world
volume action it will be convenient to work in static gauge and fix the k-symmetry by
choosing the space time spinors 61,65 to be

=0, 0, =0. (2.29)
With this choice the expression for an becomes
» la ab ab LA Pq Pq
B = By + 20 <wm Ty — wn rmab) 6 = 70 (T Hupg = T Hinp) © . (2.30)

It will be enough for our purposes of determining the fermion bilinear terms below to
determine the other components By, B, to O(6') which was already done above.
2.3 Final results

One can follow through similar steps to obtain the expansions for other superfield. We
have summarised the results below, detail calculations are performed in the appendix.



As was mentioned above, we have set the fermionic backgrounds to zero. Also we work
with the choice of spinors in eq. (2.29). The components of the superfields to required
order in the 6 expansion are then given by:

¢ ¢ o Pmnp@Hmnp
C=0C- @rm"p@F;mp

) 1
BZ = —5 (Hfla)ﬂ 1
&% = em® — gwmcd@racd@ — 16 HmpgOT "0

n 1 -
By = =5 (65°Tm),,

N 1_
By = Byn — ge) <Fmabwnab -1 Wmab) O — _@( npq —IP Hmpq) ©
~ 1 3
Con = 5 ¢>(ear )., ——C(HJF ).,
CAvmn = Cmn — ( m” Wnab Iy Wmab) O+ < @anp@F -
1 1
__C@( npq - F Hmpq) 9 - 166 (F quT,qu - P F7/npq) @_
a rst T
_ﬂe (an 7 Fzgqrst + 2007 Fr/nnpqr) ©
A P 3 -
Chmnp = ¢ ’ (a(lUZ)anP)H + 9 (HogC[man})M

R 3~ 3=
Crnpg = Cmnpg = 5OC)mnl’ " weab® — 7€ mnl’ " Hyst© +

(1 1 3
+@<4_8anpq8tqu/tu + §F[monq] + Zr[mnsFI;q}s -

1 1
— %r[mnpst“”F;}sm — gl“[mStF’ q]8t> 0. (2.31)

Here, H3 = dB. And F, F! refer to the components of the three form, dCy—CyHs,

mnp7 mnpqrs>

and the five form, dCy — Cy A Hs, respectively. Eq. (2.31) is one of the main results of our
paper.

3. World volume action

3.1 The action
The action for the D3 brane is given by [12—16]

S = —M3/d4<e¢3\/—det <§a —|—ng — Bﬁ) —|—,u3/eFB A oh (3‘1)

It is obtained by pulling back the superfields from spacetime to the D3 brane world volume.
For on-shell background fields the action is k- symmetrlc In eq. (3.1) C%,% =0,...3 are the
world volume coordinate. We also denote C = EBnCn

It will be useful in the discussion below to distinguish between the pullback of the
superfield and pullback of the component bosonic supergravity fields. The pullback of a



superfield is by definition obtained by pulling back the superspace tensor onto the world-
volume. For example, the pullback of Bun is,

By = 0:2M0; 2" Bun , (3.2)

where ZM = (2™ 0") are the spacetime superspace coordinates. This is what appears in
eq. (3.1). In contrast we define the pullback of the component supergravity field from the
ordinary (Bosonic) target space to the worldvolume. So,

By = 0:0™ 050" B (3.3)

To distinguish between the two we will use boldface indices in the case of the superfield,
as in eq. (3.1), (3.2) above.

It will also be useful to distinguish between the lowest order term and the higher
order contributions in the # expansion for any superfield. the latter will be denoted by an
additional prime. For example, we can write for the dilaton superfield,

d=0¢+¢ (3.4)

where from eq. (2.31), ¢' = —%Séfm"p@Hmnp .
Using the expressions for the super vierbeins from eq. (2.31), it then follows that the
metric g;j = é?é%’nab to second order in O is,

a 1~
G = g5 + (02050 + 0" ) ehel oy + Ser (D;00;2™ + D;OO™) chna,
(3.5)
A similar straightforward analysis shows that the pull back of the NS and RR superfields
become

S m n ! 1= a
Bﬁ = B;} + (}ix 65x B, + 5 (@FEZ)EO — OF} I )%C))
A m n ! 1 a Q)
Cg = G5 + 02 052"Cly, + 5C (@rgaje - @rja;@)

C‘i‘jﬁ = Cfﬁc[ + %xmaix”@;xp@[qumm + 4!8[;@“3335"6];35”8[]35‘10“% . (3.6)

Using these expressions we can compute the world volume action. The DBI action
becomes

1 1 -
SDBI = —/13/d4<€¢ detg{ <1 + Z(F_B)2> <1 + 4—8@anp®-Hmnp> + (37)
L(s+ 4 (r-p)*)(er.pe - Ler, emw
+ 9 i+ (F'— )% k ) kpq LI G

Here we have followed a slightly condensed notation. In our notation above, 1, J, k denote
world volume indices, whereas m,n,p denote spacetime (bosonic) indices. Now, I'; =
[y 0pa™, 9'e = gﬁ 83@, etc. The ellipses on the right hand side above indicate additional
terms that can be obtained by expanding the square root in eq. (3.1) to higher order.
In addition of course extra terms would arise if we carried out the 6 expansion of the
superfields to higher order as well.

,10,



Similarly the Wess-Zumino action is

1
Swy = ug/ew—B) AC— —pus3 /(F — B)A(F — B)OI™™QF!

96 mnp
- 32M3 / d*¢/detge?™ (F — B);; x
_ 1 "
x@{rmpr’ L 3B (F PV E st + QOFP‘ITFé[W) }@ +

+ GH / d4<\/det9€”kl< Ol " OFpgr + @Pmk@F +

+ 2 @ PO, 3@PP‘1@ 51%ipq> (3.8)

Equations, (3.7) and (3.8), are important for the the following discussion. We will see in the
next section that the action above agrees with other established results in the literature.

3.2 Some comments

Two comments are now in order.

One of the main motivations for this project is to understanding non-perturbative
corrections to the superpotential which can arise in flux compactifications. In this context
we are interested in IIB string theory compactified down to R>!' (actually for the non-
perturbative corrections we are interested in the euclidean situation R* as discussed in the
next section). One class of non-perturbative effects, which is our main focus here, arise due
to to euclidean D3 branes that wrap a holomorphic 4-cycle, i.e. a divisor, in the internal
6-dimensional space.

Under a duality map to M-theory this lifts to a euclidean 5-brane instanton wrapping a
divisor of the Calabi-Yau four-fold. The resulting superpotential was discussed in the semi-
nal paper of Witten [3]. An U(1) symmetry played an important role in this analysis. This
symmetry is a subgroup of the structure group of the normal bundle and corresponds to ro-
tations in the plane of the two compact directions orthogonal to the divisor. An index was
formulated by counting the fermionic zero modes after grading them by their charge under
this symmetry. This index turned out to be proportional to the arithmetic genus of the
divisor and it was argued that a correction could only arise if the arithmetic genus was unity.

In the IIB description we are using here the U(1) the divisor is 2 complex dimensional
and the compactified space is 6-dimensional. This means, roughly speaking, that two
compact directions are normal to the divisor and the U(1) symmetry is rotations in the
plane formed by these two directions. We will now see that the presence of three-form flux
can lead to this U(1) symmetry being broken in the D3-brane world volume theory. As
a result, zero modes with the same U(1) charge can pair up and get heavy. In this way,
a correction to the superpotential can arise even though the index condition mentioned
above is not met.

The essential point is simply that if the three form flux has two legs along the 4-cycle
and one perpendicular to it then it will break the U(1) symmetry mentioned above. Since
the fluxes enter in various bilinear fermion couplings in egs. (3.7) and (3.8), the mass terms
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for the fermions will in general violate this symmetry. To illustrate this concretely let us
consider the situation where F'— B in the world-volume theory vanishes. Then the fermion

three-form flux dependent mass terms for a D3 brane wrapping a 4-cycle take the form,

Sass = / d*¢/detg® { w " oy — 1—16e—¢r;qu5m - 312 ”’“rpj Féip} e
(3.9)
(we have used the fact that the flux preserves Poincare invariance in R*! to set some
terms to zero). We remind the reader that in our notation, indices, i,7,k,1 are along the
worldvolume, and m,n,p take 0,...,9 values in spacetime. Now, in general, it is easy to
see that if H, I’ have two legs along the brane and one along the normal then each of the
terms appearing above breaks the U(1) symmetry. Also, the sum of these terms does not
vanish for on-shell backgrounds, even those which meet the conditions of supersymmetry.
Thus, as was mentioned above the mass terms will in general break the U(1) symmetry
allowing in particular two fermions with same sign charges to pair up and get heavy.
Second, let us now consider the special case of a D3-brane which is along R*! and
transverse to the internal directions. We also take the background fields to preserve the
Poincare symmetry of R*!. In addition, we take the space time metric to be of the form
g0 = A0, ® g¥". The DBI term is then given by,

1 1 -
Sppr = —,LL3/d4Ce_¢ detg{ <1 + Z(F — B)2> <1 + 4—8@1“’””1”e)lﬁf,m> +
;1 <5~’5 +(F - B)ﬁ) Or;:9'0 + - - } (3.10)

The spin connection dependent term vanishes in the above equation for the a general
warped metric. The Wess-Zumino term is given by

Swz = N3/C4— —us/(F—B) (F — B)OI"™POF,,,., +
1
+32”3/d (/detge ™ (F = B)j; x

~ 1
x 0 {r,;ipr 751 Ca Flgrst + 20qung1qu)} O+

+48 4'u3/d4C\/detge”kl®I’ ~~~pqr®Fz§qr (3.11)

The full action is the sum of these two terms. This result is of interest from the point of
view of calculating the soft terms that can arise after turning on fluxes [20-27]. It agrees
(upto some minor discrepancy in the numerical factors) with ref. [7].
Ignoring terms dependent on (F' — B), the O(6©2) part of the action becomes
5(0%) =

'Z—; /d4Ce¢\/detg®anp®Re(*G —1G) mnp (3.12)

where G = F' —ie”?H. We see that for imaginary self dual flux, the above term vanishes.
This is to be expected from the analysis of [28].
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4. T-duality and comparison with other results

As a simple check of our results, we can take the type-ITA action for DO brane and perform
three T-dualities to obtain the action for D3 brane. The D0 brane action to order ©2, in

the Einstein frame, is given by [8]

3 e
S = —/j,o/dTei¢ <1 - Z@\eg +-- > V= (Gmn + 2emaE% g2 + - - -) &min4

+u0/dT (Co + Bmle2z +---) 2™ (4.1)

where the dots indicate terms of higher order in ©. The order ©2 part of the ITA superfields

are given by

Blge = —e z¢@rm”p@c;mnp

18°
Bumlez = ——@wn POF,, — @e ~39Qn P (4.2)

_ ; _ _ 1 _
E% o2 = §®yabc@wmbc + 614@*%45 (@ym"P@Hrnp + 307“"PO H,ppp — gegb@y"pq@anO .

Using the above formulae, we write the action in terms component fields. Also, before
performing T-duality, we make the following field redefinitions [7] to change the action in

to sting frame.
1 1 1
Grn() = € Gmn(s)s Ul = €Ty, O =€ 590 ). (4.3)
With this, the DBI action becomes
Somr = —po [ dre=®v=go (1+ L6 {400 Lo Lommog g
DBI = —Ho TE m + 8 Y Woab + 7 Onp 67 mnp +-

2
(4.4)

and the Wess-Zumino part
e 1.

Now we perform three T-dualities along {z,y,z}. Let us denote these directions by
1, N, ... and the remaining directions by p,, . ... For simplicity, we consider the following
special case. We assume g,1,;; = Bpg = By, = 0 and we take the metric along the directions
z,y, 2 to be diagonal. Also we set the spin connection to zero. Using the T-duality rules
as given in the appendix A.5, it is then straightforward to see that the quadratic part of

the action (4.4) is identical to our result

— 1~ mn 2
Sppr(0?) = —us3 / d*¢e™?\/det g (4—8@r POH,np — @Pzqu)H m) (4.6)
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We can now turn to the quadratic part of the Wess-Zumino action. After performing the
duality, we find

1 [ = 1_
_1_6 <@fYOmnGan + g(-)fymnpeFémnp> =

= 6{ EVOPQnyzf)q + g(’YOpryzﬁ + IYprszp + IYOzmeyp) — ZSWPqTFéxyzﬁtﬁ +

i
8
. N N
— 16" F Oyzpa T W Fozapg + V" Fowypg) —

7 _ _ .
s Flop + 0" Floy mmpF;Op)}@ (4.7)

+ (’YazyzFO - ’YOJ:sz - fYOyzFJ: - VOszy) -

8

which coincides with the quadratic action

TTF 1 — 1 =
Swz = p3 / d*¢/detge ™ ( 113 L OFpgr + 15 OT5OF +

1. 1
— ..D A .pq o
+ 550570 y, — 15500 @ijlpq>. (4.8)

We have chosen the gauge, eq. (2.29), in constructing the D3 brane action. Agreement
with the DO brane action shows that this agrees with the gauge choice, I'''® = —© in the
ITA case. This point was already noted in [7].

As was mentioned in the introduction the action for branes upto quadratic order in
fermions in the presence of an arbitary on-shell background has already been derived by
Marolf, Martucci and Silva [10, 11]. These authors used the method of “normal coordinate
expansion” together with T-duality which is different from the method of gauge completion
used here. As we discuss below our results completely agree. This constitutes a significant
check of our results and methods.

The quadratic fermion terms in the action for a D,, brane are given in eq.(30) of [11].
We are interested in the case p = 3 here. po is defined in eq.(28) and L, in eq.(29) of [11],
with 'Y = —o3 in our notation. Also, D,, and A are defined in eq.(84), (86) of [11]. y in
eq.(30) of [11] stands for the 32 component spinor that we call 6, with y,ys corresponding
to 01,02 respectively . Let us for simplicity now set the world volume magnetic field to
zero. In the gauge yo = 0, it is then easy to see that eq.(30) of [11] agrees completely with
the fermion bilinear terms obtained above, eq. (3.7), eq. (3.8), after identifying y; with ©
and the RR field strengths with each other upto a sign.

Finally, the world volume action of M5 brane in presence of background flux has been
constructed by Kallosh and Sorokin [9]. After a duality map this can be related to the D3
brane action computed here. We have compared with the fermion bilinear terms presented
in eq.(22) of [9] and find substantial agrement.?

2We are greatful to R. Kallosh and D. Sorokin for help in this regards.
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5. An example

5.1 Euclidean continuation

The discussion above was for a D3 brane in Minkowski space with signature (9,1). Our
main interest here is in instanton corrections to the superpotential and for this purpose
we are really interested in euclidean space with signature (10,0). We will not consider
time dependent backgrounds here and continuing the bosonic fields which appear in the
world volume theory egs. (3.7) and (3.8), to euclidean space is straightforward. The world
volume theory also contains a 16 component Majorana Weyl fermion, ©. This is continued
to a 16 component complex Weyl fermion in euclidean space.? Fermion bilinear terms of
the form:

S = / dtce’t'meo, (5.1)

are continued to euclidean space by replacing © above by the Weyl fermion. The path
integral of the world-volume theory is then carried out over © alone. In particular ©f
does not appear in the path integral as an independent degree of freedom. In this way no
further doubling of the fermionic degrees is introduced for the purposes of evaluating the
path integral [29].

5.2 The example

Now let us consider a specific example that will illustrate the role that fluxes can play in
changing the count of zero modes. We consider a T'% /Z5 compactification with flux [30, 31].
The six coordinates of torus are taken to be, z?,y*,i = 1,...,3, with 0 < z%,9* < 1. The
Zy orientifold symmetry involves a reflection in all six directions, (z¢,y*) — —(2%,9"),i =
1,...,3. Holomorphic coordinates are, Z! = x* + Tijyj , where 7;; determine the complex
structure of the torus. The tree-level superpotential takes the form, [32, 28],

Wireo = / (F — ®H) A Qs (5.2)

where ® = C' + ie~? is the axion-dilaton, and Q3 is the holomorphic three-form which in
this case takes the form, Q3 = dZ' A dZ? A dZ3.
We focus on one specific choice of flux: F' and H:

F = da' Ada® A da® + dyt A dy? A dy?
H = da' Ada® A da® — 2dyt A dy? A dy? — da? A da® A dy' — da® A dat A dy®—
—dx' Adx? Ady? + dy? Ady® A dat + dy? A dyt Ada? + dyt A dy? Aded . (5.3)

This example was analysed in [30] and it was shown that as a result of the superpotential,
eq. (5.2), all the complex structure moduli of the torus as well as the axion-dilaton are
stabilized with a value

2mi

C+ e = 6% , Tij = 5ijeT . (5.4)

The supersymmetry is broken to A/ = 1 in the resulting vacuum.

%Note that there are no Majorana Weyl representations of SO(10).
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We are interested in possible non-perturbative corrections to the superpotential that
can arise in this N’ = 1 theory. Such corrections could arise due to euclidean D3 branes
wrapping divisor in 7°/Z,. A correction to the superpotential requires two fermionic zero
modes, no more or less, in the world volume theory of the euclidean D3 brane. Without
flux there are 16 fermionic zero modes. This is too many (the sixteen zero modes follow
from the N' = 4 supersymmetry, present without flux, which also precludes a correction
to the superpotential). With flux we will see below that only four zero modes survive.
This is fewer in number, but still too many for a non-perturbative contribution to the
superpotential.

A general divisor takes the form, n;Z = ¢, where n; are integers and c is a constant.
We first examine the divisor Z3 = ¢ below. In this case the D3 wraps the z!, 22,y 2,
directions with 2, y3, held constant. For now we also exclude the special values, ¢ =
0,1/2i,1/2,1/2 + 1/2i. At these special values the Z5 orientifold symmetry relates points
on the divisor to each other. This complicates the analysis somewhat. Towards the end of
the section we will consider the more general divisor. Using the symmetries of the problem
we will find that the analysis can be mapped to the case when Z3 = ¢, thus resulting in
the same number of zero modes.

We ignore the five-form flux also we set F' — B on the world volume to zero.* The
fermion bilinear term of the action then takes the form

5(92) = —Ms/d4C6¢ det g <%®anp@Hmnp _ %@I‘r @H%pq> +

pq

p [ ikl (Lg 5
+3—2 /d CE” <%@F5Hpqr@Fngr + GFEI)@FIé[p> . (5.5)
In this equation © is a Weyl fermion of SO(10) but © actually stands for 674, as was
explained above. We see that the flux gives rise to mass terms for the fermion O.

The flux, eq. (5.3) does not fix all the Kahler moduli. With the choice,

3
ds® = ngdz“déa (5.6)

a=1

2

it is easy to see that the Kahler moduli r7,

contribute an overall multiplicative factor to
the mass terms above. Since our main goal is to count the zero modes here, we will work
with r, = 1 below.

Now let us write the mass terms above as,

S(0?) = % / d*¢+/detg® MO, (5.7)

where the matrix M is determined by the flux. We are interested in the number of zero
modes of M.

4For the flux, eq. (5.3), we can work in a gauge where the two-form RR gauge potential C'(2) has non-zero
components, Cay,1,3, C(g),1,3. Since the brane extends along, zt, 22, y, y?, there is then no source term
for ' — B on the world volume and setting it to zero is consistent with the equations of motion for the
world volume gauge field.
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As we discuss in appendix A.6, it is convenient to work in the following basis for the
analysis. Label the 16 components of O as |e1, €2, €3,a) where ¢, = +£1,i = 1,...,3 refer to

the eigenvalues of &’y respectively.’? E.g.,
Fﬁlgl|ela€2,€3,a> :i€1|615625637a>' (58)

And a = +£1 is an extra label (The SO(10) rotation group has a SO(4) x SO(6) subgroup
where the SO(6) refers to the compactified directions. The label a refers to the SO(4), it
takes only two values because the ten dimensional chirality is fixed.). Now it is easy to see

that M acts on the state, |e1, €2, €3, a), as follows,

2\% ..
Mley, e2,€3,a) = <—> mL9' 7% |e) 65, €3, a) , (5.9)

V3

where,

m = 1 (VE+ae) {eFlarate) g o~flarm _ o)

1
2

_ 6*%\'(534’61) _|_ e 3 €1 _|_ e 3 €2 _|_ 67%63} _|_

Feres <1 + e_%(61+52+53)) . (5.10)

Our notation for the matrix I'?'9°9° is defined in appendix A.6. We note here that
0L 0203\2

(D9 575%)

of eq. (5.9) can vanish only if m vanishes.

= —1 and thus I’@1@2373|61,62,63,a> cannot vanish. This means that the rhs

It is easy to see from eq. (5.10) that this happens when when €1 = €3 = €3 = +1. As
discussed in appendix A.6, this is the only choice of €1, €9, €3 for which m vanishes. Since
a in addition can take values +1, we get four zero modes in all.

This example illustrates the fact that fluxes can lift zero modes, although in this case
we see that the remaining number is still too large for a contribution to the superpotential.

5.3 Discussion

The analysis of zero modes in [3] cannot be directly applied to the example above, since the
M-theory lift of the 7°/Z; orientifold is a space of reduced holonomy. Still, an analogous
index can be defined in this example. The U(1) symmetry here corresponds to rotations
in the plane formed by the 22,4 directions. The U(1) charge of a zero mode is therefore
simply e3. The graded index is then,

X=D> (1), (5.11)

where the sum is over all the fermionic zero-modes. In the absence of flux, there are 8 zero
modes with e3 = +1 and 8 with e3 = —1 so this index vanishes. In the presence of flux,
there are 2 zero modes with charge +1 each so again the index vanishes.

We see from eq. (5.3) that the three-form fluxes H, F' have two legs along the divisor and
one normal to it, and so break the U(1) symmetry. In the basis above, the U(1) symmetry

5Here the ‘"’ indicates that we are in the vierbein basis.
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relates the two states {|e1, €2, te3,a)} to each other. And we see from appendix A.6, that
these states do get different masses, in accordance with the breaking of the symmetry.

The flux eq. (5.3) is invariant under the Z, orientifold symmetry as required. In
this example there are additional Z5 symmetries as well, however. These involve invert-
ing the coordinates of only one of the torii, while keeping the other torii fixed. E.g.,
(x',y') — — (2!, y') while keeping the other coordinates fixed. The two-forms, C, By have
odd intrinsic parity under these Z3’s (as they do under the Z, orientifold symmetry) and
thus the flux eq. (5.3) is invaraint under them. As a result of these additional symmetries,
the zero modes can only be lifted in pairs, with the states {|e1€2,€3,a), | — €1, —€2, —€3,a)}
having the same mass.® This explains why the index does not change after incorporating
the flux. In the more generic case of a Calabi-Yau space with flux, such additional symme-
tries would be absent while the feature that the flux breaks the U(1) symmetry continues
to be true, so one expects that the index can change after incorporating flux. Evidence for
this was already found in [4] for the case of M theory on K3 x K3. There it was argued
that for a divisor of the form K3 x P!, zero modes coming from h(2,0) of the divisor, which
have the same U(1) charge, pair up amongst themselves and get heavy.

After turning on the flux, eq. (5.3), N' = 1 supersymmetry is left unbroken in the
resulting vacuum. The D3 brane wrapping the divisor breaks some of these supersymme-
tries, and this gives rise to some zero modes in the D3 brane world volume theory. It would
be helpful to know which of the four zero modes we have found above are related to the
breaking of supersymmetry. We have not analysed this question in detail and leave it for
the future. Let us note in passing here that the conditions for supersymmetry imposed
by the D3 brane are independent of the three-form flux. In the absence of flux, half the
supersymmetries are left unbroken by the D3 brane wrapping a divisor, this suggests that
two of the four supersymmetries are broken by the D3 brane, and two of the four zero
modes are due to this partial breaking of supersymmetry.”

We have focussed on a specific divisor above, Z3 = ¢. The case when Z3 is replaced by
Z', Z? gives the same zero-mode count due to the symmetries of the flux, eq. (5.3). Also
in the discussion above we have excluded some special values, ¢ = 0,1/24,1/2,1/2(1 + ).
The divisors for these values of ¢ are special. The Z5 orientifold symmetry relates points
on the divisor to each other in these cases so the divisors are “half-cycles”. Starting with a
situation where the brane is away from one of these special values of ¢ we can continuously
move it to the special values. The brane and its image under the Z5 orientifold symmetry
come together then. Since the brane can be moved continuously in this way we do not
expect the number of zero modes to jump. A more interesting possibility is that of a brane
without its image wraping one of these special divisors. This would be the analogue of
a fractional brane. It is tempting to speculate that the Zs orientifold symmetry acts on
the fermions in this case and halves their number, resulting in two zero modes - just the
correct number for an instanton correction. Partial evidence for this comes from anomaly

considerations. Since the brane wraps a half-cycle its action depends only fractionally on

5More correctly we are interested in the eigenmodes of MTM. Both {ler€2,€3,a), | — €1, —€2, —€3,a) } are
eigenvectors of this operator with the same eigenvalues.
"We are grateful to Rudra Jena for a discussion in this regard.
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the Kahler modulus govering the volume of the four cycle and also depends only fractionally
on the axionic partner of this Kahler modulus. This suggests that the number of zero modes
is also halved. We have not fully explored this interesting case yet and hope to return to
it in the future.

A more general divisor has the form, n;Z? = c. As discussed towards the end of
appendix A.6, upto an overall rescaling of the mass matrix, the analysis for the more
general divisor can be mapped to the case where one of the three coordinates, Z', Z? or
73 is a constant. Thus the discussion above applies and we learn (again with the possible
exception of some special values of ¢) that for the case of a more general divisor as well
there are four fermion zero modes.

Finally, the zero modes we have found are constant spinors which are zero modes of

the mass matrix, eq. (5.7). They are therefore zero modes of the Dirac operator,
1
ﬂ@—i—ZM@:O, (5.12)

since both term above vanish seperately acting on the zero modes. One could ask if there
are additional non-constant zero modes of the Dirac operator.® Under a rescaling of the
volume of the internal space, gmn — A’gmn (where now m,n take values only over the
six internal space directions) one finds that p — % P while M — )\—13M . Thus at large
volume the first term, DO, is much more important and our approximation of starting
with constant spinors and seeking zero modes of M amongst them is justified. Additional
non-constant zero modes of the Dirac operator eq. (5.12) can be found in this example, but
in agreement with the argument just mentioned they always occur at a volume of order
the string scale. For such small volumes the o’ corrections are important and the analysis

is not trustworthy.”

6. Conclusions

In this paper we have used the method of gauge completion and determined the fermion
bilinear terms in the world volume action of a D3 brane in the presence of background flux.
Our results are summarised in eq. (3.7) and eq. (3.8). These results have been previously
obtained by Marolf, Martucci and Silva using somewhat different methods.

The fermion bilinear terms are of interest in calculating instanton corrections to the
superpotential in flux compactifications. They are also of interest in determining soft susy
breaking terms that can arise in flux compactifications.

For a euclidean D3 brane wrapping a divisor in a six dimensional compactification these
results explicitly show that the U(1) symmetry of rotations normal to the divisor is broken
in the presence of three-form flux. In an explcit example of a T%/Z5 compactification with
three-form flux we have calculated the fermion mass terms and shown that many zero
modes are lifted due to the flux.

8We thank Renata Kallosh for a discussion of this issue.

9In other examples of a Calabi-Yau space with large orientifold charge the flux can be bigger and it
might be possible to have the two terms in eq. (5.12) comparable to each other when the volume is bigger
than the string scale.
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There are several directions of future work. One would like a better understanding
of supersymmetry in this context. This is connected to the number of zero modes in the
world volume of the D3 brane. More generally, one would like to use our results to calculate
the instanton corrections in situations where they can arise. Even in the simple example
studied here, of a T%/Z5 compactification, our analysis is not complete and the case when
the D3 brane wraps a half-cycle needs to be understood better.

We hope to return to these questions in the future.
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A. Computational details

Our conventions are as follows.

Superspace coordinates are denoted by ZM = (2™, "), which stand for the bosonic
and fermionic components respectively. Curved space indices are given by {M,N,...} =
{m,n,...,u,v,...} where (m,n) denote Bosonic indices and (u, ) fermionic indices. Tan-
gent space indices are given by {A,B,...} = {a,b,...,a,0,...}, with (a,b) denoting
bosonic and («, 3) fermionic indices.

We will use real 16 component Majorana-Weyl spinors, a convenient basis of gamma
matrices is given in eq.(4.3.48), [33], in which I'? is antisymmetric and the remaining
gamma, matrices, I'Y, are symmetric. Since there are two 16 component Majorana-Weyl
spinors worth of supersymmetries in the IIB theory our spinors will carry an extra SO(2)
index. The spinor indices «, 3, should be viewed as composite indices standing for the
tensor product of a Majorana-Weyl index and this additional SO(2) index. In the formulae
below the gamma matrices will act on the Majorana Weyl index while the Pauli spin
matrices, 0!, 02, 03, will act on the SO(2) index.

Throughout this paper, we denote antisymmetrisation with unit weight by a square
bracket. For example, the antisymmetrised product of an antisymmetric rank-two tensor
Appn with a rank one tensor B, is,

1
Al By = g[Aman — Apn B, — App By (A.1)

There are 3 distinct terms which appear on the rhs as shown. To make it of unit weight
we divide by the number of distinct terms, which accounts for the prefactor %. Finally,

3-
Pinyoomy = Ly -+ Tigy)s will denote the antisymmetrised product of n Gamma matrices.
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A.1 Supersymmetry transformations

With these conventions, the supersymmetric transformation rules in the string frame [34]
are given by!°

mnp

1 1 1 1
OA = ST Omde — ﬂrmnf’H,Waf’)e - §e¢rmFm(z’az)e - ﬂe¢1“mm0F’ ole

1 1
St = Dpe + §e¢PmeFp(i02)e - gquHmpqa?’e +

1 T 1 TS N
+Ee¢rpq | m&rm T F) st (i07 )€
0p = €A
5C = e %e0' A
dem® = el Yy,
5an = 60'3 (men - anm)
6Cmn = € %e0" (TynA — 20 1h)) + CS B
6Crmnpg = € %€(i0”) (TmnpgA — AT pnpthq)) + 6C1mn6Bpy - (A.2)
Here Fj and F} are the gauge invariant RR field strengths
Fé:dCQ—CHg, FéZdC4—CQ/\H3. (A3)

Using these supersymmetry transformations, in the following sections we will compute
the the expansion of the superfields Cun, C’MNPQ and éf/l, up to O(6?), in terms of the
component fields.

A.2 Calculation for C’MN

Following similar steps for the calculation of By in section 2.2, here we will carry out
the expansion of Cun to O(6?). For this purpose, we must supply the superspace gauge
transformation Eg\f[) to O(#), in addition to the super diffeomorphism (2.13).

Let us first evaluate the commutator of two supersymmetry transformations (with
parameters €', €?) on the field C,,,,. Using eq. (A.2) for the supersymmetry transformation
of Cy,n we find that

0162Cmn = € %€ (Tmn61 A — 2L, 010y)) + C105 By - (A.4)

Using eq. (A.2) once more, it is straightforward to see that the commutator can be ex-
pressed as a diffeomorphism (with the parameter £ as given by eq. (2.13)), and a gauge
transformation fﬁ,f) In other words

(8105 — 8201)Conn = €PDyConn + Om€P Crpy — 0p&P Clpmy + 0 — 0,6, (AL5)
with the gauge transformation parameter
€9 = "Chp + € %60 T ey — Ceao T ey . (A.6)

"Note that here our normalization for ) is different from ref. [34].
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In order to find the gauge transformation parameter, we have to compare eq. (A.5) with
the commutator derived in the superspace formalism. It is easy to see that

(6185 — 8261)Cry = (aMz}VQ@ ~ (—1)MN0N2}V?<C>) T (A7)

where the dots denote terms arising due to superdiffeomorphism. The superspace gauge

transformation parameter Eﬁ(c) is given by

S = (SFopey) + ouf oY) - (1 2). (A.8)

The commutator on component field C,,, will agree with the commutator on the superfield

C’mn if the gauge transformation parameter 25,? takes the value

1~ 1
252) = 59F”€Cmn + 59 <e‘¢01 - 003) Lie. (A.9)

The component fields Cy,, and Cy, are both zero to leading order and hence the commu-
tator of the two susy on them also vanishes. From this it is easy to see that the component
E,(f) vanishes for the case when the the space time fermion backgrounds are set to zero.
Now let us compute the first order expansion for Cpyp. Comparing the susy transfor-
mation for Cy,, from eq. (A.2) with the superfield result 5C m = eaaaémn, we find

émn = Copn + e 00" (an)\ — 2F[m¢n]) + 20§F[m¢n] . (A.10)

The expression for (), can similarly be derived. Using the expression for the gauge
transformation (A.9) the superspace variation for C’mu can be written as

6Cmy = €*0aCiny — %e—qﬁ (€0'Tm), + %C (€0°Tm), - (A.11)

Since the component field susy transformation 6C,,, = 0, the r.h.s. of eq. (A.11) has to be
equated to zero. This gives the expression

Conp = %ei(b (éalrm)u - %C (67031“,”)”_ (A.12)

With the help of this equation and the gauge transformation (A.9), we can write down the
variation of the superfield Cy,, up to 0(0).

5Comm = €80 Com — 20 (f%l . ca3> IO + 0 (e*‘%l _ 003) T nja—
—%erquqmn + (e_¢€alf[m96n]¢ + ga3r[meanlc) : (A.13)
On the other hand, we can use eq. (A.10) for Conn to arrive at
6Cmn = 6Cymn + € ?00" (TpndX — 2T (1,00, ) + 2COT,, 00, - (A.14)

These two variations must be the same. When we plug in the susy transformations for v,
and A from eq. (A.2), we find that they will match up only when Cyun has the following
expression to second order in 6:

Crn = Cin + € 200" (Tiun X — 20,10) + 2007 1), + iﬂéalrmweaﬁw
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1. 1-
+§9 <e_¢01 — 003) (Fm“bwnab — Pn“bwmab) 0+ gé? <03 — e¢001) Conp0 FP+

| 1 .. 1 -
+3¢ 20(i0*)TP0 H oy + = 20(i0* )T "0 Hpgr — GO0 " g0~

s 1, o7 1, gr .
—gar[mqu,/L]qu - gCe(bH(wz)I‘pHF;mp — 4_8C6¢9(Z02)anpqrangqr_
1 -
— 165l 0 <0’3 + Ce‘%-l) (anquSthgqrst + QOquTFrlnnpqr) 0. (A.15)

A.3 Calculation for C’MNPQ

Let us now turn to C’M ~pPQ- The calculation is pretty much the same as the previous ones
for B v and C v We will first evaluate the gauge transformation parameter X ;v p from
the commutator of two susy transformation on the component field Cy and then use this
information to derive the O(62) expression for the superfield Cy. From eq. (A.2) we find

0102Cmnpg = € ?€(i0%) (Timnpgd1A — AT [np01tg)) + 12620°Cprpy Tpbithy . (A.16)

After some straightforward calculation, the commutator of two susy transformations can

be written as
(5152 - 5251)Cmnpq = EQ( - 467¢(i02)8[m¢rnpq} + I\aFmepq + 403F[mFr/qu} +

+ 40" Ty Hypy + GC[mnI’“Hpq}a) 1. (A.17)

This is equal to a diffeomorphism with diffeomorphism parameter {™ as given in eq. (2.11),

and a gauge transformation

dé3 + d(Hz N EW),

with the gauge transformation parameter &3 having the expression
gmnp = équnpq + €_¢€2(i02)rmnp€1 - 3C[mn€20'3Fp}61 . (A.18)
Now we can evaluate the commutator on the super field Cj,
((51(52 — 5251)@4 =d (E%Q) 4+ (A.lg)

Here again the dots denote the superdiffeomorphisms. The gauge transformation parameter
EéQ can be written in terms of components as

Comparing the two commutators we can easily solve for the gauge transformation param-
eter X, to obtain

1 | 3 -
Sonp = §9quCmnpq + ¢ ¢9(102)anpe — §C[mn903Fp]e. (A.21)

All the remaining components of X ;np will be zero.
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We now need to evaluate the expressions for C’mnpq and C’Hmnp to O(0). Tt is easy to
see that the variation 5C'mnpq = eo‘ﬁaémnpq, and the susy transformation for C),pp, from
eq. (A.2) gives

Crnnpg = Crmnpg + € ?0(i0%) { ConnpgA — AL [rptbq } + 1200°ClpnTpthy . (A.22)

Using the expression for the gauge transformation (A.21), we can obtain the variation

0C ymnp- Since Clympp vanishes to leading order, this variation has to be set to zero. As a
result, we get

A 1 4 3 -
Cumnp = =€~ (0(i0*)Cmnp) , + 5 (Clonn0°Ty)) , (A.23)

It is easy to see that all the remaining components of Cun pq vanishes. Now we are ready
to execute the second order results.Using the above expression for C’Hmnp and the expression
for the gauge transformation parameter from eq. (A.21) we find the variation of C’mnpq to
be of the form

an A 1. . ¢ oA
0Cmnpg = €% 0aCrmnpq + §0F €Fumnpg — 4H[mang]) + 40m€” Canpg+
+28[m (ef¢9_(i02)l’npq]e) — 68[m (Cnpéa?’l’q}e) . (A.24)

©

After substituting the expression for ¥, and making some rearrangement we get

N N 1-
0Cmnpg = €*0aCmnpq + §HI’“6(Famnpq — 4H 1y Cyla) +
+2§6_¢01F[m6anq] + 48[m€aéanpq] +
+20 {0 (¢ (1) Tpgje) = 3Cipdm (°Tg)e) = Firnnpo Typef - (A:25)
We can also obtain the variation from eq. (A.22) for the expansion of Cpnpg to O(6):
8Comnpg = 0Crmnpg + € ?0(i0™) {TrmnpgOA = 3T ppdtly } + 1200°ClpnTpbthy . (A.26)

These two expressions must agree. This can be used to solve for C’mnpq to second order in
0 to obtain

CA'mnpq = Cmnpq + 67@59_(1'02) {anpq)‘ - 4F[mnp7pq]} + 12503C[mnrp%l+

| —bA. 1 4.
+oe ¢0(102)Fab[mnpwq}“b0 + 3e ¢0(102)F[pwqmn]9 +7e 20(i0*)T ynpy” Os H0+

1 _ 1 -
+4—86*¢901rmnpqsmﬂsm9 + 4—8903rmnpqst“F;m

3= 3 _
—i—ZHagP[mnsF;q}SH + Ze_¢601P[mns

1=
0+ §9F[monq]9+
1~ stuv
\ pq}se - %Hr[mw Fé}
0 — 5903C[mnrpabwq]abe -

69—

stuv

i_
_gar[MStF rltpq]st

3 7] - . 1
—Ze¢C[mn9< 1FPQ]SF8 te ¢Pp8th}st + ZUZ{FSF;q}S + Erpq}StuFétU} +
1 1
+ 50'1 {FStuFng]stu + %qu]StuvwFsltuvw }> 0. (A27)
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A.4 The supervierbein

Finally we come to the computation of the vierbeins. A similar calculation can be performed
in this case also. Note that in addition to the superdiffeomorphism, here we have to consider
the (super) local Lorentz transformation (2.3). Let us first compute vierbeins to O(f).
Equating §é2, = €*0,€%, with e, * = el'*hy, we find

€% = ey + 00 %Yy, . (A.28)

Similarly we can compute €, to O(f). using the value of ¥™ from eq. (2.13) we find,

~a Lz a
=3 (ore),,. (A.29)

To obtain the Lorentz transformation parameter to O(6), we need to compute the com-

a

mutator of two supersymmetry transformations on the vierbein e,,®. This can be easily

computed using the susy transformations (A.2). After some simplification, we get

1
(5251 — 5152) ema = (€1F“6m62 — Eﬂ‘“@mel) — Ell‘beme“b + Z€¢E1Fapm(i02)€2Fp—

1 1 1
_ielquUSGZHmaq + ﬂe‘éelfapq”maieQF]gqr + Ze(égqudlezF,/naq—i-
+8 : 5!e¢€1fapqr8tm(i(f2)Fz§qrst62 + 4—86¢€1I‘pqr(i02)62F[napqr . (A.30)
The above equation can be written in the following simple form
(6162 — 6261) em® = €"Onem™ + (m€™)en® + X ey , (A.31)

provided the translation parameter {” is given in eq. (2.11), and the rotation parameter
A% has the expression

1
)\ab _ _gnwnab + §€2Fp0'361Habp _

1 1
—Ze%z{rabp(w?)Fp + 6raf’pq’“angqr + Tyt % 4

1 . 1 ,
+ 2.5 Fabpqmt(w2)Fzgqrst + Erpqr (202)F/abpqr}€1 . (A.32)

In deriving (A.31) we have used the following identity obeyed by the spin connection and
the vierbein

enpwm™ = empwn® + (Omen® — Onem™) . (A.33)

On the other hand, one can apply the commutator directly on the super vierbein as given
in eq. (A.28). This will be consistent with eq. (A.31) if the parameter A% takes the form

1= 1=
A% (e) = —iﬂfnewnab + Z@FpageHabp —

1 - 1
—ged’e <r“bp(z’02)Fp + Erabpq’“alF;qr +T,o F 4

1
+ o TP (o)

1 . b
2.5! qrst T Erpqr(wz)Fla W)f- (A.34)
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Now we are ready to compute the O(#?) part of the super vierbein. Consider the variation
062 = 2Popet +0,2Fe% + A Pe,,p
= 20,62 + %ér"e (988, — D) + 0%, e + APé,, . (A.35)
It should be equated with the variation coming from eq. (A.28),
562, = e + 000, (A.36)
from which it follows that
€2 0p6%, = 015y, — A%,y — %H_I‘"e (Onem® — Omen) . (A.37)

Here the prime indicates the absence of 0,,¢ from susy variation of the gravitino. Again
using the formula for the supersymmetry transformations (A.2), the above expression can
easily be integrated. The super vierbein, up to O(#?), takes the form

= 1 - 1 -
éZI = ema + arawm - gwmcdarau{e + 1_66¢6(i02) (FmFa + PaFm - 5gmrpr) 0—

1 1,
—1—69rapqa39Hmpq + 3—26% (TP9E) o+ Do ') 0 0+

+ 0 (TPUSE) o+ Dipgrs /P47 (i0)0) . (A.38)

mpqrs

32 - 4!
A.5 T-duality

It is in fact possible to obtain the D3 brane action, starting with D0 brane action and
performing three T-dualities (say, along x,y, z). For simplicity, we assume the metric to
be diagonal along the directions on which we perform T-duality. Also we set By; = g =0
(and similar relations for y and z directions). Here we summarize the rules for T-duality
along the direction x. See [35—37, 10, 11, 38] for the T-duality rules in presence of more
general background.

1

Jzxr = ——
Jzx

%j = Jij
©
20 = £
Jaa

7
Fo = Floi)@

R

v =" (A.39)

Here we follow the notations of ref. [38]. In particular, F), are gauge invariant RR field
strengths and also F),(,) denotes an (n — 1) form whose components are given by

(A.40)

[Fn(m)]llln_l = [Fn]mil“'in—l :
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A.6 The mass matrix

In this section we will evaluate the fermion bilinear term due to the three form flux when
the three brane wraps a divisor of 7. Here we will use the coordinates {z7,9/},j =1,...,3
to parametrize the spatial directions of the torus and {#/,77} for the corresponding tangent
space indices. Now consider the relevant part of the action as given in eq. (5.5):

1 _-
5(62) = /d Ce ¢ V det @TFO ( Pmanmnp - 1_611qung(1> O+
/ d*¢\/det geTHQTTO <% il Fg +P;3pFél~p> .  (Ad1)

Here note that the first term in the second line vanishes for the case when the flux is turned
on only along the compact directions. As a result we get

1 1
5(0%) = / d*¢+/det @Tr0< {rszgpq g1“’”“’"’Hmp} +5 ”’“rijklp> 0.
(A.42)
In the following we will first consider the case when the three brane wraps the divisor

73 = constant and concentrate ourselves to the choice of flux as given by eq. (5.3). The

above action can be rewritten as
S(0?) = / d*¢/det g©TT' MO, (A.43)
with the matrix M defined to be

1
M= ( ¢TWHEP 3 M JPF;dp> (A.44)
The index p now take value only along directions orthogonal to the divisor.

It is convenient to choose a basis, where the components of © are labelled as
le1, €2,€3,a), where €; = £1, j = 1,...,3 refer to (—i times) the eigen values of r#'y
respectively.!! The label a = +1 refers to the SO(4) subgroup of the rotation group
SO(10). Before proceeding, let us note here that from the commutation relations for the I'
matrices it follows that T'9'9°9° squares to —1 and as a result, 99y l€1, €2, €3, a) can never
vanish.

We will now evaluate the matrix, M, eq. (A.44), in this basis. We start with the first
term, 6_¢FiijZ'jp which arises from the DBI term. From eq. (5.3) it is easy to see that it
takes the form,

MDBI _ eid) I‘5’315’325’33 _ 2Fy1y2y3 _ (FmQxSyl + I‘5’335’313/2 + I\'L’lfl'QyS) +
4 (rvviet pytie® ryly%B')] : (A.45)

Here we note that the indices refer to the coordinate basis, which is different from the

vierbein basis.

HHere and in the following, the repeated index j in *’% as well as in <1"“”j ij) does not indicate a
summation over j.
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The metric, with r, in eq. (5.6) set to unity takes the form

ds* = |da’ + rdy'|? (A.46)

27

where 7 = e¢3 . A convenient choice of vierbeins is then

i . i 2 i 2
eii =1, eZi =0, egi = cos <§> , ezi = sin <§> ) (A.47)

The I' matrices in the vierbein basis and the coordinate basis are related to each other by

i i 2 vl i 2 ~i
' =T — cot <§>Py , v :cose(:(%)l“y ,
g = ; y =cos | — + sin 3 . (A.48)

In particular one finds that (I'¥')2 = cosec?(3) = 3. After some more algebra we can then

write Mppr as,

= W

3
MDBI — ed’{ (_) lePylfoPy2Px3I‘y3 B
3 2 2_ 9 3 3 1ol .2 92 1_.1__3_ 3
_ (Z) [Fl‘ ey’ 4 pet vt pet ppet put patre®]
+ Z [eryl F TV 4 I‘”Cal“y?’} - 2}ry1r92ry3 . (A.49)

From eq. (A.48) we get that

(I’miI’yi) le1, €2, €3, a)

2 i 2
cosec <?7T> <Fx Y — cot <§>> €1, €2, €3, a)

2 i
= cosec? <§> e “ler, €2, €3,a) . (A.50)

It then follows that Mpp; acting on the state |e1, €2, €3, a) is

4 PO
MDBI\61762,637G> = (g) M Py1y2y3\€1a627637a> (A-51)

where,

M = {6—%(614-62-1-63) _9_ e—%(61+62) _ 6—%”(62-1-63) _ e—%r(fs-l—q) +

im im

+e 3 fe 3 —i—e*%q”}. (A.52)

Similarly we can evaluate the second term in eq. (A.44) which arises due to the WZ

terms,

1 -
MWZ _ 561_7le% (F]; CH];:[p) . (A53>

Ip —
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Here p takes values only over directions orthogonal to the divisor. It is easy to see that

with an appropriate choice of orientation for the divisor,'?
1 i iR A54
3¢ ile1s €2, €3,a) = ereal™ €1, €2, €3,a) . (A.54)
Thus,
My zle1, €2, €3,a) = 6162Fklp(F;;l*p — CHjy )le1, €2, €3, a) . (A.55)

A little more algebra then shows that this can be written as,

My zle1, €2, €3,a) = ieleg{J\/l +1+ e_%(51+62+63)}l’371372@3|61, €2,€3,a) (A.56)
3v3
Adding, eq. (A.51), eq. (A.56) we finally get that M acting on |e1, €2, €3,a) is given by,
eq. (5.9).

As discussed above I’@1@2@3|el, €9, €3,a) cannot vanish. Thus the zero modes of M can
only arise if m, eq. (5.10) vanishes. A quick inspection shows that this happens when
(€1, €2,€3) all becomes either 1 or —1. Thus these values of (€1, €9,€3) give rise to zero
modes. Also m does not vanish for any other choice of (€1, €2, €3). Therefore there are no
other zero modes. Finally, one also finds that the two states |e1, €2, €3, a) and |e1, €2, —€3, a),
which are related by U(1) rotations in the x3 — y3 plane, have a different mass in general.
This is to be expected since the U(1) symmetry is broken by the flux as discussed in
section 5.

Let us also now briefly discuss the case of the more general divisor n;Z? = c. By
relabelling the Z? coordinates if necessary we can always take n® # 0. In this case it is

useful to choose coordinates, 1!, 1?2, 1% which are related to the coordinates Z* as follows:

7' = mp® 4+ ngyp!
22 n21/}3 + ’I”Lglb2
73 = —nypt — nagyp? + ngy®. (A.57)

', 1)? are parallel to the divisor and 13 is orthogonal to it. The divisor in these coordinates
can be written as 13 = constant. The flux G = F — ®H can be expressed as

G = const(dpt A dip? A dip® + dy® A d® A dipt + dip® A dpt A di?) . (A.58)

Upto a constant this is exactly the form of G in the Z* coordinates. A further change of

variables,
- \/ 3 1 3 2
1/;2 = \/ng—kn%ﬁl— ng—l—n%?/)Q
i =

12 An opposite choice of orientation corresponds to a negative sign on the r.h.s below. This still gives the
same number of zero modes.

(A.59)
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preserves the form of G, eq. (A.58). It also allows the metric to be written in diagonal
form as,

ds®> = ri|di|?. (A.60)

(2
This is the same as the metric in the Z? coordinates we considered eq. (5.6). Thus the
analysis for the general divisor maps after a change of coordinates to the case Z3 = ¢. And

we learn that for a general divisor also there are four fermion zero modes.
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