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Abstract

We propose a stochastic approximation (SA) based method with randomization of samples for
policy evaluation using the least squares temporal difference (LSTD) algorithm. Our proposed
scheme is equivalent to running regular temporal difference learning with linear function approxi-
mation, albeit with samples picked uniformly from a given dataset. Our method results in an O(d)
improvement in complexity in comparison to LSTD, where d is the dimension of the data. We pro-
vide non-asymptotic bounds for our proposed method, both in high probability and in expectation,
under the assumption that the matrix underlying the LSTD solution is positive definite. The latter
assumption can be easily satisfied for the pathwise LSTD variant proposed in [23]. Moreover, we
also establish that using our method in place of LSTD does not impact the rate of convergence
of the approximate value function to the true value function. These rate results coupled with the
low computational complexity of our method make it attractive for implementation in big data
settings, where d is large. A similar low-complexity alternative for least squares regression is
well-known as the stochastic gradient descent (SGD) algorithm. We provide finite-time bounds for
SGD. We demonstrate the practicality of our method as an efficient alternative for pathwise LSTD
empirically by combining it with the least squares policy iteration (LSPI) algorithm in a traffic
signal control application. We also conduct another set of experiments that combines the SA based
low-complexity variant for least squares regression with the LinUCB algorithm for contextual
bandits, using the large scale news recommendation dataset from Yahoo.

1 Introduction

Several machine learning problems involve solving a linear system of equations from a given set of
training data. In this paper we consider the problem of policy evaluation in reinforcement learning
(RL). The objective here is to estimate the value function V™ of a given policy 7. Temporal difference
(TD) methods are well-known in this context, and they are known to converge to the fixed point
V™ =T™(V™), where T7 is the Bellman operator (see Section 3.1 for a precise definition).

The TD algorithm stores an entry representing the value function estimate for each state, making
it computationally difficult to implement for problems with large state spaces. A popular approach
to alleviate this curse of dimensionality is to parameterize the value function using a linear function
approximation architecture. For every s in the state space S, we approximate V™ (s) = 67¢(s), where
¢(+) is a d-dimensional feature vector with d << |S|, and 6 is a tunable parameter. The function
approximation variant of TD [44] is known to converge to the fixed point of 0 = IIT7™(P6), where
IT is the orthogonal projection onto the space within which we approximate the value function, and ®
is the feature matrix that characterizes this space. For a detailed treatment of this subject matter, the
reader is referred to the classic textbooks [5, 39].
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Figure 1: Overall flow of the the batchTD algorithm.

Batch reinforcement learning is a popular paradigm for policy learning. Here, we are provided
with a (usually) large set of state transitions D £ {(s;,7;,5%),i = 1,...,T)} obtained by simulating
the underlying Markov decision process (MDP). For every ¢ = 1,...,T, the 3-tuple (s;,r;, s})
corresponds to a transition from state s; to s; and the resulting reward is denoted by ;. The objective
is to learn an approximately optimal policy from this set. Least squares policy iteration (LSPI) [21] is
a well-known batch RL algorithm in this context, and it is based on the idea of policy iteration. A
fundamental component of LSPI is least squares temporal difference (LSTD) [9], which is introduced
next.

LSTD estimates the fixed point of II'7 ™, for a given policy 7, using empirical data D. The LSTD
estimate is given as the solution to

O = 1‘_1_16% e

T
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We consider a special variant of LSTD called pathwise LSTD, proposed in [23]. The idea behind
pathwise LSTD is to (i) have the dataset D created using a sample path simulated from the underlying
MDP for the policy 7 and (ii) set s} = 0 while computing A7 defined above. The latter setting
ensures the existence of the LSTD solution f7 under the condition that the family of features on the
data set D are linearly independent.

Our primary focus in this work is to solve the LSTD system in a computationally efficient manner.
Solvmg (1) is computationally expensive, especially when d is large. For instance, in the case when
AT is invertible, the complexity of the approach above is O(d?T'), where AT is computed iteratively
using the Sherman-Morrison lemma. On the other hand, if we employ the Strassen algorithm or
the Coppersmith-Winograd algorithm for computing AT , the complexity is of the order O(d?807)
and O(d?375), respectively, in addition to O(d?T") complexity for computing Ar. An approach for
solving (1) without explicitly inverting A7 is computationally expensive as well.

From the above discussion, it is evident that LSTD scales poorly with the number of features,
making it inapplicable for large datasets with many features. We propose the batchTD algorithm to
alleviate the high computation cost of LSTD in high dimensions. The batchTD algorithm replaces the
inversion of the A7 matrix by the following iterative procedure that performs a fixed point iteration
(see Figure 1 for an illustration): Set 6 arbitrarily and update

On = 0n_1+m (Tin + 59;—1‘25(5/1'”) - 9;—1(25(5%,)) ¢(sin)7 2)

where each ,, is chosen uniformly at random from the set {1,...,7T}, and ~,, are step-sizes that
satisfy standard stochastic approximation conditions. The random sampling is sufficient to ensure
convergence to the LSTD solution. The update iteration (2) is of order O(d) and our bounds show that
after T iterations, the iterate 67 is very close to LSTD solution, with high probability. The advantage
of the scheme above is that it incurs a computational cost of O(dT'), while a traditional LSTD solver
based on Sherman-Morrison lemma would require O(d?T).

The update rule in (2) resembles that of TD(0) with linear function approximation, justifying
the nomenclature ‘batchTD’. Note that regular TD(0) with linear function approximation uses a
sample path from the Markov chain underlying the policy considered. In contrast, the batchTD
algorithm performs the update iteration using a sample picked uniformly at random from a dataset.



We establish, through non-asymptotic bounds, that using batchTD in place of LSTD does not impact
the convergence rate of LSTD to the true value function. The advantage with batchTD is the low
computational cost in comparison to LSTD.

From a theoretical standpoint, the scheme (2) comes under the purview of stochastic approximation
(SA). Stochastic approximation is a well-known technique that was originally proposed for finding
zeroes of a nonlinear function in the seminal work of Robbins and Monro [35]. Iterate averaging is a
standard approach to accelerate the convergence of SA schemes and was proposed independently
in [37] and [31]. Non asymptotic bounds for Robbins Monro schemes have been provided in [14]
and extended to incorporate iterate averaging in [13]. The reader is referred to [20] for a textbook
introduction to SA.

Improving the complexity of TD-like algorithms is a popular line of research in RL. The popular
Computer Go setting [38], with dimension d = 10, and several practical application domains (e.g.
transportation, networks) involve high-feature dimensions. Moreover, considering that linear function
approximation is effective with a large number of features, our O(d) improvement in complexity of
LSTD by employing a TD-like algorithm on batch data is meaningful. For other algorithms treating
this complexity problem, see GTD [41], GTD2 [40], iLSTD [15] and the references therein. In
particular, iLSTD is suitable for settings where the features admit a sparse representation.

In the context of improving the complexity of LSTD, our contributions can be summarized as
follows: First, through finite sample bounds, we show that our batchTD algorithm (2) converges to
the pathwise LSTD solution at the optimal rate of O(nil/ 2) in expectation (see Theorem 2 in Section
4). By projecting the iterate (2) onto a compact and convex subset of R?, we are able to establish

high probability bounds on the error ‘ 0, — éTH . In particular, we show that, with probability
2

1 — 4, the batchTD iterate 6,, constructs an e-approximation of the corresponding pathwise LSTD
solution with O(dIn(1/68)/e?) complexity, irrespective of the number of batch samples 7. The
above rate results are for a step-size choice that is inversely proportional to the number of iterations
of (2), and also require the knowledge of the minimum eigenvalue of the symmetric part of Ar.
We overcome the latter dependence on the knowledge of the minimum eigenvalue through iterate
averaging. As an aside, we note that using completely parallel arguments to those used in arriving
at non-asymptotic bounds for batchTD, one could derive bounds for the regular TD algorithm with
linear function approximation, albeit for the special case when the underlying samples arrive in an
i.i.d. fashion. Second, through a performance bound, we establish that using our batchTD algorithm
in place of LSTD does not impact the rate of convergence of the approximate value function to
the true value function. Third, we investigate the rates when larger step sizes (O(n~%) where « €
(1/2,1)) are used in conjunction with averaging of the iterates, i.e., the well known Polyak-Ruppert
averaging scheme. The rate obtained in high probability for the iterate-averaged variant is of the order
O(n_a/ 2), with the added advantage that, unlike non-averaged case, the step-size choice does not
require knowledge of the minimum eigenvalue of the symmetric part of A7. Further, with iterate
averaging the complexity of the algorithm stays at O(d) per iteration as before. Fourth, we consider
a traffic control application, and implement a variant of LSPI which uses the batchTD algorithm in
place of LSTD. In particular, for the experiments we employ step-sizes that were used to derive the
non-asymptotic bounds mentioned above. We demonstrate that running batchTD for a short number
of iterations (~ 500) on big-sized problems with feature dimension ~ 4000, one gets a performance
that is almost as good as regular LSTD at a significantly lower computational cost.

We now turn our attention to solving least squares regression problems via the popular stochastic
gradient descent (SGD) method. Many practical machine learning algorithms require computing the
least squares solution at each iteration in order to make a decision. As in the case of LSTD, classic
least squares solution schemes such as Sherman-Morrison lemma are of complexity of the order
O(d?). A practical alternative is to use a SA based iterative scheme that is of the order O(d). Such
SA based schemes when applied to the least squares parameter estimation context are well known in
the ML literature as stochastic gradient descent (SGD) algorithms.

We also analyze the low-complexity SGD alternative for the classic least squares parameter
estimation problem. Using the same template as for the results of batchTD, we derive non-asymptotic
bounds, which hold both in high probability as well as in expectation, for the tracking error [|6,, — 07 2.



Here 6,, is the SGD iterate, while éT is the least squares solution. We describe a fast variant of the
LinUCB [24] algorithm for contextual bandits, where the SGD iterate is used in place of the least
squares solution. We demonstrate the empirical usefulness of the SGD based LinUCB algorithm
using the large scale news recommendation dataset from Yahoo [46]. We observe that, using the
step-size suggested by our bounds, the SGD based LinUCB algorithm exhibits low tracking error,
while providing significant computational gains.

The rate results coupled with the low complexity of our schemes, in the context of LSTD as well
as least squares regression, make them more amenable to practical implementation in the canonical
big data settings, where the dimension d is large. This is amply demonstrated in our applications in
transportation and recommendation systems domains, where we establish that batchTD and SGD
perform almost as well as regular LSTD and regression solvers, albeit with much less computation
(and with less memory). Note that the empirical evaluations are for higher level machine learning
algorithms - least squares policy iteration (LSPI) [21] and linear bandits [11, 24], which use LSTD
and regression in their inner loops.

The rest of the paper is organized as follows: In Section 2, we discuss related work. In Section 3
we present the batchTD algorithm, and in Section 4 we provide the non-asymptotic bounds for this
algorithm. In Section 5, we analyze a variant of our algorithm that incorporates iterate averaging. In
Section 6, we compare our bounds to those in recent work. In Section 7, we describe a variant of LSPI
that uses batchTD in place of LSTD. Next, in Section 8, we provide detailed proofs of convergence
and derivation of rates. We provide experiments on a traffic signal control application in Section 9. In
Section 10, we provide extensions to solve the problem of least squares regression and in Section
11, we provide a set of experiments that tests a variant of the LinUCB algorithm using a SA based
subroutine for least squares regression. Finally, in Section 12 we provide the concluding remarks.

2 Literature review

2.1 Previous work related to LSTD

In Chapter 6 of [17], the authors establish that LSTD has the optimal asymptotic convergence rate,
while in [1] and [23], the authors provide a finite time analysis for LSTD and also LSPI. Recent work
in [42] provides sample complexity bounds for LSTD(A). LSPE()\), which is an algorithm that is
closely related to LSTD()), is analyzed in [48]. The authors there provide asymptotic rate results
for LSPE()\), and show that it matches that of LSTD(\). Also related is the work in [30], where the
authors study linear systems in general, and as a special case, provide error bounds for LSTD with
improved dependence on the underlying feature dimension.

A closely related contribution that is geared towards improving the computational complexity of
LSTD is iLSTD [15]. However, the analysis for iLSTD requires that the feature matrix be sparse,
while we provide finite-time bounds for our fast LSTD algorithm without imposing sparsity on the
features. Another line of related previous work is GTD [41], and its later enhancement GTD2 [40].
The latter algorithms feature an update iteration that can be viewed as gradient descent and operate in
the online setting similar to the regular TD algorithm with function approximation. However, the
advantage with GTD/GTD?2 is that these algorithms are provably convergent to the TD fixed point
even when the policy used for collecting samples differs from the policy being evaluated — the
so-called off-policy setting. Recent work in [26] provides finite time analysis for the GTD algorithm.
Unlike GTD-like algorithms, we operate in an offline setting with a batch of samples provided
beforehand. LSTD is a popular algorithm here, but has a bad dependency in terms of computational
complexity on the feature dimension, and we bring this down from O(d?) to O(d) by running an
algorithm that closely resembles TD on the batch of samples. This algorithm is shown to retain the
convergence rate of LSTD.

To the best of our knowledge, efficient SA algorithms that approximate LSTD without impacting
its rate of convergence to LSTD solution, have not been proposed before in the literature. The high
probability bounds that we derive for batchTD do not directly follow from earlier work on LSTD
algorithms. Concentration bounds for stochastic approximation schemes have been derived in [14].



While we use their technique for proving the high-probability bound on batchTD iterate (see Theorem
2), our analysis is more elementary, and we make all the constants explicit for the problem at hand.
Moreover, in order to eliminate a possible exponential dependence of the constants in the resulting
bound on the reciprocal of the minimum eigenvalue of the symmetric part of A7, we depart from the
argument in [14].

Finite sample analysis of TD with linear function approximation has received more attention in
recent works (cf. [10, 6, 22]). A detailed comparison of our bounds to those in the aforementioned
references is provided in Section 6.

This paper is an extended version of an earlier work (see [34]). This work corrects the errors
in the earlier work by using significant deviations in the proofs, and includes additional simulation
experiments. Finally, in [28], the authors list a few problems with the results and proofs in the
conference version [34], and the corrections incorporated in this work address the comments in [28].

2.2 Previous work related to SGD

Finite time analysis of SGD methods have been provided in [2]. While the bounds in [2] are given in
expectation, many machine learning applications require high probability bounds, which we provide
for our case. Regret bounds for online SGD techniques have been given in [49, 16]: the gradient
descent algorithm in [49] is in the setting of optimising the average of convex loss functions whose
gradients are available, while that in [16] is for strongly convex loss functions. In comparison to
previous work w.r.t. least squares regression, we highlight the following differences:

(i) Earlier works on strongly convex optimization (cf. [16]) require the knowledge of the strong
convexity constant in deciding the step-size. While one can regularize the problem to get rid of the
step-size dependence on p, it is not straightforward to choose the regularization constant. Notice
that for SGD type schemes, one requires that the matrix A, have a minimum positive eigenvalue .
Equivalently, this implies that the original problem is regularized with T'u:. This may turn out to be
too high a regularization and hence it is desirable to have SGD get rid of this dependence without
changing the problem itself. This is precisely what iterate-averaged SGD achieves, i.e., optimal rates
both in high probability and expectation even for the un-regularized problem. To the best of our
knowledge, there is no previous work that provides non-asymptotic bounds, both in high probability
and in expectation, for iterate-averaged SGD.

(ii) Our analysis is for the classic SGD scheme that is anytime, whereas the epoch-GD algorithm in
[16] requires the knowledge of the time horizon.

(iii) While the algorithm in [3] is shown to exhibit the optimal rate of convergence without assuming
strong convexity, the bounds there are in expectation only. In contrast, for the special case of
strongly convex functions, we derive high-probability bounds in addition to bounds in expectation.
Furthermore, the bound in expectation from [2] is not optimal for a strongly convex function in the
sense that the initial error (which depends on where the algorithm started) is not forgotten as fast as
the rate that we derive.

(iv) On a minor note, our analysis is simpler since we work directly with least squares problems, and
we make all the constants explicit for the problems considered.

3 TD with uniform sampling on batch data (batchTD)

We propose here a stochastic approximation variant of the LSTD algorithm, whose iterates converge
to the same fixed point as the regular LSTD algorithm, while incurring much smaller overall compu-
tational cost. The algorithm, which we call batchTD, is a simple stochastic approximation scheme
that updates incrementally using samples picked uniformly from batch data. The results that we
present establish that the batchTD algorithm computes an e-approximation to the LSTD solution Or
with probability 1 — §, while incurring a complexity of the order O(dIn(1/5)/€?), irrespective of the
number of samples 7. In turn, this enables us to give a performance bound for the approximate value
function computed by the batchTD algorithm.



In the following section, we provide a brief background on LSTD and pathwise LSTD. In the
subsequent section, we present our batchTD algorithm.

3.1 Background

Consider an MDP with state space S and action space A, both assumed to be finite. Let p(s, a, s'),
5,8 € 8,a € A denote the probability of transitioning from state s to s’ on action a. Let 7w be a
stationary randomized policy, i.e., 7 (s, -) is a distribution over A, for any s € S. The value function
V'™ is defined by

VT(s) 2 E

Zﬁt Z r(st, a)m(se,a) | so = 51 , 3)

t=0 acA

where s; denotes the state of the MDP at time ¢, 5 € [0, 1) the discount factor, and r(s, a) denotes
the instantaneous reward obtained in state s under action a. The value function V™ can be expressed
as the fixed point of the Bellman operator 7™ defined by

T (V)(s) & Z (s, a) (r(s, a) + ﬂZp(s,a, s’)V(s’)) . 4)

acA

When the cardinality of S is huge, a popular approach is to parameterize the value function using a
linear function approximation architecture, i.e., for every s € S, approximate V™ (s) & ¢(s)"6, where
¢(s) is a d-dimensional feature vector for state s with d < |S]|, and 6 is a tunable parameter. With this
approach, the idea is to find the best approximation to the value function V™ in B = {®0 | § € R},
which is a vector subspace of R!S!. In this setting, it is no longer feasible to find the fixed point
V™ = T7™VT. Instead, one can approximate V'™ within B by solving the following projected system
of equations:

6 = IIT™($6%). ©)

In the above, ® denotes the feature matrix with rows ¢(s)",Vs € S, and II is the orthogonal
projection onto B. Assuming that the matrix ¢ has full column rank, it is easy to derive that
I =®(® V) 1d™W, where V¥ is the diagonal matrix whose diagonal elements form the stationary
distribution (assuming it exists) of the Markov chain associated with the policy 7.

The solution 8* of (5) can be re-written as follows (cf. [4, Section 6.3]):

AG* = b, where A = &'V (] — fP)® and b = dTUR, 6)

where P = [P(s, s')]s,s es is the transition probability matrix with components P(s, s’) = p(s, 7(s), s’),
R is the vector with components ) . 4 7(s,a)r(s, a), for each s € S, and V¥ the stationary distribu-
tion (assuming it exists) of the Markov chain for the underlying policy 7.

In the absence of knowledge of the transition dynamics P and stationary distribution ¥, LSTD
is an approach which can approximate the solution 8* using a batch of samples obtained from the
underlying MDP. In particular it requires a dataset, D = {(s;,74,;),4 = 1,...,T)}, where each
tuple in the dataset (s;, 7, s;) represents a state-reward-next-state triple chosen by the policy. The
LSTD solution approximates A, b, and 6* with A, by using the samples in D as follows:

0p = A7 by, (7

T T
where Ap 2 257 6(s:)(0(s0) — Bo(s)T, and by 2 23" rid(s:).
i=1 i=1

Denoting the current state feature (7" x d)-matrix by ® = (¢(s1)7, ..., ¢(sr)), next state feature
(T x d)-matrix by ®' £ (¢(s})7,...,¢(s)), and reward (T x 1)-vector by R = (r1,...,7r7)", we



can rewrite A7 and by as follows':

A 1 T TH' 7 1 T

AT—T((I)(I) ﬁ(I)(D), ande—T<I> R.
It is not clear whether A7 is invertible for an arbitrary dataset D. One way to ensure invertibility is to
adopt the approach of pathwise LSTD, proposed in [23]. The pathwise LSTD algorithm is an on-policy
version of LSTD. It obtains samples, D by simulating a sample path of the underlying MDP using
policy 7, so that s, = s,41 fori =1,...,T — 1. The dataset thus obtained is perturbed slightly by
setting the feature of the next state of the last transition, ¢(s/-), to zero. This perturbation, as suggested
in [23], is crucial to ensure that the system of the equations that we solve as an approximation to (6)
is well-posed. For the sake of completeness, we make this precise in the following discussion, which
is based on Sections 2 and 3 of [23].

Define the empirical Bellman operator 7' : R? — R as follows: For any y € R,

r i + BYiy1, forl <i<T, and
T, forv =1T.
Let R be a T x 1 vector with entries r;, 7 = 1,...,T and (f)y)i = yip1 if i < n and 0 otherwise.

Then, it is clear that Ty =R+ BVy.

Let Gr = {(¢(51)70,...,0(s7)"0)" | & € R} C RT be the vector sub-space of R” within
which pathwise LSTD approximates the true values of the value function corresponding to the states
S1,- .., 87, and it is the empirical analogue of B defined earlier. It is easy to see that G = {®6 |
6 € R} Let I1 be the orthogonal projection onto G using the empirical norm, which is defined as
follows: || f||Z 2 T~ 5", f(si)?, for any function f. Notice that TI7" is a contraction mapping,
since

ity —iuts|| < |y -T2 = 5[0y -2 < Blly sl
T T T

Hence, by the Banach fixed point theorem, there exists some v* € G such that Tv* = v*.

Suppose that the feature matrix ® is full rank — an assumption that is standard in the analysis of
TD-like algorithms and also beneficial in the sense that it ensures that the system of equations we
attempt to solve is well-posed. Then, it is easy to see that there exists a unique 61 such that v* = Db
Moreover, replacing A7 in (7) with

1 R
Ar = @I - P)®, (€))

where P is a T' x T matrix with ]5(1', i+1)=1fori=1,...,7 — 1 and 0 otherwise, it is clear that
Ar is invertible and 07 is the unique solution to (7).

Remark 1. (Regular vs. Pathwise LSTD) For a large data set, D, generated from a sample path of
the underlying MDP for policy 7, the difference in the matrix used as Ar in LSTD and pathwise
LSTD is negligible. In particular, the difference in ly-norm of Ar composed with and without zeroing

1
out the next state in the last transition of D can be upper bounded by a constant multiple of —. As

mentioned earlier, zeroing out the next state in the last transition of D together with a full-rank ®
makes the system of equations in (7) well-posed. As an aside, the batchTD algorithm, which we
describe below, would work as a good approximation to LSTD, as long as one ensures that A is
positive definite. Pathwise LSTD presents one approach to achieve the latter requirement, and it is an
interesting future research direction to derive other conditions that ensure Ar is positive definite.

By an abuse of notation, we shall use ® to denote the feature matrix for TD as well as LSTD and the composition of
should be clear from the context.



3.2 Update rule and pseudocode for the batchTD algorithm

The idea is to perform an incremental update that is similar to TD, except that the samples are drawn
uniformly randomly from the dataset D. Recall that, in the case of pathwise LSTD, the data set
corresponds to those along a sample path simulated from the underlying MDP for a given policy 7,
ie, s, =si41,i=1,...,T —land sf = 0.

The full pseudocode for batchTD is given in Algorithm 1. Starting with an arbitrary 6, we update
the parameter 6,, as follows:

0,=7T (Gn—l + Tn (Tin, + 59;—1427(5;”) - 0;—1¢(5in)) ¢>(Szn)) s (10)

where each ,, is chosen uniformly randomly from the set {1,...,7T}. In other words, we pick a
sample with uniform probability 1/7" from the set D = {(s;,74,5;),4 = 1,...,T)} and use it to
perform a fixed point iteration in (10). The quantities ,, above are step sizes that are chosen in advance
and satisfy standard stochastic approximation conditions, i.e., >, v, = 0o, and ) v2 < co. The
operator Y projects the iterate #,, onto the nearest point in a closed ball C C R? with a radius H that
is large enough to include 6. Note that projection via T amounts to scaling down the /5-norm of the
iterate 6, so that it does not exceed H, and is a computationally inexpensive operation.

In the next section, we present non-asymptotic bounds for the error HHn — O H that hold with

high probability, and in expectation, for the projected iteration in (10). Further, v2ve also provide
an error bound that holds in expectation for a variant of (10) without involving the projection
operation. From the bounds presented below, we can infer that, for a step size choice that is inversely
proportional to the number n of iterations, obtaining the optimal O (1//n) requires the knowledge
of the minimum eigenvalue  of 3 (Ar + AT.), where Ay is a matrix made from the features used
in the linear approximation (see assumption (A1) below). Subsequently, in Section 5, we present
non-asymptotic bounds for a variant of the batchTD algorithm, which employs iterate averaging. The
bounds for iterate-averaged batchTD establish that the knowledge of eigenvalue u is not needed to
obtain a rate of convergence that can be made arbitrarily close to O (1/+/n).

Algorithm 1 The batchTD algorithm

Input: Sample path based dataset D = {(s;,7;,5:),4 = 1,...,T)} such that s} = 5,41, =

1,...,7 —1and s’T = (; a choice of step-size sizes, 7yx; a time horizon n.
Initialization: Set 6.
Run:

fork=1...ndo

Get a random sample index: i, ~ U({1,...,T}).

Perform update iteration: 6, = T (Gk_l + Y& (rik + B0 _16(s,) — 9;71(;5(5%)) gb(s“))
end for
Output: 6,

4 Main results for the batchTD algorithm

Map of the results: Theorem 1 proves almost sure convergence of batchTD iterate 6,, to LSTD
solution 67, with and without projection. Theorem 2 provides finite time bounds both in high
probability and in expectation for the error ||f,, — 072, where 6, is given by (10). We require
high probability bounds to qualify the rate of convergence of the approximate value function ®6,,
to the true value function, i.e., a variant of Theorem 1 in [23] for the case of the batchTD algorithm.
Theorem 5 presents a performance bound for the special case when the dataset D comes from a
sample path of the underlying MDP for the given policy 7. Note that the first three results above hold
irrespective of whether the dataset D is based on a sample path or not. However, the performance
bound is for a sample path dataset only and is used to illustrate that using batchTD in place of regular



LSTD does not harm the overall convergence rate of the approximate value function to the true value
function.

We state all the results in Sections 4.2—4.5 and provide detailed proofs of all the claims in Section
8. Also, all the results are by default for the projected version of the batchTD algorithm, i.e., 6,, given
by (10), while Section 4.4 presents the results for the projection-free batchTD variant. In particular,
the latter section provides both asymptotic convergence and a bound in expectation for the error
16, — O ||2 for the projection-free variant of batchTD.

4.1 Assumptions

We make the following assumptions for the analysis of the batchTD algorithm:

(A1) The matrix flT_is positive definite, which implies the smallest eigenvalue y of its symmetric
part 1 (A7 + A7) is greater than zero®.

(A2) Bounded features: ||¢(s;)||y < Prmax < 00, fori=1,...,T.

(A3) Bounded rewards: |r;| < Rpax < ocofori=1,...,T.

(Ad4) ThesetC = {# € R?|||0||, < H} used for projection through Y satisfies H > @, where
1 1s as defined in (A1).

In the following sections, we present results for the generalized setting, i.e., the dataset D does not
necessarily come from a sample path of the underlying MDP, but we assume (see (A1)) that the matrix
Ar is positive definite. For pathwise LSTD, (A1) can be replaced by the following assumption:

(A1’) The matrix  is full rank.

Recall that the pathwise LSTD in [23] perturbs the data set slightly, as discussed in Section 3.1
above. Thus, from (9), we have

1_
u> ( TB)'M/’ where 1/ £ Apin (®7®). ()

The inequality above holds because HPUH2 < |lv||5, and HPTU ‘2 < |lv||5, leading to the fact that

Amin (I - g (]3 + PT)) > (1 — B). Thus, it is easy to infer that (A1°) implies (A1), using (11) in
conjunction with the fact that a full rank ® implies p' > 0.
Note that the dataset is assumed to be fixed for all the results presented below.

4.2 Asymptotic convergence

Theorem 1. Assume (Al)-(A4), and also that the step sizes v, € Ry satisfy Zn Yn = 00, and
Don 72 < oo. Then, for the iterate 0,, updated according to (10), we have

0,, — O a.s. asn — 0. (12)

Proof. See Section 8.1. O

4.3 Non-asymptotic bounds

The main result that bounds the computational error ‘

0, — éT“ with explicit constants is given
2

below.

2 A real matrix A is positive definite if and only if the symmetric part %(A + AT) is positive definite.



Theorem 2 (Error bounds for batchTD).
Assume (A1)-(A4). Set yn = 255 such that co € (0, p((1+ B)2et
any 6§ > 0, we have

)"t and coc > % Then, for

Kl(n)

E‘an’éTHz < T and (13)
P(‘en—éT‘ngsLﬁ)zl—a. (14)

In the above, K1(n) and K (n) are functions of order O(1), defined by*:

o= 0| VDI e (B 1+ 02,
n) 2 + and

K
1) (n+ oo V2eoci —1 ’
A 9 logé—1!
Ks(n) £ 2v/ecoe (Rumax + (1 + B)H®L ) | ——— + Ki(n).
cocph — 1
Proof. See Section 8.2. O

A few remarks are in order.

Remark 2. (Initial vs. sampling error) The bound in expectation above can be re-written as

|00 = bz| /T Ty L 20000 (R + 1+ HHB) (o
(n + ¢)cocr/2 V2¢cocp —Iy/n+c '

On — 07

5|

| <
2

The first term on the RHS above is the initial error, while the second term is the sampling error. The
initial error depends on the initial point 0y of the algorithm. The sampling error arises out of a
martingale difference sequence that depends on the random deviation of the stochastic update from
the standard fixed point iteration. From (15), it is evident that the initial error is forgotten at the

rate O (nCOCu/2
sampling error decays.

>. Since cocp > 1, the former rate is faster than the rate O(1/\/n) at which the

Remark 3. (Rate dependence on the minimum eigenvalue 1) We note that setting c such that
cocp =1 € (1,00) we can rewrite the constants in Theorem 2 as:

[0 =br], VT oy

_ 2
) = (n+c)n=1 /(20 —1) (s + 1+ B ) and
Ra() = 2022 (R + (14 B)H ) | 2225+ K,

So both the bounds in expectation and high probability have a linear dependence on the reciprocal of
p. Note also that the constant (Ryax + (1 + B)H®2 ) is nothing more than a bound on the size of

max

the random innovations made by the algorithm at each time step.

Remark 4. (Eigenvalue dependence on [3) Notice that the eigenvalue 1 is implicitly dependent on
p:

1 - - 1
2 g Amin (A7 + A7) = o dmin (2070 — 5 (@0 +@7d")).
Clearly, as (B increases, it is harder to satisfy the assumption that ;. > 0. Moreover, for pathwise
LSTD (see Section 3.1), the inequality in (11) underlines an implicit linear dependence of the rates on

the reciprocal of (1 — 3). However, the bounds’ exact sensitivity to this reciprocal is data-dependent.

o

3For notational convenience, we have chosen to ignore the dependence of K1 and K2 on the confidence parameter 4.
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Remark 5. (Regularization) To obtain the best performance from the batchTD algorithm, we need
to know the value of . However, we can get rid of this dependency easily by explicitly regularizing
the problem. In other words, instead of the LSTD solution (7), we obtain the following regularized
variant:

079 = (Ap + pI)~"br, (16)
where (1 is now a constant set in advance. The update rule for this variant is
077 =(1 = Ya)0n—1 +vn (15, + BOL_18(57,) — Or_19(s1,,)) d(si,,)- (17)

This algorithm retains all the properties of the non-regularized batchTD algorithm, except that it
converges to the solution of (16) rather than to that of (7). In particular, the conclusions of Theorem
2 hold without requiring assumption (Al), but measuring 0,, — 0,79, the error to the regularized fixed
point 0779

Remark 6. (Computational complexity) Our theoretical results in Theorem 2 show that, with
probability 1 — 6, batchTD constructs an e-approximation of the pathwise LSTD solution with
O(dIn(1/68)/€?) complexity. In other words, for the batchTD estimate to be within a distance
€ > 0 of the LSTD solution, the number of iterations of (10) would be proportional to %.
This observation coupled with the fact that each iteration of (10) is of order O(d) establishes the
advantage of batchTD over pathwise LSTD from a time-complexity viewpoint.

However, batchTD requires storing the entire dataset for the purpose of random sampling. To
reduce the storage requirement of batchTD, one could uses mini-batching of the dataset, i.e., store
smaller subsets of the dataset and run batchTD updates on these mini-batches. It is an interesting
direction for future work to analyze such an approach and recommend appropriate mini-batch sizes
based on the parameters of the underlying policy evaluation problem. For the case of regression, such
an approach has been recommended in earlier works, cf. [36].

Remark 7. (TD with linear function approximation) One could use completely parallel arguments
to that in the proof of Theorem 2 to obtain rate results for TD(0) with linear function approximation
under i.i.d. samples. A similar observation holds for the bounds presented below for the projection-
free variant of batchTD in Theorem 4 and for the iterate-averaged variant of batchTD in Theorem
6.

The bounds for TD with linear function approximation under i.i.d. sampling would be a side
benefit, while the primary message from our work is that one could run TD(0) on a batch, and obtain
a computational advantage, with performance comparable to that of LSTD. We have used pathwise
LSTD to drive home this point.

Finally, note that the regular TD with linear function approximation is under non i.i.d. sampling
(or involving a Markov noise component), and deriving non-asymptotic bounds for such a setting is
beyond the scope of this paper.

4.4 Projection-free variant of the batchTD algorithm

Here we consider a projection-free variant of batchTD that updates according to (10), but with
Y(9) = 6, V0 € R, We now present the results for batchTD without a non-trivial projection,
under assumptions similar to the projected variant of batchTD, i.e., bounded rewards, features, and a
positive lower bound on the minimum eigenvalue 1 of the symmetric part of A7. The results include
asymptotic convergence and a bound in expectation on the error ||6,, — 07 ||o. However, we are unable
to derive bounds in high probability without having the iterates explicitly bounded using T and it
would be a interesting future research direction to get rid of this operator for the bounds in high
probability.

Theorem 3. Assume (Al)-(A3), and also that the step sizes 7y, € Ry satisfy En Yn = 00, and
>, V2 < oco. Then, for the iterate 0,, updated according to (10) without projection (i.e., Y is the
identity map), we have

0, — éT a.s. as n — oo. (18)
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Proof. See Section 8.2. O

Using a slightly different proof technique, we are able to give a bound in expectation for the error
of the non-projected batchTD.

Theorem 4 (Expectation error bound for batchTD without projection).
Assume (A2)-(A4). Set v, = (COC) such that cy € (0, u((1+ B)2®2% )71 and cocp € (1,00). Then,
for any 6 > 0, we have

- eTH 1 (n) (19)

E o, e
n—+c

where K1 (n) is a function of order O(1), defined by:

\ngo_gTH /(e + 1)cocn 2\[6000( max + (14 3) HHTH q)max>
Ki(n ) (n + c)cocn—1 + V2cocp —1 '

Proof. See Section 8.3. O

4.5 Performance bound

We can combine our error bounds above with the performance bound derived in [23] for pathwise
LSTD. The theorem below shows that using batchTD in place of pathwise LSTD does not impact the
overall convergence rate.

Theorem 5 (Performance bound). Let ¥,, & ®0,, denote the approximate value function obtained
after n steps of batchTD, and let v denote the true value function, evaluated at the states si, ..., ST
along the sample path. Then, under the assumptions (Al)-(A4), with probability 1 — 26 (taken w.r.t.
the random path sampled from the MDP, and the randomization in batchTD), we have

~ ||U - HUHT BRmach)max d 81In % 1 max (
U= Unflr < + - + =+ (20)
I | V1B a-p \w T 'T)]  \n¥ec
—_——— N— —/
approximation error computational error

estimation error

where || f7 s

also (11)).

T 1
Z f(s:)?, for any function f and p' is the minimum eigenvalue of TtI)T(D (see

*ﬂ \

Proof. The result follows by combining Theorem 2 above with Theorem 1 of [23] using a triangle
inequality. O

Remark 8. The approximation and estimation errors (first and second terms in the RHS of (20))
are artifacts of function approximation and least squares methods, respectively. The third term
is a consequence of using batchTD in place of the LSTD. Setting n = T in the above theorem,
we observe that using our scheme in place of LSTD does not impact the rate of convergence of
the approximate value function v,, to the true value function v. Further, the performance bound
in Theorem 5, considering only the dimension d, minimum eigenvalue u and sample size T, is of

the order O (u\/g ) which is better than the order O ( T1/4) on-policy performance bound for
GTD/GTD?2 in Proposition 4 of [26].

Remark 9. (Generalization bounds) While Theorem 5 holds for only states along the sample path
S1,-..,8T, it is possible to generalize the result to hold for states outside the sample path. This
approach has been adopted in [23] for regular LSTD and the authors there provide performance
bounds over the entire state space assuming a stationary distribution exists for the given policy 7
and the underlying Markov chain is mixing fast (see Lemma 4 in [23]). In the light of the result in

12



Theorem 5 above, it is straightforward to provide generalization bounds similar to Theorems 5 and
6 of [23] for batchTD as well, and the resulting rates from these generalization bound variants for
batchTD are the same as that for regular LSTD. We omit these obvious generalizations, and refer the
reader to Section 5 of [23] for further details.

S Iterate Averaging
Iterate averaging is a popular approach for which it is not necessary to know the value of the
constant i (see (A1) in Section 4) to obtain the (optimal) approximation error of order O(n_l/ ).

Introduced independently by Ruppert [37] and Polyak [31], the idea here is to use a larger step-size
Y = co (¢/(c+n))”, and then use the averaged iterate, defined as follows:

1 n
; 21
nﬂgez, Q1)

where 6, is the iterate of the batchTD algorithm, presented earlier. The following result bounds the
the distance of the averaged iterate to the LSTD solution.

AL

n

Theorem 6 (Error Bound for iterate avemged batchTD).
Assume (Al)-(A4). Set v, = ¢ (CJrn) , with o € (1/2,1) and ¢, co > 0. Then, for any 6 > 0, and

anyn > ng = max{L(%)l/“ — 1) c|,0}, we have

in—éTH < (fj_Ac()Z)/z’ and (22)
P(‘ _‘QTH fiAc()Z)p) 1-9, (23)

where

K{4(n) 2Co| C1Cx |00 — O | +f< 20 ><>

1
(n+1)(n+c)”%

+ 2COC*IC’Q (Rmax + (1 + B)H(I)IQnax) \ no
(E1)
+ (Rumax + (14 BYH®? ) ¢“co (2copc™) 70,

E2

Co & Z exp (—copc®(n+¢)' =), C1 £ exp (2¢o(1 + B)PE i (no + 1)),

Cy £ exp (copc®(no + ¢+ 1)' %) ,and

- e N a
KIA@) & ] 1/1ogd 1[2”{ QQ} | 20— a)(cop)

preg copc® a
(23)
2 C; n,
Vnoe (14+8) @ axco(2n0+1) 1 N KIA<n).
(1+8)P2u(n+1) [(n+D)n+c)~3% '
(£4)
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Proof. The proof of both the high probability bound as well as bound in expectation proceed by
splitting the analysis into the error before and after ng. The individual terms in the definition of
KI4(n) can be classified based on whether they are bounding the error before or after ng. In
particular, the term labelled (E4) in the definition of K. 21 A (n) is a bound on the error before ng, while
the terms collected under (E3) are a bound on the error after ng.

While the proof of the bound in expectation involves splitting the analysis before and after ng, the
resulting bound via K{ 4(n) does not have a clear split into additive terms that directly correspond
to before or after ny. However, from the proof presented later, it is apparent that C; arises out of a
bound on the initial error before ng, the term involving the factor labelled (E1) in the definition of
K{4(n) arises out of a bound on the sampling error before n. Further, Cy arises out of a bound on
the initial error after ng and the term labelled (E2) in K{“(n) is used to bound the sampling error
after ng.

For a detailed proof, the reader is referred to Section 8.4. O

A few remarks are in order.

Remark 10. (Explicit constants) Unlike [13], where the authors provide concentration bounds for
general stochastic approximation schemes, our results provide an explicit ng, after which the error of
iterate averaged batchTD is nearly of the order O(1/n).

Remark 11. (Rate dependence on eigenvalue) From the bounds in Theorem 6, it is evident that
the dependency on the knowledge of . for the choice of ¢ can be removed through averaging of the
iterates, while obtaining a rate that is close to 1/\/n. In particular, iterate averaging results in a
rate that is of the order O (1 / n=a)/ 2), where the exponent o has to be chosen strictly less than 1.
Setting o = 1 causes the constant Cy as well as K{*(n), K14 (n) to blowup and hence, there is a
loss of a/2 in the rate, when compared to non-averaged batchTD. However, unlike the latter, iterate
averaged batchTD does not need the knowledge of p in setting the step size 7.

Remark 12. (Decay rate of initial error) The bound in expectation in Theorem 6 can be re-written
as follows:

CoCyCy Hao _ eTH2 const
(n+1) (n+ )/

e

Thus, the initial error is forgotten at the rate O(1/n) and this is slower than the corresponding rate
obtained for the case of non-averaged batchTD (see Remark 2). Hence, as suggested by earlier works
on stochastic approximation (cf. [13]), it is preferred to average after a few iterations since the initial
error is not forgotten faster than the sampling error with averaging.

Remark 13. (Computational cost vs. accuracy) Let €,6 > 0. Then, the number of iterations n

requires to achieve an accuracy e, i.e., ||0, — éTH < € with probability 1 — 6, is of the order
2

0 (62% log (%)) On the other hand, the corresponding number of iterations for the non-averaged
case (see Theorem 2) is O (% log (3)).

6 Recent works: A comparison

Non-asymptotic bounds for TD(0) with linear function approximation are derived in three recent
works — see [10, 6, 22]. In [10, 22], the authors consider the i.i.d. sampling case, while the authors in
[6] provide bounds in the i.i.d. as well as the more general Markov noise settings. As noted earlier in
Remark 7, our analysis could be re-used to derive bounds for TD with linear function approximation
in the i.i.d. sampling scenario, while the case of Markov noise is not handled by us. This observation
justifies a comparison of the bounds that we derive for batchTD to those in the aforementioned
references for TD under i.i.d. sampling, and we provide this comparison below.
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In comparison to the references [6] and [22] listed above, we would like to point out that we
derive non-asymptotic bounds that hold with high probability, in addition to bounds that hold
in expectation. The aforementioned references provide bounds that hold in expectation only.

In [6], the bound in expectation that we derived in Theorem 2 matches the bound derived in [6],
up to constants. Note that our result in Theorem 2, as well as those in [6] are for the projected
variant of TD(0). In addition, we also provide a bound in expectation in Theorem 4 for the
projection-free variant of TD(0).

Continuing the comparison with [6], the bounds in their work require the knowlege of the
minimum eigenvalue p, which is unknown in a typical RL setting. We get rid of this problematic
eigenvalue dependence through iterate averaging, while obtaining a nearly optimal rate of the
order O (n®/?), where £ < o < 1.

The bounds in [10] are for TD(0) with linear function approximation under the i.i.d. sampling
case, allowing a comparison of bounds for batchTD with their results. The bound in expectation
on the error |0, — 0*||, in Theorem 3.1 of [10] is O(-% ), where 0 < o < 3. Here 6, is the
TD(0) iterate, and 6* is the TD fixed point. In contrast, the bound we obtain in Theorem 3

is O(ﬁ) Both results are for the projection-free variant. However, our bound involves a

stepsize that require the knowledge of 4 (see (A1)), while their stepsize is O( ni(, ). Our results

for the iterate-averaged variant in Theorem 6 get rid of this stepsize dependence, and the rate
we obtain for this variant are comparable to that in Theorem 3.1 of [10]. An advantage with
our bounds is that, unlike [10], we make all the constants explicit.

Continuing the comparison with [10], we first note that the high-probability bound in 2 in our

work, which is for the case when p is known, has a rate of order O (ﬁ), while the iterate

averaged variant in Theorem 6 exhibits a rate O (-2 ), where 0 < @ < 3. On the other hand,

ne/2

we find it difficult to infer the rate from the bounds in Theorem 3.6 of [10], as the same depends
on a parameter \ that is below the minimum eigenvalue (which is y in our notation). Further,
our high probability bound in Theorem 2 applies for all n, while that in Theorem 6 is for all
n > ng, with ng explicitly specified (as a function of the underlying parameters). In contrast,
the bound in Theorem 3.6 of [10] applies to sufficiently large n, where the threshold beyond
which the bound applies is not explicitly specified. Finally, we project the iterates to keep it
bounded, while the bounds in [10] do not involve a projection operator. Note that we require
projection for the high-probability bounds, while we derive a bound in expectation for the
projection-free variant (see Theorem 4).

In [22], the authors derive non-asymptotic bounds in expectation, which could be applied for
TD(0) with linear function approximation, or even to our batchTD algorithm. The authors in
[22] derive lower bounds, while we focus on Theorem 1, which contains the upper bound. Our
bound in expectation in Theorem 2 is comparable to that in Theorem 1 there, since the overall
rate is O(ﬁ) in either case, and both results assume knowledge about underlying dynamics
(through the minimum eigenvalue w in our case, while through a certain distribution constant
for setting the stepsize there). Further, unlike [22], we derive bounds for the iterate-averaged
variant, which gets rid of the problematic stepsize dependence, at a compromise in the rate,
which turns out to be O(-), with a < 1.

7 Fast LSPI using batchTD (fLSPI)

LSPI [21] is a well-known algorithm for control based on the policy iteration procedure for MDPs.
We propose a computationally efficient variant of LSPI, which we shall henceforth refer to as fLSPI.
The latter algorithm works by substituting the regular LSTDQ with batchTDQ — an algorithm that
is quite similar to batchTD described earlier. We first briefly describe the LSPI algorithm and later
provide a detailed description of fLSPI.
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7.1 Background for LSPI

We are given a set of samples D = {(s;, a;, 74, s,),i = 1,...,T)}, where each sample i denotes a
one-step transition of the MDP from state s; to s; under action a;, while resulting in a reward r;. The
objective is to find an approximately optimal policy using this set. This is in contrast with the goal of
LSTD, which aims to approximate the state-value function of a particular policy (see Section 3.1).

For a given stationary policy m, the Q-value function Q™ (s, a) for any state s € S and action
a € A(S) is defined as follows:

Q" (s,a) = E Zﬁtr(stﬂr(st)) | so =s,a0 =a . (24)

t=0

In the above, the initial state s and the action a in s are fixed, and thereafter the actions taken are
governed by the policy 7. This function can be thought of as the value function for a policy 7 in state
s, given that the first action taken is the action a. As before, we parameterize the Q-value function
using a linear function approximation architecture,

Q"(s,a) = 07¢(s,a), (25)

where ¢(s, a) is a d-dimensional feature vector corresponding to the tuple (s, a) and 6 is a tunable
policy parameter.

LSPI is built in the spirit of policy iteration algorithms. These perform policy evaluation and policy
improvement in tandem. For the purpose of policy evaluation, LSPI uses a LSTD-like algorithm
called LSTDQ, which learns an approximation to the Q- (state-action value) function. It does this for
any policy 7, by solving the linear system

07 = A7 by, where (26)
) L T ) T
Ap = T ;Qﬁ(% a;)(p(si, a;) — Bo(si,m(s;)))", and by = T! ;Tz‘¢(5ivai)~

As in the case of LSTD, the above can be seen as approximately solving a system of equations similar
to (6), but in this case for the Q-value function. The pathwise LSTDQ variant is obtained by forming
the dataset D from a sample path of the underlying MDP for a given policy 7 and also zeroing out
the feature vector of the next state-action tuple in the last sample of the dataset.

The policy improvement step uses the approximate Q-value function to derive a greedily updated
policy as follows:

7' (s) = argmax 0" ¢(s, a).
acA

Since this policy is provably better than 7, iterating this procedure allows LSPI to find an approxi-
mately optimal policy.

7.2 fLSPI Algorithm

The fLSPI algorithm works by substituting the regular LSTDQ with its computationally efficient
variant batchTDQ. The overall structure of fL.SPI is given in Algorithm 2.

For a given policy 7, batchTDQ approximates LSTDQ solution (26) by an iterative update scheme
as follows (starting with an arbitrary 6):

Ok = Op—1 + Yk (i, + BOL_10(s],, 7(s],)) — Oh_10(s4,, ai,.)) D54, i) (27)

From Section 3, it is evident that the claims in Proposition 1 and Theorem 2 hold for the above scheme
as well.

Remark 14. Error bounds for fLSPI can be derived along the lines of those for regular on-policy
LSPI in [23], and we omit the details.
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Algorithm 2 fLSPI

Input: Sample set D £ {8iyai,74, 8} lT:l, obtained from an initial (arbitrary) policy.
Initialization: ¢, 7, step-sizes {7 }],_,, initial policy 7o (given as 6p).
T < T, 0« 90.
repeat
Policy Evaluation
Approximate LSTDQ(D, 7) using batchTDQ(D, 7) as follows:
fork=1...7do
Get random sample index: i, ~ U({1,...,T}).
Update batchTDQ iterate 6, using (27).
end for
0 — 0., A=|60-0,.
Policy Improvement
Obtain a greedy policy 7’ as follows: 7/(s) = argmax, ¢ 4 0’ ¢(s, a).
00,77
until A < e

8 Convergence proofs

Let F,, denotes the o-field generated by 6, ..., 0,,n > 0. Let
fn(0) £ (ri, + B0 4(s7,) — 0" ¢(s0,)) ¢(si,)- (28)

Recall that we denote the current state feature (T x d)-matrix by ® = (é(s1)7, ..., ¢(s7)), the
next state feature (7' x d)-matrix by ® £ (¢(s])", ..., ¢(s%)), and the reward (T’ x 1)-vector by
R = (r1,...,77)". Recall also that the LSTD solution is given by

O 1 _
Or = AL'by, where Ap = T((I’T(I’ — B®"®') and by = T@TR.

Finally we note also that the pathwise LSTD solution has the same form as above, except that
Q' & PO = (¢(sh)T,...,p(sh_,)7,07), where O is the d x 1 zero-vector.

8.1 Proof of asymptotic convergence
Proof of Theorem 3 (batchTD without projection):

Proof. We first rewrite (10) as follows:
Hn - en—l + Tn (_ATen—l + BT + AMn) 3 (29)

where AM,, = f,(0n—1) — E(fn(0n—1) | Fn—1) is a martingale difference sequence, with f,,(-) as
defined in (28).
The ODE associated with (29) is

0(t) = q(0(t)),t > 0. (30)

In the above, q(0(t)) = —Ar0(t) + br.

To show that 6,, converges a.s. to 9T, one requires that the iterate 6,, remains bounded a.s. Both
boundedness and convergence can be inferred from Theorems 2.1-2.2(i) of [8], provided we verify
assumptions (A1)-(A2) there. These assumptions are as follows:

(al) The function ¢ is Lipschitz. For any n € R, define ¢,(§) = ¢(n6)/n. Then, there exists a
continuous function g such that ¢, — g as 7 — oo uniformly on compact sets. Furthermore, the
origin is a globally asymptotically stable equilibrium for the ODE

0(t) = —qoo (0(1)). 31)
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(a2) The martingale difference {AM,,,n > 1} is square-integrable with
2 2
E[[[AM 415 | Fo] < Co(1+ [|0n]3), n =0,

for some Cy < oc.

We now verify (al) and (a2) in our context. Notice that g, (6) L2 _Ar0 + by /m converges to
Goo(0(t)) = —Ar0(t) as n — oo. Since the matrix A7 is positive definite by (A1), the aforemen-
tioned ODE has the origin as its globally asymptotically stable equilibrium. This verifies (al).

For verifying (a2), notice that

2 2
E[AMyi1llz | Fo] <E[[| fat1(02)ll3 | F]
<(RinaxPmax + (14 )P 10n]l2)?
The first inequality follows from the fact that for any scalar random variable Y,

E(Y — E[Y | Fn])?> < EY2, while the second inequality follows from (A2) and (A3). The claim
follows. O

Proof of Theorem 1 (batchTD with projection):

Proof. We first rewrite (10) as follows:
en =7 (911—1 + Yn (*ATen—l + ET + AMn)) ; (32)

where AM,,, F,, and f,,(6) are as defined in (28).

From (A3) and the fact that the iterate 6,, is projected onto a compact and convex set C, it is easy to
see that the norm of the martingale difference A M,, is upper bounded by 2 (Rmax@max +(1+58)H @fnax) .
Thus, (32) can be seen as a discretization of the ODE

O(t) = T(—Arf(t) + br), t >0, (33)

where Y(6) = lim,_,o [(Y (0 + 7f(0)) — 0) /7] , for any bounded continuous f. The operator T
ensures that § governed by (33) evolves within the set C that contains 6. As in the proof of Lemma
4.1 1in [47], we have

)

0= (b, —Ardy + br) < —n o] + [l o]

~ b
where the inequality follows from (A1). From the foregoing, we have that HHTH < % < H=
2
Or € C. Following similar arguments as before, it can be inferred that at any boundary point 6 of
C, (0, —A0 + br) < 0 and hence the ODE (33) has the origin as its globally asymptotically stable
equilibrium. The claim now follows from Theorem 2 in Chapter 2 of [7] (or even Theorem 5.3.1 on

pp. 191-196 of [19]). O

8.2 Proofs finite-time error bounds for batchTD

To obtain high probability bounds on the computational error ||6,, — 67]|2, we consider separately the
deviation of this error from its mean (see (34) below), and the size of its mean itself (see (35) below).
In this way the first quantity can be directly decomposed as a sum of martingale differences, and then
a standard martingale concentration argument applied, while the second quantity can be analyzed by
unrolling iteration (10).

Proposition 1 below gives these results for general step sequences. The proof involves two
martingale analyses, which also form the template for the proofs for the least squares regression
extension (see Section 10), and the iterate averaged variant of batchTD (see Theorem 6).

After proving the results for general step sequences, we give the proof of Theorem 2, which gives
explicit rates of convergence of the computational error in high probability for a specific choice of
step sizes.
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Proposition 1. Let z,, = 0,, — éT, where 0,, is given by (10). Under (Al)-(A4), we have Ve > 0,

(1) a bound in high probability for the centered error:

62

P(Hanz—EHanlg 26) <exp|— 7,, s (34)
4 (Rmax + (14 B)H®Z,,.)* Y L2
k=1

where Li, £ i 171 (1= (2 — 3, (14 8)2@1,,0)12,

(2) and a bound in expectation for the non-centered error:

2

E (||2nl5)* H (1 =2 = (1 + 8)*Ppa)) 20l 35)
initial error
1 2
+43 R [T —@r— 7+ 8)20L) | (Rumax + (1 +8)HD2,,)".
j=k

sampling error

As mentioned earlier, the initial error relates to the starting point 6y of the algorithm, while the
sampling error arises out of a martingale difference sequence (see Step 1 in Section 8.2.2 below for a
precise definition).

We establish later, in Section 8.2.3, that under a suitable choice of step sizes, the initial error is
forgotten faster than the sampling error.

We claim that the terms of the form 1 — ~;(2u — ;@4 ... (1 + 3)?), which go into a product in
the Lipschitz constant L; as well as in the initial/sampling error terms of the expectation bound, are
positive. This claim can be seen as follows:

1- ’Yj (2/1 - ryjq)?nax(l + /8)2) 1- 27J(1 + 6) max + 7_] Cpilnax(l + B)z
= (1 -1 +8)92,,)° >0, (36)
where the inequality above follows from the fact that u < (1 + 3)®2, .

In Section 8.2.3, to establish the rates of Theorem 2, we first prove that Y ., L; is an order 1/n
term and the claim of positivity of L; is necessary for the aforementioned proof.

8.2.1 Proof of Proposition 1 part (1)

Proof. The proof gives a martingale analysis of the centered computational error. It proceeds in three
steps:
Step 1: (Decomposition of error into a sum of martingale differences)

Recall that z,, £ 6,, — 67. We rewrite |znlls — E||2n||5 as follows:

n

2nlly = Ellznlly = D (95 — g5-1) = Y Di, (37)
k=1

k=1

where g, £ E[||2,l, | Fr], Dk £ g — Elgx | Fx—1], and F, denotes the o-field generated by the
random variables {6;,7 < k} for k > 0.

Recall that fi,(6) £ (67 (s;,) — (73, +B07G(s}, )))p(si, ) denotes the random innovation at time
k given that 0;,_; = 6.
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Step 2: (Showing that g, is a Lipschitz function of the random innovation f;)*

The next step is to show that the functions gj, are Lipschitz continuous in the random innovation
at time k, with Lipschitz constants L. It then follows immediately that the martingale difference
Dy, is a Lipschitz function of the &% random innovation with the same Lipschitz constant, which is
the property leveraged in Step 3 below. In order to obtain Lipschitz constants with no exponential
dependence on the inverse of (1 — 8)u we depart from the general scheme of [14], and use our
knowledge of the form of the random innovation f}, to eliminate the noise due to the rewards between
time & and time n:

Let @?(0) denote the value of the random iterate at instant j evolving according to (10) and
beginning from the value 6 at time k.

First we note that as the projection, T, is non-expansive,

EO@%@—GﬂWM\Eq)
<E (||€}_1(0) = ©}_1(8") = %,1£5(©41(0)) = £5(©% @], | Fi1) -
Expanding the random innovation terms, we have

OF_1(0) — ©5_1(8') — ;1 f5(85_1(8)) — £;(©F_1(6"))]

=0F_,(0) —05_1(¢) — [¢(Szg)¢(3z‘]) — Bo(si;)e(s;,) (051 (8) —©5_1(6")

= [I = 750;)(05_1(6) — ©7_1(¢)), (38)
where a; £ [B(si,)p(si,)" — qu(sij)qb(s;j)T]. Note that

aja; = ¢<sij>¢<sijf¢<sij>¢<sij>T

+ B20(s} )¢(5ij) ¢(sij)¢(8§j)T
- Hd) Si; Hz[ SZJ (Sij)T
—B(o(si;)d(si,)" + d(si,)(s;)") + ﬁ2¢>(82j)¢(8‘,)1 :

i

Recall that 7 2 (4(s1), ..., d(s7)) and " £ (¢(s1), ..., d(s7)"). Let A 2 diag(||(s1)3, - - -,
||¢(5T)||§) Then, for any vector 6, we have

E (0" (I —~ja;)" (I —~;a;)0 | Fj—1)
= 0"E(] — vjlaj + a; —vjaja;])0 | Fj-1)

= |61l5 — WT% 2070 — 5 (070" + @' 0)
—7; (TAD — B (D TAD + BTAP) + 5D TAP)] 6 (39)
<1612~ 22013 + 367 7 (372 — 5 (7 AD + FTA)) 6+ 57 [6]3 B (40)
< (1= 7521 = 9 ®hax (L + 8))) 10]13 - (41)

For the equality in (39), we have used that Zle (sk)d(sk)" = ©"P and similar identities. Further,
the inequality in (40) can be inferred using the following fact:

Amin (2070 — B (2@ + @7P')) = Ain (270 — SO @) + (27D — SO/ P)T)
= Amin (T (AT + A;‘)) > 2Tﬂa

“4For notational convenience, we have not chosen to make the dependence of gj, on the random innovation fj, explicit. The
Lipschitzness of g, as a function of f, is clear from equation (43) presented below.
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where we have used assumption (A1) for the last inequality above. The last term in (40) follows from
|07 TADG| < H9||2 o ax» Where we have used assumption (A2) that ensures features are bounded.
The inequality in (41) can be inferred as follows:

\9 (DTAD + DTAD') 0] < 20][5 PL .
—210] @k <07 (DTAD + DTAD) 0
= HT(<I>TA<I> — B (2"AD + PTAD') + 20T AP')0
< H9||2 (1 + 2ﬂ + 6 ) max (1 + B)Qanax ||€||§ :
In the above, we have used the boundedness of features to infer |§T®TAPH| < HGH2 and

max
07" AD'] < |05 e
Hence, from the tower property of conditional expectations, it follows that:

E[[[0k0) - 05@)|I;] = E [E ([[ek®) - @52(9’)\!3 | Far)]
< (1= (28— mPhax(1+ 8)%)) E [H@n 1(0) — Ok 1(9')||ﬂ

n

[T (= @r—yeha G+ 82| 100 (42)
Jj=k+1

IA

Finally, writing f and f’ for two possible values of the random innovation at time k, and writing
0 =0k_1+vfand 0 = 0;_1 + v, f’ and using Jensen’s inequality, we have that

[ — or ] 10 = 0] [} ~ b, 16 = ]
<E[||e @) -k @)|,] < Lelf = fl,, (43)

which proves that the functions g, are Lj-Lipschitz in the random innovations at time k. Recall that
Dy, = g — gr—1, and hence, the Lipschitz constant of Dy, is max (L, Ly_1). However, from (36),
we have L, > Lj_1, leading to a Lipschitz constant of Ly, for Dy.

Step 3: (Applying a sub-Gaussian concentration inequality)

Now we derive a standard martingale concentration bound in the lemma below. Note that, for any
A >0,

B(|zally — Ellzally > €) = (ZDk>e><exp< M)E <exp< Zm))

k=1

= exp(—A\ <exp( ZDk> (exp (ADy) | Fra )) .

The last equality above follows from (37), while the first inequality follows from Markov’s inequality.
Let Z be a zero-mean random variable (r.v) satisfying |Z| < B w.p. 1, and g be a L-Lipschitz
function g. Letting Z’ denote an independent copy of Z and e a Rademacher r.v., we have

E (exp (Ag(Z))) = E (exp (A (9(Z) — E(9(Z))))
< E(exp (A (9(Z2) —9(Z)))) (44)
=E(exp (A (9(Z2) — 9(Z)))) (45)
<E (exp (X (9(2) - 9(2))° 2)) (46)
gE(eXp ()\QLQ (Z — 2" 2/2) (47)
<exp (\’B*L?/2). (48)
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In the above, we have used Jensen’s inequality in (44), the fact that distribution of g(Z) — g(Z’) is
the same as £(g(Z) — g(Z')) in (45), a result from Example 2.2 in [45] in (46), the fact that g is
L-Lipschitz in (47), and the boundedness of Z in (48).

Note that by (A3), and the projection step of the algorithm, we have that | fx(0;—1)| < (Rmax +
(14 B)H®2,,.) is a bounded random variable, and, conditioned on F,_1, Dy, is Lipschitz in f,(6x_1)

with constant ;. So we obtain

A2 (Rupax + (1 + B)HD2, )" 12
E (exp(ADy) | Fn_1) §exp< ( (1+5) ax) Ln ,

2
and so
A2 (R + (14 B)H®Z,,) " &
F(l|zally — E | nlly > €) < exp(~Ae) exp ( (o 5 =) 5 L) (49)
k=1
The proof of Proposition 1 part (1) follows by optimizing over A in (49). O

8.2.2 Proof of Proposition 1 part (2)

Proof. The proof of this result also follows a martingale analysis. In contrast to the high probability
bound, here we work directly with the error, rather than the centered error, and split it into predictable
and martingale parts. Bounding the predictable part then bounds the influence of the initial error, and
bounding the martingale part bounds the error due to sampling.

Step 1: (Extract a martingale difference from the update)
First, by using that Ap = E((é(s;, ) — sz)(s;”))cb(sin)T | Fr—1) and that E(fn(éT) | Fro1) =0,
we can rearrange the update rule (10) to get

en—l - éT - ’Ynfn(en—l) = en—l - éT - ’Vn(E(fn(en—l) + AMn)
= (I - PYHAT) Zn—1 — ’}/TLAMTI?
where AM,, := f,,(0n—1) — E(fn(6n—1) | Fr—1) is a martingale difference.
Step 2: (Apply Jensen’s inequality to the square of the norm)
From Jensen’s inequality, and the fact that the projection in the update rule (10) is non-expansive, we
obtain
E (llznll, | ‘7:71—1)2 < E((2n, 2n) | Fa-1)
<E((On-1 = 07 = Ynfn(0n-1),0n—1 = 07 = Y fu(On-1)) | Faa)

E(<(I - 'YnAT) Zn—1 — ’YnAMna (I - fYnAT) Zn—1 — 'YnAMn> | ]:nfl)
=271 (I =9 Ar) (I =3 Ar) 201 + V2E ((AMy, AM,) | Fooy) (50)
el || (7 = 7aAr)" (1 =0 Ar) | +2E (|AMal3 | Fams ) -

IA

Note that the cross-terms have vanished in (50) since AM,, is martingale difference, independent of
the other terms, given F,,_1.

Step 3: (Unroll the iteration)
Using assumptions (A1) and (A2)
H(I — Y Ar) (I — %AT)HQ = H(I — (A} + Ar) — %ATTAT)HQ (51)
<1 =720 = (1 + )* ) (52)
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Furthermore, by assumption (A3), and the projection step, the martingale differences AM,, are
bounded in norm by 2(Rmax + (1 + B)H®2,, ). By applying the tower property of conditional
expectations repeatedly together with (52) we arrive at the following bound:

n 2

E (|20 l5)* < [T (1 = @0 — 31+ 8)*@h.0) 120l

k=1

2

+4) R TTO=%@r =0+ 8)°Ph) | (Rmax + (1+ B)HPZ,)
=1 =k

8.2.3 Derivation of rates given in Theorem 2

Proof.

To obtain the rates specified in the bound in expectation in Theorem 2, we simplify the bound in
expectation in Proposition 1 using the choice v, = 55, with ¢o € (0, u((1 + B)2®4..) "] and
2¢cocp € (1,00). Consider the sampling error term in (35) under the aforementioned choice for the
step size.

n n
S| T @ =v@u =1+ 8)*@h.0)
k=1 j=k+1
n n
=Y vtexp 2 ) In(1—5Q2u— v+ p8)°Ph.,) (53)
k=1 j=k+1
_N A exp | 2 i: In (1 coc (2@ (1 + B)*® ))
= 5 - . - max
= (c+k) Pt ctj ctj
< z”: b exp | 2 z”: In (1 COCM) (54)
— 2 - . .
= (c+k) Pt ctj
"Lcde? = 1
< Z o exp | —2cocp Z — (55)
< 5 .
2 et RaNeS
< 2P (c4n+ 1) 20k Z c+k+1)%0% (e k)2 (56)
k=1
2.2 2

< cgcle
~ (2cocp—)(n+c+1)

(57

In the above, the inequality in (53) uses the fact that 1 — ~; (2u — 7; (1 + 3)? max) > 0, a claim
that was established earlier in (36). The inequality in (54) uses ¢y € (0, u((1 + 3)2®2 . )~!]. The

inequality in (55) follows by using In(1 4+ u) < u. To infer the inequality in (56), we compare to an
integral, using that 37, (¢ + )" > f::tfkl -1 ¢~ 'dz because the LHS is the upper Riemann

sum of RHS. Now, evaluating the integral of 2!, the exponential term inside the summand of (55)
becomes:

exp | —2cocp Z (c+7)7' | <exp(—2cocu[ln(c+n+1) —In(c+k+1)])
Jj=k+1

= (c+n+1)720% (c+ k + 1)>0%,
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and the inequality in (56) follows by substituting the bound on the RHS above. We obtain the final
inequality, (57), by upper bounding the term >_,_, (k 4+ ¢ + 1)2°“*(k + ¢) =2 on the RHS of (56) as
follows:

n

> (k4170 (k4 c)? =

k=1

(R +e)(1+1/(k + ) > (k + )2

NE

El
Il

1

(14 1/¢)*(k + ¢)?@*(k +¢) 2 (58)

M:

k=1
<3k gt e
k=1
n+1
< 62/ (x+c>2(coclt—1)dx (60)
=0
62(TL+C+ 1)—(1—2000u)

(2cocp — 1) ’

where the inequality in (59) holds because

2 2
M 4
C < <1.
e NN (R P (@) =

Further, the inequality in (59) follows from the fact that (1 + 1/¢)?¢ < €2 for all ¢ > 0 and the
inequality in (60) follows by comparison of a sum with an integral together with the assumption that
cocp > 1.

Similarly, the initial error term in (35) can be simplified from the hypothesis that cocp € (1, 00)
and co € (0, u((1+ B)2®2% ) ~1] as follows:

H 1 — VK 2”’ 7/@(1 + ﬁ) max)
k=1

1 c+ 1\ "
< — < 61
< exp COCM;C_H. _(HC) (61)
The last inequality above follows again from a comparison with an integral: ZJ N 041_] > fcc;rln x ldx =
In 222 So we have,
E[6. 0|, < [0 = b], VT T | 2ec0c(Rux + (11 B)HPE)
S (n + ¢)cocr—1 V2cocp — 1
1
62
—, (62)

and the result concerning the bound in expectation in Theorem 2 now follows.
We now derive the rates for the high-probability bound in Theorem 2. With v,, = 2 and

et
co € (0, u((1 + B)2®2..) 1, we have

ingi o m( 15 (14 0rat )
8 Z o ( - c%f/;)) ©

i= 1+1
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< Z Ccicz exp [ —cocp Z (64)

j= z+1
C%C2 " . 1)coct (; —92 65
ﬂm@iwﬁ>ﬁm- @
=1
62026 - —(2—ecpe
S oy ey 27T )

1

Inequality (63) follows from the assumption on ¢y. To obtain the inequality (64), as in the rates for
the bound in expectation, we have taken the exponential of the logarithm of the product, brought the
product outside the logarithm as a sum, and applied the inequality In(1 — z) < z which holds for
x € [0,1). The inequality in (65) can be inferred in a manner analogous to that in (56), while that in
(66) follows in a similar manner as (59).

We now find three regimes for the rate of convergence, based on the choice of c. Each case is
again derived from a comparison of the sum in (66) with an appropriate integral:
>, L? = O((n+ ¢)®*) when cocp € (0,1),
() >, L2 = O (n~!Inn) when cocp = 1, and

(i) Y0, L7 < csgffl) (n+¢)~! when cocp € (1,00).
Thus, setting ¢ € (1/(cou), 00), the high probability bound from Proposition 1 gives
2
B ([0~ 0|, = [|on s, > ) <o (- DY, (67)
2 2 4KM70700,5

2 2 2
COC € (Rmax + (1 + ﬂ)Hq)mmx)
where K, ¢ co 5 2 (cocpr — 1)

now follows. O

. The high probability bound in Theorem 2

8.3 Proof of expectation bound for batchTD without projection

The proof of the theorem follows just as the proof of Theorem 2 but using the following proposition in
place of Proposition 1 part 2. The proof of the following proposition differs from that of Proposition
1 part 2 in that the decomposition of the computational error extracts a noise term dependent only on
6 rather than on 6,,, and so projection is not needed.

Proposition 2. Let z, = 0,, — 07, where 0, is given by (10) with Y(0) = 0, V0 € R% Under
(Al)-(A4), we have Ve > 0,

n 2
E (|| 2nll,)? H 1= (2 — (1 + 8)* @) ||ZO||2] (68)

initial error
2
n—1

#3352 | TI0 =@ =20+ 9208 | (Ruvwe+ (145 ]| 92,

Jj=k

sampling error

Proof.
Step 1: (Unrolling the error recursion)

First, by rearranging the update rule (10) we obtain an iteration for the computational error z,, =
0., — O, and subsequently unroll this iteration:

Zn = 0p — éT =01 — éT - ’Ynfn(enfl)
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= (I = u(@(si,) — Bo(si,))H(5:,)7) 201 — Yufu(Or)

=720 — Y Iy fr(fr).
k=1
where IT} £ []7_, (I — (i) — 5¢(s;j))¢(sij)T) for1 < k <n,and II? = I for k > n’. In
the above, we have used that the random increment at time n has the form f,,(6) = (07¢(s;, ) — (v, +

BO¢(s; )))P(sq,). Notice that by the definition of the LSTD solution, we have that E( f,, (07) |
Fn-1) =0, and so fn(éT) is a zero mean random variable.

Step 2: (Taking the expectation of the norm)

From Jensen’s inequality, we obtain

E (lznly)? < 325E (I '11}) 20 +3 Y 2E (fulOr) I Wi fuOr)) . (69)
k=1

where we have used the identity ||z — y||§ <3 H$||§ +3 Hy||§ for any two vectors x, y.
Using assumptions (A1) and (A2), we have

s\
3
—
=
<

BT = 3 (0(s2,) = Bo(, Do(s5,)) (1 = yal@(si,) = B,
= B (I = 7 ((6(5,) = B(s7,))(50,)" = (i, )((s4,) — B (57, )"

92 (ll6s:, )3 = 280805, ), dlsi, ) + 82 (51, )[5) #(si, osi))) |

<1 =7 (2 = (1 + B)? @) (70)

Furthermore, by assumption (A3), the random variables f,, (éT) are bounded in norm by Ryax + (1 +
B) HéT H2 ®2 . So, by applying the tower property of conditional expectations repeatedly together

with (70) we arrive at the bound:

n 2
E(llzall) < | 3 [H (1= (20 = (1 + B)* @) IIZollgl

k=1
+3> i H1 1= (20 = 7 (1 + B)*®},0) (Rmax +(1+5) H%H2 <I>?nax)2
k=1 j=k

Proof of Theorem 4

5 Ki(n)
o= r], < o
projected and K (n) is as defined in Theorem 4. Once we have Proposition 2 in place, the bound
mentioned before follows using a completely parallel argument to that used in Section 8.2.3 to prove
the bound in expectation in Theorem 2 for projected batchTD. O

Proof. We need to prove that £ ’ , where 6,, is the batchTD iterate that is not

5One usually sees terms of the form B(si;)(p(si;) — 6¢(s’ij )), whereas we use a transposed form to simplify handling
the products that get written through the H;? matrices.

26



8.4 Proofs of finite time bounds for iterate averaged batchTD

For establishing the bounds in expectation and high probability, we follow the technique from
[13], where the authors provide concentration bounds for general stochastic approximation schemes.
However, unlike them, we make all the constants explicit and more importantly, we provide an explicit
iteration index ng after which the distance between averaged iterate 0,, and LSTD solution GT is
nearly of the order O(1/n). For providing such a ng, we have to deviate from [13] in several steps of
the proof.

Proof of the bound in expectation in Theorem 6:

Proof. We bound the expected error by directly averaging the errors of the non-averaged iterates, i.e.,

”_9TH2§ n—l—lZEHek_eTH2' D
k=0

For simplifying the RHS above, we apply the bounds in expectation given in Proposition 1. Recall that

the rates in Theorem 2 are for step sizes of the form v, = 7, while iterate averaged batchTD uses a

different step size sequence. In the following, we specialize the bound in expectation in Proposition 1

for the new choice of step-size sequence and subsequently, average the resulting bound using (71) to

obtain the final rate in expectation in Theorem 6. Let v,, = ¢o (¢/(c +n))“. We assume n > no, i.e.,

coc™
(c+mn)e

Using Proposition 1 followed by a split of the individual terms into those before and after ng, we have
2
(]
2

n—1
+427k H 1_’VJ(2N 7](1-'_6) max) (RmaX+(1+ﬂ)Hq)r2nax)2

( + B) max < . (72)

0, — Or

‘2) lH 1— (20 — (1 + B)*@p.)) 0]l

= l_i)[(l—’yk<2u_’)’k( +5) max))
k=1

n

< [T (0 =w@e =%+ 8)°@h.0)) [zl
k=no+1

2
no

n—1
+4Z’7k H 1_’VJ(2M 7](14_6) max) (RmaX+(1+ﬁ)H®§r1ax)
j=k
2

+4 Z ’YI% H 1 — 7 2/” - ’YJ(l + /8) max) (Rmax + (1 + B)H(I)?nax)

k=no+1 j=k
no 9 n 2
< H ( (1 + ﬂ) max & ) H (1 - ’)/k(Qlt - ,Yk(l + 6)2(I)ilnax)) ||ZOH2
k=1 k=no+1
2 — 2
+4Zco [0+ me2nw?| | TI -+ 82k,
Jj=k j=ng+1

X (R + (1 + B)H®?, )
2

n—1
+4 Z V2 TT —7@u =21+ 82k | (Runax + (14 B)HEZ,,,) (73)
k=no+1 j=k

27



k=no+1 (C+ k

< |1+ +8)2%.,)" ] (1—‘%) ||zo|2]

n—1 @
+ 4nocd (1 +eo(1+8)P max)4n0 H (1 - (,ucoc> (Rmax + (1 4+ B)H? )

j=no+1 C+])a
—1 2
cie peoc® 2 2
+4 —0___ <1 - ) Rumax + (1 4+ B)H®Z 74
k;ﬂ +k 2a Jlj[k (C+])a ( ( ﬂ) a) ( )

n - 2
exp (200(1 + ﬂ) max TV ) exp <_/U'CO Z (C—ik‘)a) ||Zo||2]

k=no+1

n—1 o

c
+ 4nocd exp (4co(1+ B)®2..n no) exp | —2uco Z =
PRl Chl)

X (Rmax + (1 4+ B)H®? )

max

— c® 2
4 -2 —— | (Ryax + (1 H®? )

In the above, the inequality in (73) can be inferred from the following:

(1 77k(2/u‘ 7k(1+6) mnx)) (1+2(1+ﬂ) ax7k+ (1+ﬂ) ax’}/z)
< (14 (1+B)Phco) (75)

where we have used the fact that ;x > 0 and 7y, < co. To obtain the inequality in (74), we have
split the product at ng, and, when k < ng, we have used (1 + z)™0 = ™0 In(1+z) < e*™0 and when
k > mngo, we have applied (72). For the final inequality above, we have exponentiated the logarithm of
the products, and used the inequality In(1 + z) < z in several places.

With C; and C as defined in the statement of Theorem 6, we have that

w—0r|, < Crexp (—cone ((n+ )"~ = (no + e+ 1)) |60 — br

+ (Rmax + (1 + B)H®Z,,) .<4noch’12 exp (—2copc®((n+¢)' = — (ng +c+1)' %)

1
2

+ Z c (k e ) exp (—2copc®((n+¢)' = = (k+¢)'™) > (76)

k=no+1
=exp (—couc®(n+c)' =)

CiCs |00 = br ||+ (Runax + (14 B)H2,,,)

max

n 2c 2
X {4n003012022 + Z 6(2) <]<IJch> exp (QCouca((k + c)l—a)}

k=no+1

N
1

<exp (—copuc®(n+c)'=)

C1Cy H90 - éTHQ + (Rmax + (1 + B)HPZ,,,)

max

n—+c
X {47100(2)6’12022 2“0(2)/ z 7 exp (2copc®z' ) dm} a7n
1

S
| S
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<exp (—couc®(n+c)' =)

X

max

C1Cs |6 - Or|| + (Fuax + (14 B HOL,,)

2a

X {4n0c80120§ + 22 (2copc™) T

(n+c) (2copc™)1/ =) H
x / y 2% exp(y' " M)dy p . (78)
(

200/1,0“)1/(17&)

In the above, the inequality in (76) follows by an application of Jensen’s Inequality together with the
fact that Z;’;,i(c +j)7 > fjn:k(c +37)7%j = (c+n)'=* — (¢ + k)=, To obtain the inequality
in (77), we have upper bounded the sum with an integral, the validity of which follows from the
observation that z — 2~2%%" " is convex for z > 1. Finally, for arriving at the inequality in (78),

we have applied the change of variables 3 = (2couc®)/ (=) g,

Now, since 2% < —2-((1 — a)y~2* — ay~1+®) when y > (12_—“&) =" we have
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1

and furthermore, since y — 3~ 2% exp(y! ~%) is non-decreasing for y < (2—(*) ", we have

-«

1
2a

(lfa)m 2 1 2a ﬁ
/ Yy Yexp(y “)dy <e < > :
1
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Plugging these into (78), we obtain

B|

0, — éTH
2
< exp (—cope(n + 0)'~)
A 2
(e fo-or] v (2
+2000102 (Rmax + (1 + B)H(bfnax) \/%)

2

+ T—a (Rmax + (14 ﬁ)H@fnax) c“co (2copc®) - (n+ c)*% (79)

2(11704) o
c%eo (2cuc®) T==

The bound in expectation in the theorem statement can be inferred by using the inequality above in

s = S
:=0

5|

)

2

followed by a straightforward bound on the sum of the first exponential term on the RHS of (79),
using the constant Cj. O
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Proof of the high probability bound in Theorem 6:

The proof of the high probability bound is considerably more involved than the proof of the bound
in expectation in Theorem 6. We first state and prove a bound on the error in high probability for the
averaged iterates in Proposition 3 below. This result is for general step-size sequences and can be
seen as the iterate average counterpart to Proposition 1.

Proposition 3. Let z,, = 0, — éT. Under (Al)-(A3) we have, for all ¢ > 0 and ¥n > 1,

€2

2(Rmax + (1 + B)H(P?nax)Q Z L%n

m=1

P(lzally = Ellznlly > €) <exp | =

l
; 1 1/2
where L; £ 25 ( i T (L= 24120 — (14 B)* Praxvj+1))) )
j=i

Proof. Recall that z,, denotes the error of the algorithm at time n, which in this case is z,, = 6, — 0.
The proof follows the scheme of the proof of Proposition 1, part (1), given in Section 8.2:
Step 1: As before, we decompose the centered error ||z, ||, — E||2,]|, as follows:

Iznlly = E ll2nlly = D, (80)
k=1

where Dy, £ g, — E[gx, | Fr—1] and g = E[||2n]l5 | Fi ]-

Step 2: We need to prove that the functions gj, are Lipschitz continuous in the random innovation at
time k with the new constants L. Recall from Step 2 of the proof of the high probability bound in
Theorem 1 in Section 8.2 that the random variable ©F (§) is defined to be the value of the iterate at
time n that evolves according to (10), and beginning from 6 at time k. Now we define

Ok (9 Lé_ki
Cn+1 n+1j

e (0).
=k

Then, letting f and f’ denote two possible values for the random innovation at time k, and setting
0 =0k 1+vfand 0 = 0,_1 + v f’, we have

n

— L A - 1
E[|©7 (B5-1,0) = O (01, 0)[l, =B | == > _ (67 (6) = OF (¢))
=k 2
n l
fnilZ [T (= @u—y(+82eh.0) " 1 = 7l 81)

1=k j=k+1

where we have used (42) derived in Step 2 of the proof the high probability bound in Proposition 1.
Hence, similarly to Step 2 of the proof of Proposition 1, part (1), we find that g, is Lj-Lipschitz in
the random inovation at time k, and so Dy, is also.

Step 3 follows in a similar manner to the proof of Proposition 1, part (1). [

We now bound the sum of squares of the Lipschitz constants L,,, when the iterates are averaged

c+n
that helps in establishing the order O(n*‘"/ 2) rate for the high-probability bound in Theorem 2,
independent of the choice of c¢. Recall that in order to obtain this rate for the algorithm without
averaging one had to choose couc € (1, 0).

and the step-sizes are chosen to be v, = g ( < > for some a € (1/2,1). This is a crucial step
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Lemma 7. Under conditions of Theorem 6, we have

n o(148)D2, co2no+1) |
< 82
LS e | e ®
1 2 175 91 ‘o
a |-« —a)(com)®
W copc® « n+1
Proof. Recall from the statement of Theorem 6 that n satisfies,
coc™
m( + 8)Ppax < 1 (84)
Recall also from the formula in Proposition 3, that:
- n—1 1 12
L= n; 1 ST =vm@u— 1+ B8 Phavisr)))
l=i+1 j=i
We split the bound on the sum into two terms as follows:
no— 1
Y-S ey ®
1= no
The first term in (85) is simplified as follows:
no—1 no—1 i no l 12 2
L= | | 2 A= ae— 0+ B)ehu0541))
i=1 i=1 I=i+1 j=i
2
1 nofl
smz co ZHH 1+ B)®7xc0)) (86)
=1 l=i+1j=1
no 2
" —1
n+1 Z o(1+ (1+ B)@%0c0)®™ > (1+ (1+ B)@F0ic0) (87)
i=1 =1
2
1 5 [(L+(1+p8)0} = o)t
jast X 88
—<n+1>2c°”°[ A+ B2 c ®
(1+[3)<1>?mxc (2no+1)
< no 0(2n0 (89)
T (n+1)? (14 B)PZax

In the above, the inequality in (86) follows from (75). , while the inequality in (86) applies the form
of the step sizes. In obtaining the inequality in (87), we have replaced ¢ with 1. For the inequality in
(88), we have used the formula for the sum of a geometric series, and for the final inequality we have
used that (1 4 z)"0 = o n(+42) < eono,

We now analyze the second term in (85). Notice that

n

n n—1 1
=Y |2 | X T —mCe— 0+ 8 ®hun0)

i1=no 1=ng l=i4+1 j=1

Jr
1 n n—1 1 2
S(n+1)22 il Do e | =D 2= (14 B) Phai)) (90)
Jj=t

i=ng l=i+1
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To produce the final bound, we bound the summand (A) highlighted in line (91) by a constant,
uniformly over all values of i and n, as follows:

n—1 l c «
o (B ()

I=it1
S | () oo (e (5))| ()
= exXp | —Cop .
2| c+1 = c+1 c
n—1 i 1 -1 c «
<X [ oo e (55)
l=it+1 _COM io\ct

l c e} C+la
w(wE e e
= c+1 c
) e [y ()
o c+n P Oszl c+1
c —a i+1 c «
+<c—|—i—|—1> P _COM;(0+Z')
+§e ¢ Elj V) () () 93)
P O,Ufj:1 c+1i c+i+1 c+1 ’

I=i+1
where the inequality in (92) follows from the convexity of e~ "¢ while that in (93) follows by
applying an Abel transform.

From the foregoing, the summand term (A) highlighted in (91) can be bounded by

L (c+i+1\"
V”%((m) ’
R e N N (o R CRa L A o oy
(c+i)@l§1 p( op o )(( +14+1)%—(c+1) ))

Now, using convexity of z“ followed by comparison with an integral, and then a change of variable,
we have

i exp (_COMCQ((C-F l)l—oz —(c+ i)l_a)> (c+ 14+ 1) = (c+ D)) (94)

I=i+1 (1-a)

n—1 (e I—a _ (¢4 4)l— o
< Z exp(—co,uc ((e+1) g +9) >)a(c+l) (1-o)

I1=i+1 (1-a

< aexp (COMW) l/jn_l exp (—cOHW) (c+ l)—“—a)dl}
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For the second inequality we have used that the mapping x — e—dlcta)' ™ (c+x)~ (1) is decreasing
inx forall x > 1. )
By taking the derivative and setting it to zero, we find that [ — exp (— ﬁ) [T=« is decreasing

on [2a/c%, 00), and so we deduce that when cou(c + i+ 1)17% > 2a/c®,
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a(py yl—ay  peon(ctn ol N\ s
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When copu(c+ i+ 1)17% < 2a/c® we can bound the summand of (94) by 1, and
2c

copc

2
cop(c+i+ 1) < c—g = (c+i+1) <
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. |: 2a :| 1—a
= 1< —c—1
copc®

Hence, we conclude that
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O

Proof. (High probability bound in Theorem 6) Once we have established the bound in expectation
for batchTD with iterate averaging and the bound on sum of squares of Lipschitz constants in the
lemma above, the proof of the high probability bound is straightforward and follows by arguments
similar to that used in establishing the corresponding claim for non-averaged batchTD (see Section
8.2.3). O

9 Traffic Control Application

9.1 Simulation Setup

The idea behind the experimental setup is to study both LSPI and the variant of LSPI, fLSPI, where
we use batchTDQ as a subroutine to approximate the LSTDQ solution. Algorithm 2 provides the
pseudo-code for the latter algorithm.

We consider a traffic signal control application for conducting the experiments. The problem here
is to adaptively choose the sign configurations for the signalized intersections in the road network
considered, in order to maximize the traffic flow in the long run. Let L be the total number of
lanes in the road network considered. Further, let ¢;(¢),7 = 1,. .., L denote the queue lengths and
t;(t),i = 1,..., L the elapsed time (since signal turned to red) on the individual lanes of the road
network. Following [32], the traffic signal control MDP is formulated as follows:

State s, = (q1(¢),...,qr(t), t1(t),...,tL(t)),
Action a; belongs to the set of feasible sign configurations,
Single-stage cost h(s:) = ur | Xy, 2+ (t) + Ligr, wo-ai(t)| +wr [ Sicy, wa-ti() + iy, w2

ti(t)], where u;, w; > 0 such that u; +w; = 1 fori = 1,2 and up > w,. Here, the set I, is
the set of prioritized lanes.
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Table 1: Features for the traffic control application

State Action Feature ¢;(s, a)
RED 0.01
G < Lrandts < Ty GREEN 0.06
RED 0.02
, >
G < Lyandt; 2Ty GREEN 0.05
RED 0.03
< s .
Lisa<Lpandli <Ti GREEN 0.04
RED 0.04
< q; ;>
Lisa<lLpandti =T GREEN 0.03
RED 0.05
> .
¢ = Lrandt; <Ty GREEN 0.02
RED 0.06
;> ;>
¢ 2 Lzandt; 2 Ty GREEN 0.01
0.6
0.6
= 04} == 04
T T
= =
02 02F
O | I I — I I I 0 I I I I I I
0 100 200 300 400 500 0 100 200 300 400 500
step k of batchTD step k of batchTD
(a) Tracking error on 7x9-grid network (b) Tracking error on 14x9-grid network

Figure 2: Tracking error of batchTDQ in iteration 1 of fLSPI on two grid networks.

Function approximation is a standard technique employed to handle high-dimensional state spaces (as
is the case with the traffic signal control MDP on large road networks). We employ the feature selection
scheme from [33], which is briefly described in the following: the features ¢(s, a) corresponding to
any state-action tuple (s, a) is an L-dimensional vector, with one bit for each line in the road network.
The feature value ¢;(s,a),7 = 1,..., L corresponding to lane 7 is chosen as described in Table 1,
with ¢; and ¢; denoting the queue length and elapsed times for lane 7. Thus, as the size of the network
increases, the feature dimension scales in a linear fashion.

Note that the feature selection scheme depends on certain thresholds £, and L2 on the queue length
and 77 on the elapsed times. The motivation for using such graded thresholds is owing to the fact that
queue lengths are difficult to measure precisely in practice. We set (L1, L2, 71) = (6,14, 130) in all
our experiments and this choice has been used, for instance, in [33].

We implement both LSPI as well as fLSPI for the above problem. The experiments involve two
stages - an initial training stage where LSPI/fLSPI is run to find an approximately optimal policy and
a test stage where ten independent simulations are run using the policy that LSPI/fLSPI converged to
in the training stage. In the training stage, for both LSPI and fLSPI, we collect 7' = 10000 samples
from an exploratory policy that picks the actions in a uniformly random manner. For both LSPI
and fLSPI, we set 5 = 0.9 and € = 0.1. We set 7, the number of batchTDQ iterations in fLSPI, to
500. This choice is motivated by an experiment where we observed that at 500 steps, batchTD is
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Figure 3: Performance comparison of LSPI and fL.SPI using throughput (TAR) on two grid networks.

already very close to LSTDQ and taking more steps did not result in any significant improvements
for fLSPI. We implement the regularized variant of LSTDQ, with regularization constant y set to 1.
The step-size i, used in the update iteration of batchTDQ is set as recommended by Theorem 2.

9.2 Results

We use total arrived road users (TAR) and runtimes as performance metrics for comparing the
algorithms implemented. TAR is a throughput metric that denotes the total number of road users
who have reached their destination, while runtimes are measured for the policy evaluation step in
LSPI/ALSPI. For batchTDQ, which is the policy evaluation algorithm in fLSPI, we also report the
tracking error, which measures the distance in #2 norm between the batchTD iterate 65, k = 1,...,7
and LSTDQ solution 6.

We report the tracking error and total arrived road users (TAR) in Fig. 2 and Fig. 3, respectively.
The run-times obtained from our experimental runs for LSPI and fL.SPI is presented in Fig. 4. Iteration
1 for fLSPI is used for reporting the tracking error and we observed similar behavior across iterations,
i.e., we observed that batchTD iterate 6. is close to the corresponding LSTDQ solution in each
iteration of fLSPI. The experiments are performed for four different grid networks of increasing size
and hence, increasing feature dimension.

From Fig. 2a-2b, we observe that batchTD algorithm converges rapidly to the corresponding
LSTDAQ solution. Further, from the runtime plots (see Fig. 4), we notice that fLSPI is several orders
of magnitude faster than regular LSPI. From a traffic application standpoint, we observe in Figs.
3a-3b that fLSPI results in a throughput (TAR) performance that is on par with LSPI. Moreover, the
throughput observed for LSPI/fLSPI is higher than that for a traffic light control (TLC) algorithm
that cycles through the sign configurations in a round-robin fashion, with a fixed green time period
for each sign configuration. We report the TAR results in Figs. 3a—3b for two such fixed timing
TLCs with periods 10 and 20, respectively denoted Fixed10 and Fixed20. The rationale behind this
comparison is that fixed timing TLCs are the de facto standard. Moreover, the results establish that
LSPI outperforms fixed timing TLCs that we implemented and fL.SPI gives performance comparable
to that of LSPI, but at a lower computational cost.

10 Extension to Least Squares Regression

In this section, we describe the classic parameter estimation problem using the method of least squares,
the standard approach to solve this problem and the low-complexity SGD alternative. Subsequently,
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Figure 4: Run-times of LSPI and fL.SPI on four road networks

we outline the fast LinUCB algorithm that uses a SGD iterate in place of least squares solutions and
present the numerical experiments for this algorithm on a news recommendation application.

10.1 Least squares regression and SGD

In this setting, we are given a set of samples D = {(z;,v;),i = 1,...,T} with the underlying
observation model y; = x/0* + &; (& is a bounded, zero-mean random variable, and 6* is an
unknown parameter). The least squares estimate 01 minimizes ZZ;I (y; — 07x;)?. It can be shown
that éT = A;le, where AT =71 ZZT:I xle and BT =71 Z;:l T;Y;-

Notice that, unlike the RL setting, éT here is the minimizer of an empirical loss function. However,
as in the case of LSTD, the computational cost of a Sherman-Morrison lemma based approach for
solving the above would be of the order O(d?T'). Similarly to the case of the batchTD algorithm, we
update the SGD iterate 6,, using a SA scheme as follows (starting with an arbitrary 6,),

On =0n_1+ 'Yn(yin - 0;—1%”)9371”’ (96)

where, as before, each 4,, is chosen uniformly randomly from {1,...,T}, and -, are step-sizes
chosen in advance.

Unlike batchTD which is a fixed point iteration, the above is a stochastic gradient descent
procedure. Nevertheless, using the same proof template as for batchTD earlier, we can derive bounds
on the computational error, i.e., the distance between 6,, and the least squares solution 9T, both in
high probability as well as expectation.

10.2 Main results
10.2.1 Assumptions

As in th_e case of batchTD, we make some assumptions on the step sizes, features, noise and the
matrix Ap:

(A1) The step sizes 7, satisfy >, v, = 0o, and Y, 72 < oo.

(A2) Boundedness of z;, i.e., ||zi||, < ®Pmax, fori=1,...,T.

(A3) The noise {¢;} is i.i.d., zero mean and |§;| < o, fori =1,...,T.

(A4) The matrix A7 is positive definite, and its smallest eigenvalue is at least z > 0.
Assumptions (A2) and (A3) are standard in the context of least squares minimization. As for batchTD,
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in cases when the fourth assumption is not satisfied we can employ either explicit regularization or
iterate averaging to produce similar results.

10.2.2 Asymptotic convergence

An analogue of Theorem 1 holds as follows:

Theorem 8. Under (Al)-(A4), the iterate 6,, — éT a.s. as n — oo, where 0, is given by (96) and
Or = AL by

Proof. Follows in exactly the same manner as the proof of Theorem 1. O
10.2.3 Finite time bounds

An analogue of Theorem 2 for this setting holds as follows:

Theorem 9 (Error Bound for iterates of SGD).
Assume (Al)-(A4). Choosing vy, “C_ and ¢ such that co®?

€ (0,1) and pcoc € (1,00), for

:(c+n) max

any 6 > 0,

. KLS . KLS

E‘en—e ‘ < 4 dP ‘en—e H < 22\ sy,

T2_\/n—|—can < T2_\/n+c -

where
Vel
KIS (n) 2 2 | ecoch(n)

(n 4 c)Heoc=3 2cocp — 17

KLE5(n) £ 2\/ecoch(n) log o7t + Ki(n)
2 0 peoe — 1 e

In the above, h(n) £ ([0* ||, + 100]l5 + 0 Pmax'n) P2k + 0Prmax-
Proof. See Section 10.4. O

With step-sizes specified in Theorem 9, we see that the initial error is forgotten faster than the
sampling error, which vanishes at the rate O (n=1/2), where O(-) is like O(-) with the log factors
discarded. Thus, the rate derived in Theorem 9 matches the asymptotically optimal convergence rate
for SGD type schemes (cf. [29]).

10.3 Iterate Averaging

The expectation and high-probability bounds in Theorem 9 as well as earlier works on SGD (cf.
[16]) require the knowledge of the strong convexity constant p. Iterate averaged SGD gets rid of this
dependence while exhibiting the optimal convergence rates both in high probability and expectation
and this claim is made precise in the following theorem.

Theorem 10 (Error Bound for iterate averaged SGD).
Under (A2)-(A3), choosing ~y,, = co (ﬁ) , witha € (1/2,1), and co®2,,,,. € (0,1), we have, for
any § > 0,

ol - KA ol - KA
— < 21 VY — <=2 VU ) >
E (6. —br| < e |0n— 0z < ager) 2176 O

o, l—a

where, writing Co = > | exp(—pcoc®n'~* and Cy £ (exp (copuc®(1 4 ¢)'=%),

a 20 Tw
KIALS () 2 ¢ (Cl 160 — 67|, + 2h(n)cco (2c0puc™) T (/e ( > )

1—«
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+2h(n)c®co (2copc®) 2030 (n 4 ¢)' =%,

and
= 2(1-a)(eom”
9 [ 2&@} L 20-a)(com)®
KIALS () & log5 ! “{ i [ cone i ° + KTALS (1)
’ JRE: (n+ o) =a)2 o
Proof. The proof is similar to that of Theorem 6 and is provided in Appendix A. O

Remark 15. Note that, unlike in the case of Theorem 6, there is no dependence on a quantity ng
which defines a time when the step sizes have become sufficiently small. This is because for the
regression setting here, the assumption that co®2,,. € (0,1) already ensures that the step sizes
are sufficiently small. If it was not possible to set cq in this way, then a similar bound including a
dependence on the smallest n such that 7y, ®2, . < 1 would be derivable.

10.4 Proofs for least squares regression extension

The overall schema of the proof here is the same as that used to prove Theorem 2. Proposition 4 below
is an analogue of Proposition 1 for the least squares setting. From this proposition the derivation of the
rates in Theorem 9 is essentially the same as for Theorem 2. (Recall that in this section éT = fl;le
is the least squares solution):

Proposition 4. Let z, = 0,, — éT, where 0,, is given by (96). Under (Al)-(A4), and assuming that
<I>2 < 1 for all n, we have Ve > 0,

max

(1) a bound in high probability for the centered error:

2
P([|lznlly = Ellznll, > €) < exp (_W> ; (98)
where
n—1
Li 24 [T = vman(2 = @),
=i

h(n) £ (107]l5 + 100l + 0 PmaxTn) Phiax + 0 Prmax,

and Ty, £ 570 v,

(2) and a bound in expectation for the non-centered error:

E (zul2)* < [T (1= ) | 0 — 0z
j=1
initial error
2 2
n—1 n
Sk | I a-m| | - (99)
k=1 j=k+1

sampling error

The proof of the Proposition 4 has the same scheme as the proof of Proposition 1. The major
difference is that the update rule is no longer the update rule of a fixed point iteration, but of a
gradient descent scheme. In the following proofs, we give only the major differences with the proof
of Proposition 1:
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High-probability bound. There are two alterations to the proof of the high probability bound in
Proposition 1: slightly different Lipschitz constants are derived according to the different form
of the random innovation (Step 2 of the proof of Proposition 1); the constant by which the
the size of the random innovations is bounded is different, and projection is not necessary to
achieve this bound (Step 3 of the proof of Proposition 1).

Bound in expectation. The overall scheme of this proof is similar to that used in proving the
expectation bound in Proposition 2. However, we see differences in the proof wherever the
update rule is unrolled and bounds on the various quantities in the resulting expansion need to
be obtained.

Proof of Proposition 4 part (1):

Proof. First we derive the Lipschitz dependency of the i'" iterate on the random innovation at time
j < 1, asin Step 2 of Proposition 1.

Let 63» (0) denote the mapping that returns the value of the iterate updated according to (96) at
instant j, given that ; = 6. Now we note that

04,(0) = ©1,(0") = (I = ywi,z;,) [65,_,(0) — ©},_,(6)]
and

T
(I - 'Ynxinle) (I - 'Ynxinxg;) = (I - '7n(2 - HxinH%’Yn)winxzj‘;) .

So using Jensen’s inequality, the tower property of conditional expectations, and Cauchy-Schwarz,

we can deduce that

E [[167,(0) — ©,(0")]l2 | ©;,1(6), 6}, 1 (6]

n—1
< I = (2 = Phax 1) Ar|[3]05-1(0) — €51 (8) ]3]

Notice that since v, ®2, € (0,1), the largest eigenvalue of 7,, A7 must be less than 1. Hence, a

max

repeated application of (100), together with (A1) yields the following

12 (100)

n—1

E[[040) ~ ©4@)[I5] <10 - 0'15 TT (1 = #7412 = @2ri0).

j=i

Finally putting all this together, if f and f’ denote two possible values for the random innovation at
time 4, and letting § = 6;_1 + v, f and 0’ = 0,1 + 7, f’, then we have

[= [ e[ 1 = o] == on =] 1o = ']
<E[[O7 (0) - 67 ()] < n]:[l(l = 12 = 2h0yi+1)) | il =l
j=i

= Li ||f_fl||2

Finally we need to bound the size of the random innovations. Recall that in Proposition 1, the
bound on the size of the iterates followed from the projection step in the algorithm. In this case, we
can derive a bound for the iterates directly:

n

to + Z“Yk H(I — @i xg,) | Ekak

k=1 =k

10nly = [H(I — ki T, )

k=1

2

<6olly + 0 Pumax Y Vs (101)

j=1
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where we have used that v;z;, 2} is a positive semi-definite matrix. Now we can bound the random
innovation by

2 ||(xzn9* Jrgin - QT 1$zn Zi,
< ([16"]l, + 160

[#
|y + 0Pmaxln) @ + 0Pmax = h(n),

| (i, — 0513, )i,

where [, := 22:0 ~%- The proof now follows just as in Proposition 1. [

Proof of Proposition 4 part (2):

Proof. First we extract a martingale difference from the update rule (96). Let f,,(0) £ (x;, — (6 —
Or) x; )xi, , and let F(0) = E(f,(0) | Fn_1), where F,,_; is the o-field generated by the random
variables {i1,...,4,_1} as before. Then

Zn = en - éT = 911—1 - éT — Tn (F(en—l) - AMn)a

the AM, F( 1) — fn(lp_1)isa martingale difference.
Now since 0 is the least squares solution, F'(67) = 0. Moreover F(-) is linear, and so we obtain
a recursion:

Zn = RZn—1""Tn (Zn—lA’ZlT - AMn) =Yz — Z ’YkHZ_HAMka
k=1

where TI7 £ [T7_, (I —v;A7).
By Jensen’s inequality, we have

N

E(llznll2) < (E((zn; 2n)))* = <E||leo||§ +Y ME ||Hk+1AMkH2> (102)

k=1

Notice that the largest eigenvalue of v, A is smaller than 1, since 7, ®2,.. € (0,1). So, I -, Az
is positive definite, and, by (A1), has largest eigenvalue 1 — ~,, ;.. Hence

Ml = || TT =) < TT -0 (103
j=k+1 j=k+1

2

Finally we need to bound the variance of the martingale difference. Using (A2) and (A3), a calculation
shows that

Eévit <f’it (Gt—l)a fiz (at—1)>7E€<F(9t—1)a F(Gt—l» < h(?’l),
where we have used the bound in (101). Hence E[HAMan] < 4h(n)?.
The result now follows from (102) and (103). O

11 Fast LinUCB using SA and application to news-recommendation

11.1 Background for LinUCB

As illustrated in Fig. 5, at each iteration n, the objective is to choose an article from a pool of
K articles with respective features x1(n),...,xx(n). Let z,, denote the chosen article at time n.

LinUCB computes a regularized least squares (RLS) solution én based on the chosen arms x; and
rewards y; seen so far, ¢ = 1,...,n — 1 as follows:

—argmmz i —07x;) —|—/\||9||§. (104)

40



T, £ argmax UCB(z) Rewards yy,

z€D s.t. Elyn | zp] = 2,0
—>()——{ Choose z,, Observe y,,
Estimate UCB

Regression used to compute UCB(z) £ 270, + an/a7 Ay e

Figure 5: Operational model of LinUCB

Note that {z;, y;} do not come from a distribution. Instead, at every iteration n, the arm z,, chosen
by LinUCB is based on the RLS solution 6,,. The latter is used to estimate the UCB values for each
of the K articles as follows:

UCB(z1(n)) £ 21 (n) 0, + /2 (n)TAn  zp(n), k= 1,..., K. (105)

The algorithm then chooses the article with the largest UCB value and the cycle is repeated.

11.2 Fast LinUCB using SA (fLinUCB-SA)

We implement a fast SGD variant of LinUCB, where SGD is used for two purposes (See Algorithm 3
for the pseudocode):

Least squares approximation. Here we use fLS-SA as a subroutine to approximate 0,,. In particular,
at any instant n of the LinUCB algorithm, we run the update (96) for 7 steps and use the
resulting 6. to derive the UCB values for each arm.

UCB confidence term approximation. Here we use an SGD scheme, originally proposed in [34],
for approximating the confidence term of the UCB values (105). Fora givenarm k = 1,..., K,
let pr(n) = A 1x(n) denote the confidence estimate in the UCB value (105). Recall that

n ~
Ay, =3 xx]. Ttis easy to see that ¢ (n) is the solution to the following problem:
i=1

n

= (@) a(n)Te
mqgn; S K . (106)

Solving the above problem incurs a complexity of O(d?). An SGD alternative with a per-
iteration complexity of O(d) approximates the solution to (106) by using the following iterative
scheme:

¢r(l) = ¢l = 1) +m(n™ ax(n) = (ol = 1)'wq,)as,), (107)
where ; is chosen uniformly at random in the set {1,...,n}.

For fLinUCB-SA in both the simulation setups presented subsequently, we set Ato 1, k to 1, 7,7’
to 100 and 6 to the d = 136 O vector. Further, the step-sizes j are chosen as ¢/(2(c + k)), with
¢ = 1.33n and this choice is motivated by Theorem 9.
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Algorithm 3 fLinUCB-SA

Initialization: Set 6y, A > 0 - the regularization parameter, 7, - the step-size sequence.
forn=1,2,...do
Observe article features z1(n), ..., xx(n)
Approximate Least Squares Regression using fLS-SA
fori=1...7do
Get random sample index: i; ~ U({1,...,n—1})
Update fLS-SA iterate 6;(n) as follows:
0i(n) = Oi—1(n) + Y(yi, — O—1(n)"@i) )i, — N5 bi-1(n)
end for
UCB computation using SGD
fork=1...K do
fori=1...7"do
Get random sample index: i; ~ U({1,...,n —1})
Update SGD iterate ¢y (n) as follows:
oe(l) = ¢l = 1) +n(n~tax(n) = (on(l — 1)Tai,)zs,),
end for
end for
Choose article achieving arg max;_;  x 0-(n) wx(n) + £/ Op (7)1 (1)

Observe the reward y,,. '

end for

Remark 16. The choice of the number of steps T, 7' for SGD schemes in fLinUCB-SA is an arbitrary
one. Our aim is simply to show that using a stochastic approximation iterates in place of an exact
solution to the least squares and confidence estimates does not significantly decrease performance of
LinUCB, while it does drastically decrease the complexity.

11.3 Experiments on Yahoo! dataset

The motivation in this experimental setup is to establish the usefulness of fLS-SA in a higher level
machine learning algorithm such as LinUCB. In other words, the objective is to test the performance
of LinUCB with SGD approximating least squares and show that the resulting algorithm gains in
runtime, while exhibiting comparable performance to that of regular LinUCB.

For conducting the experiments, we use the framework provided by the ICML exploration and
exploitation challenge [27], based on the user click log dataset [46] for the Yahoo! front page today
module (see Fig. 6). We run each algorithm on several data files corresponding to different days in
October, 2011.

Each data file has an average of nearly two million records of user click information. Each record
in the data file contains various information obtained from a user visit. These include the displayed
article, whether the user clicked on it or not, user features and a list of available articles that could
be recommended. The precise format is described in [27]. The evaluation of the algorithms in this
framework is done in an off-line manner using a procedure described in [25].

Results. We report the tracking error and runtimes from our experimental runs in Figs. 7 and 8,
respectively. As in the case of batchTDQ, the tracking error is the distance in /2> norm between the
fLLS-SA iterate 8,, and the RLS solution én at each instant n of the LinUCB algorithm. The runtimes
in Fig. 8 are for five different data files corresponding to five days in October, 2009 of the dataset [46]
and compare the classic RLS solver time against fL.S-SA time for each day of the dataset considered.

From Fig. 7, we observe that, in iteration n = 165 of the LinUCB algorithm, fLS-SA algorithm
iterate 6 (n) converges rapidly to the corresponding RLS solution 0,,. The choice 165 for the iteration
is arbitrary, as we observed similar behavior across iterations of LinUCB.
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Figure 7: Distance between fLS-SA iterate 6 (n) and 0,, in iteration n = 165 of fLinUCB-SA, with
day 2’s data file as input.

The CTR score value is the ratio of the number of clicks that an algorithm gets to the total
number of iterations it completes, multiplied by 10000 for ease of visualization. We observed that
the CTR score for the regular LinUCB algorithm with day 2’s data file as input was 470, while that
of fLinUCB-SA was 390, resulting in about 20% loss in performance. Considering that the dataset
contains very sparse features and also the fact that the rewards are binary, with a reward of 1 occurring
rarely, we believe LinUCB has not seen enough data to have converged UCB values and hence the
observed loss in CTR may not be conclusive.

12 Conclusions and Future Work

We analyzed the TD algorithm with linear function approximation, under uniform sampling from
a dataset. We provided convergence rate results for this algorithm, both in high probability and in
expectation. Furthermore, we also established that using our batchTD scheme in place of LSTD does
not impact the rate of convergence of the approximate value function to the true value function. These
results coupled with the fact that the batchTD algorithm possesses lower computational complexity
in comparison to traditional techniques makes it attractive for implementation in big data settings,
where the feature dimension is large, regardless of the density of the feature vectors. On a traffic
signal control application, we demonstrated the practicality of a low-complexity alternative to LSPI
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Figure 8: Performance comparison of the algorithms using runtimes on various days of the dataset.

that uses batchTDQ in place of LSTDQ for policy evaluation. We also extended our analysis for
bounding the error of an SGD scheme for least squares regression and conducted a set of experiments
that combines the SGD scheme with the LinUCB algorithm on a news-recommendation platform.

Unlike LSTD, TD is an online algorithm and a finite-time analysis there would require notions
of mixing time for Markov chains in addition to the solution scheme that we employed in this work.
This is because the asymptotic limit for TD(0) is the fixed point of the Bellman operator, which
assumes that the underlying MDP is begun from the stationary distribution, say ¥. However, the
samples provided to TD(0) come from simulations of the MDP that are not begun from ¥, making
the finite time analysis challenging. It would be an interesting future research direction to use the
proof technique employed to analyze batchTD, and incorporate the necessary deviations to handle the
more general Markov noise.

We outline a few future research directions for improving batchTD algorithm developed here:
(i) develop extensions of batchTD to approximate LSTD(\); (ii) choose a cyclic sampling scheme
instead of the uniform random sampling. Cycling through the samples is advantageous because the
samples need not be stored and one can then think of batchTD with cyclic sampling as an incremental
algorithm in the spirit of TD; and (iii) leverage recent enhancements to SGD in the context of least
squares regression, cf. [12]. An orthogonal direction of future research is to develop online algorithms
that track the corresponding batch solutions, efficiently and this has been partially accomplished in
[18] and [43].

Appendix

A Proof of Theorem 10

The proof of Theorem 10 relies on a general rate result built from Proposition 4

Proposition 5. Under (Al)-(A3) we have, for all e > 0 and ¥n > 1,

€2

P(llznll, = Ellzall; =2 €) <exp | ————F— | ;
4h(n)* > L3,

m=1
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l
where L; & 1 ( z':_;rl IT (1= pyjga(2 - <I>12naxfyj+1)))1/2>, and h(n) is as in Proposition 4.
j=i

Proof. This proof follows exactly the proof of Proposition 3, except that it uses the form of L; for
non-averaged iterates as derived in Proposition 4 part (1), rather than as derived in Proposition 1 part
(1). O

We specialise this result with the choice of step size v, = (coc®)/(n + ¢)®. First, we prove the

form of the L; constants for this choice of step size:

Lemma 11. Under conditions of Theorem 10, we have

n 1 2

1 2 IT-a 2(1 — o 1
ZL?SQ{ZHH aa} +(aw” 1
— 1 copc a n

Second, we bound the expected error by directly averaging the errors of the non-averaged iterates:

o | —9TH2 < rlzg:lEHg’“ —éT‘ , (108)

2

and directly applying the bounds in expectation given in Proposition 1.

Lemma 12. Under conditions of Theorem 10, we have

5|
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R, o 20 \zw\ 1
n = br ], <Co (ClIeo—eT||2+2h<n>caco<2couca><l‘WE( a) >n
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2

+ h(n)c%co (2copuc™®) 2@ (n+c¢)” 2,

where Cy and C1 are as defined in Theorem 10.

A.1 Proof of Lemma 11

Proof. Recall from the statement of Theorem 10 that

0<co®?,  <1. (109)

max

Recall also from the formula in Proposition 5, that
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To produce the final bound, we bound the summand (A) highlighted in line (91) by a constant,
uniformly over all values of ¢ and n, exactly as in the proof of Lemma 7. Thus, we have

n _1 2

1 2 - 2(1— « 1
Sl {2a+ H aa} n (1 — a)(cop) ]} 1
— 1 Ccolic a n

The rest of the proof follows that of Theorem 2. O

A.2 Proof of Lemma 12

Proof. Recall that 7,, £ ¢ (ﬁ) . Recall that in Theorem 10 we have assumed that

0<co®2,, <1. (110)

Using (99) we have

2
B )
2
_ o 2
< T (= s 2 = 1®2) N0l +4ka [T = pv@ =2k | hk)
Lk=1 j=k
[ n 2 n 2 92 n—1 2
pcoc® cge™ peoc” 2
< - 2 +4 —_— 1—— h(k 111
> U( C+k‘ >|| 0”2 ];(04—]6)20‘ ]lj[k< (C+j)o‘> () ( )
r n o 2 n 2 2a — o
c cge c
< |exp | —uc — | ||z + 4h(n 2 0T ex —2uc —_—
< p< uo§(0+k)a>| oll 2 G o | 20 2 g

To obtain (111), we have applied (110). For the final inequality, we have exponentiated the logarithm
of the products, and used the inequality In(1 + =) < z in several places.
Continuing the derivation, we have

il
<exp (—copc™(n+¢)' =% — couc®(1 +¢)' %) ’90 - éTHQ
+ 2h(n) <kz_1 s (M) exp (—2copc®((n+¢)' = — (k+¢)'™?) (113)

= exp (—copc®(n+¢)' %)

. [exp (copc™(14¢)'~%) ‘90 - éTHz

n c 2a %
+ 2h(n) {Z C(QJ (M) exp (200Mc“((/€ + c)l—a)} ‘|

k=1
<exp (—copuc®(n+c)'=)
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n—+c %
+ 2h(n) {620‘08/ %% exp (QCO;LCD‘ 1= a) das} ] (114)
1

<exp (—couc®(n+c)' =)

. [exp (cope™(1+¢)'7) HHO B éTH2

o o e (0O QReope)/ T . :
+2h(n) 5 (2copc™) =2 /( y " “exp(y ~*)dy
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(115)

As 1n the proof of Theorem 6, for arriving at (113), we have used Jensen’s Inequality, and that
Zj, (c+j) > > f (c+ )1 dj = (c+n)'=* — (c + k)'~*. To obtain (114), we have
upper bounded the sum w1th an integral, the validity of which follows from the observation that

x5 272 " is convex for z > 1. Finally, for (115), we have applied the change of variables
y = (2copc®)/ (=g,
1

Now, since y 2 < :2-((1 — a)y~2* — ay~(1+%)) when y > (%) =% we have
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/( 2o y “exp(y %)dy
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1
and furthermore, since y — y~2* exp(y' ~%) is decreasing for y < (f_—%) e , we have
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Plugging these into (115), we obtain
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