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Comment on “Migration of an electrophoretic particle in a weakly inertial or

viscoelastic shear flow”
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Indian Institute of Technology Madras, Chennai, 600036 TN, India

A recent article (Khair and Kabarowski; Phys. Rev. Fluids 5, 033702 ) has studied the cross-
streamline migration of electrophoretic particles in unbounded shear flows with weak inertia or
viscoelasticity. That work compares their results with those reported in two of our previous studies
(Choudhary et al. J. Fluid Mech. 874; J. Fluid Mech. 898 ) and reports a disagreement in the
derived analytical expressions. In this comment, we resolve this discrepancy. For viscoelastic flows,
we show that Khair and Kabarowski have not accounted for a leading order surface integral of
polymeric stress in their calculation of first-order viscoelastic lift. When this integral is included,
the resulting migration velocity matches exactly with that reported in our work (J. Fluid Mech.
898 ). This qualitatively changes migration direction that is reported by Khair and Kabarowski for
viscoelastic flows. For inertial flows, we clarify that Khair and Kabarowski find the coefficient of
lift to be 1.75π, compared to 2.35π in our previous work (J. Fluid Mech. 874 ). We show that this
difference occurs because Khair and Kabarowski accurately include the effect of rapidly decaying
∼ O(1/r4) velocity field (a correction to the stresslet field ∼ 1/r2), which was neglected in our
previous work (J. Fluid Mech. 874 ).

Ref.[1] used perturbation theory to find the lift force
on an electrophoretic particle in (i) weakly inertial and
(ii) weakly viscoelastic unbounded shear flows. The field
variables were perturbed in Reynolds and Weissenberg
numbers associated with both shear and electrophoresis
(eq. 12-13 therein). The reciprocal theorem is used to
derive leading order lift for cases (i) & (ii). They obtain
the following equation (eq. 20 in ref.[1]) and use it for
both cases:

F1 =

∫

Sp

σ1 · ndS = −

∫

V

Htest · fdV, (1)

where H is the test field (or auxiliary field) tensor, rep-
resenting the stokeslet + source-dipole fields associated
with the cross-stream motion.
Ref.[1] evaluates the cross-stream migration for parti-

cle undergoing electrophoresis at an arbitrary angle to
shear flows in an unbounded domain. For electric fields
applied parallel to the flow, ref.[1] drew comparisons with
our previous investigations for parallel orientation [2, 3];
our work takes into account the flow curvature, wall-
induced hydrodynamic and electrostatic effects at the
leading order. They reported the migration to be identi-
cal in scaling, but different in coefficients. For viscoelastic
flows, their migration points in the direction opposite to
that reported in one of our previous study [2].
The comparison of coefficients reported by ref.[1] is

described in table.I. They converted the coefficients in
ref.[2, 3] to compare with theirs. We shall show that
a factor of 4π has to be multiplied to ref.[2, 3] for an
equitable comparison.
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TABLE I. Comparison of migration velocity and lift force co-
efficients reported by ref.[1]. Here, Ψ∗

1 & Ψ∗

2 are the first &
second normal stress coefficients, and Umig

visc & Fmig
inertia repre-

sent the viscoelastic migration velocity and inertial lift force,
respectively; U∗

ep is the dimensional electrophoretic velocity
(ǫ∗mζ∗pE

∗

∞
/µ∗); γ̇∗ is the dimensional shear in the background

flow; Re represents the Reynolds number (ρ∗γ̇∗a∗/µ∗), where
a∗ is the dimensional particle radius and ρ∗ is the fluid den-
sity.

A factor of 4π: Following the classical works of Ander-
son and co-workers [4, 5], in our previous works [2, 3], we
had taken the electrophoretic velocity as ǫ∗ζ∗pE

∗

∞
/(4πµ∗),

where ǫ∗, ζ∗p , φ
∗, µ∗ are dielectric constant, particle zeta

potential, electrostatic potential and viscosity, respec-
tively; ∗ represents dimensional variables. Ref.[1] have
absorbed the factor 4π inside the dielectric constant ǫ∗.
Thus, for an appropriate comparison, the conversions in
table-I (of our results in ref.[2, 3]) must be multiplied with
4π [6]. The equitable comparison of results is shown in
table-II, which will be referred to address the differences.
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TABLE II. Equitable comparison of migration velocity and
lift force coefficients: a factor of 4π is multiplied to the coef-
ficients of ref.[2, 3].

Viscoelasticity: Ref.[1] used the same derivation for
both the inertial and viscoelastic migration: a body force
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acts on the particle which is captured by −
∫

V
Htest ·fdV .

They derive it for the case of inertia and then use that
result directly for the case of viscoelastic fluid (see eq.20
therein). This very extension leaves out an important
contribution because, in viscoelastic fluids, eq.(1) does
not represent the complete first-order force on a spheri-
cal body. An extra surface integral of leading order poly-
meric stress must be added.
This can be easily seen through a perturbation ex-

pansion of the total stress tensor in Weissenberg num-
ber (denoted as Deborah number in ref.[2]). The non-
dimensional stress tensor for a second-order-fluid is:

T = −pI+ e+WiσP , (2)

where, p represents pressure, e represents the rate-of-
strain tensor, σP is the polymeric stress. The momentum
equation is governed by ∇ ·T = 0:

∇ · (−pI+ e) = −Wi∇ · σP (3)

A perturbation expansion of velocity and pressure field
in Weissenberg would yield the first order problem (i.e.
O(Wi)) as

∇
2u1 −∇p1 = −∇ · σP

0
≡ f0 (4)

This is a non-Newtonian equivalent to eq.14 in ref.[1],
where the right hand side is the ‘viscoelastic body force’
f0, which is known, provided the creeping flow problem
is known. We use (4) and perform the steps outlined in
ref.[1], and arrive at:

∫

S

(−p1I+ e1) · n dS = −

∫

V

Htest · f0 dV. (5)

The left hand side of the above expression accurately
represents the first order (inertial) force for Newtonian
fluids [7, 8]. Ref.[1] derive (5) and evaluate it to find
the lift for an inertial shear flow. The same equation
is also used to evaluate lift for viscoelastic shear flow,
thereby leaving out an important contribution. This is
because, for a second-order fluid, the left hand side of (5)
does not amount to the total first order force; a surface
integral of leading order polymeric stress is missing. A
correct expression for the first order viscoelastic force is
obtained by adding surface integral of the leading order
polymeric stress on both sides of (5).

∫

S

(−p1I+ e1 + σP
0
) · ndS = −

∫

V

Htest · f0dV

+

∫

S

σP
0
· n dS. (6)

In the above equation, the left hand side is the total
first order viscoelastic force (F1). The right hand side
is equivalent to the widely used viscoelastic bulk force
expression at the leading order: −

∫

V
σP
0

: ∇utest dV

[2, 9–12]. The importance of addition of the surface
integral, when drawing parallels between inertial and
viscoelastic force, (and the equivalence of two expres-
sions) is also discussed in the past by the pioneering
works of Leal [13, p.314][11, p.790].

The contribution of this additional surface integral to
the migration velocity is [14]:

Umig
extra =

(

−Ψ∗

1

2
+ Ψ∗

2

)

U∗

ep γ̇
∗

µ∗
. (7)

Adding the above component to that reported by ref.[1],
we obtain the migration velocity as:

Umig
total =

−1

8

(

1 +
2Ψ∗

2

Ψ∗

1

)

Ψ∗

1

U∗

ep γ̇
∗

µ∗
. (8)

This coefficient is identical to that reported by [2] (see
table-II). This reverses the migration direction predicted
by ref.[1].

In their appendix section, ref.[1] use the special case
of Ψ∗

2
/Ψ∗

1
= −1/2 to independently verify their results.

For this special case, the Giesekus theorem states that
only the pressure field is perturbed at the leading
order; first order perturbed velocity field is zero i.e.
v1 = 0, yielding e1 = 0. From eq.A3 of ref.[1], it can
be seen that the first order viscoelastic force is taken
to be

∫

S
−p1I · n dS. However, as explained above,

the total first order force on the particle should be:
∫

S
(−p1I + σP

0
) · n dS, because the leading order stress

tensor has an additional polymeric stress. Specifically,
this part is the corotational component of the polymeric
stress in the limit Ψ∗

2/Ψ
∗

1 = −1/2 [15]. Our previous
work [2] uses the Giesekus theorem and finds the
viscoelastic migration for this special case (see Appendix
D.1 ref.[2]). Therein, we show the contribution to lift
from pressure and corotational stress, and find that the
pressure contribution is identical to that reported in
ref.[1, eq. A3][16].

Inertia: As shown in table-II, the comparison of co-
efficients is essentially: 1.75π (in ref.[1]) and 2.35π (in
our work [3]). This difference occurs because ref.[1], pre-
cisely, includes the effect of rapidly decaying velocity field
(∼ 1/r4); a correction to the stresslet field (∼ 1/r2). In
our formulation (ref.[3]), we had not accounted for it be-
cause the aim was to include the effects of slowly decaying
fields and their wall-reflections. To confirm this specula-
tion, we incorporate the O(1/r4) velocity disturbance in
the inner integral of our formulation in ref.[3, eq. 4.7].
Upon integration, an exact match is obtained with their
coefficient for unbounded shear flows (i.e. 1.75π).
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Conclusions: In this comment, we show that for vis-
coelastic migration, ref.[1] have missed a surface inte-
gral of leading order polymeric stress in (i) their deriva-
tion for second-order fluid and (ii) for the special case of
Ψ2/Ψ1 = −1/2. When this is included, the migration
velocity matches exactly with our previous work [2]; re-
fer supplementary material for a mathematica code that
details the evaluation. This qualitatively changes migra-
tion direction that is reported by ref.[1]. For the case of

inertial migration in unbounded domains, we clarify that
the results of ref.[1] are more accurate because they in-
clude the effect of a rapidly decaying O(1/r4) field, which
was neglected in our previous work [3]. We also provide
a mathematica code (see supplementary material) which
details how this inclusion corrects the coefficient of lift
force from 2.35π (corresponding to our work [3]) to 1.75π
(corresponding to ref.[1]). This change in coefficient does
not qualitatively change the results for inertial lift force
in our previous work [3].
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