Analysis of Quantized MRC-MRT Precoder For
FDD Massive MIMO Two-Way AF Relaying

B. Dutta, R. Budhiraja, R. D. Koilpillai and L. Hanzo Fellow IEEE

Abstract—The maturing massive multiple-input multiple-
output (MIMO) literature has provided asymptotic limits for
the rate and energy efficiency (EE) of maximal ratio combining
/maximal ratio transmission (MRC-MRT) relaying on two-way
relays (TWR) using the amplify-and-forward (AF) principle.
Most of these studies consider time division duplexing, and a fixed
number of users. To fill the gap in the literature, we analyze the
MRC-MRT precoder performance of a N-antenna AF massive
MIMO TWR, which operates in frequency division duplex mode
to enable two-way communication between 2/ = | N®| single-
antenna users, with a € [0, 1), divided equally in two groups of
M users. We assume that the relay has realistic imperfect uplink
channel state information (CSI), and that quantized downlink
CSI is fed back by the users relying on B > 1 bits per-
user per relay antenna. We prove that for such a system with
a € [0,1), the MRC-MRT precoder asymptotically cancels the
multi-user interference (MUI) when the supremum and infimum
of large scale fading parameters is strictly non-zero and finite,
respectively. Furthermore, its per-user pairwise error probability
(PEP) converges to that of an equivalent AWGN channel as both
N and the number of users 2M/ = | N%| tend to infinity, with
a relay power scaling of P. = % and F, being a constant.
We also derive upper bounds for both the per-user rate and EE.
We analytically show that the quantized MRC-MRT precoder
requires as few as B = 2 bits to yield a BER, EE, and per-user
rate close to the respective unquantized counterparts. Finally, we
show that the analysis developed herein to derive a bound on «
for MUI cancellation is applicable both to Gaussian as well as
to any arbitrary non-Gaussian complex channels.

Index Terms—Asymptotic analysis, limited feedback, multi-
user systems, pairwise error probability.

I. INTRODUCTION

ELAY-based co-operative communication provides re-

liable links for users who do not have a direct link
to communicate among themselves [1], [2]. Conventional
relaying, commonly known as one-way relaying [1], achieves
this objective but requires four distinct time/frequency channel
uses for bi-directional communication between two users. By
contrast, two-way relaying (TWR) only requires two channel
uses for bidirectional communication [3], [4], hence improves
the system’s spectral efficiency compared to one-way relaying.
In the first channel use of TWR, also known as the multiple
access (MAC) phase, the two users who want to exchange
data, transmit their respective signals to the relay, which
receives a sum of these two signals. In the second channel
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use of TWR, also known as broadcast (BC) phase, the relay
amplifies and forwards the sum-signal back to both the users.
Since both users know their own data, they can cancel their
own contribution from the received sum signal to recover the
desired data. Bi-directional communication between two users
is thus completed in just two channel uses.

The TWR concept has also been extended to multi-user
scenarios, where multiple users simultaneously communicate
via a relay. The users now experience multi-user interference
(MUI) along with self interference (SI) [5]-[9]. Various de-
signs have been conceived for canceling the MUI by using a
multiple-input multiple output (MIMO) relay and for optimiz-
ing diverse metrics, such as the sum-rate, and the rate of the
user having the weakest signal-to-interference-plus-noise ratio
(SINR) [5]-[9]. The authors of [5], [6] constructed precoders
for the relay based on the zero-forcing and the linear minimum
mean squared error criteria respectively, for canceling both the
SI and the MUI experienced by the users. Gunduz et al. [7]
characterized the sum-rate of the multi-user Gaussian TWR
while Fang et al. [8] designed a relay precoder for maximizing
the SINR of the weakest user. Yuan [9] considered a clustered
data exchange model and constructed beamforming matrices
both for the relay and for the users with the aid of signal
alignment. Yuan also determined the degrees of freedom for
the system model considered in [9].

A massive MIMO transmitter equipped with a large number
of antennas is also capable of mitigating the MUI by using
low-complexity precoding techniques at the transmitter such
as maximum ratio transmission (MRT) [10], [11]. A massive
MIMO system is potentially capable of improving the sum-
rate and the energy-efficiency (EE) of wireless systems [10],
[11]. Recently, massive MIMO technology has also been in-
corporated in TWR by employing a large number of antennas
at the relay [12]-[18]. Cui et al. [12] constructed a precoder
for the relay based on MRT and maximal ratio combining
(MRC). Dai and Dong [13] studied the impact of imperfect
channel estimation on the sum rate of massive MIMO multi-
user TWR systems. Both [12] and [13] analyze the sum-
rate and EE by fixing the number of users while increasing
the number of relay antennas. Liu et al. [14] constructed a
reduced-feedback-based hybrid precoder for TWR systems,
and showed that if the number of relay antennas and RF
chains satisfy a given constraint, the transmit power of both
the users and relays can be scaled down upon increasing
the number of relay antennas without affecting the sum-
rate. Kong et al. [15] derived closed-form expressions for
the spectral efficiency of massive MIMO TWR networks,
which can also be used for studying power-scaling laws.



Jin et al. [16] showed that the ergodic user rates increase upon
increasing the number of relay antennas, but decrease with the
number of users. Naghsh ef al. [17] maximized the sum-rate of
MIMO-aided TWR amplify-and-forward (AF) networks using
a novel minorization-maximization based iterative algorithm.
Reference [18] recently optimized the energy efficiency of a
two-way AF massive MIMO relay.

All the aforementioned massive MIMO TWR contributions
assume time division duplexing (TDD), where the uplink
channel of the MAC phase and the downlink channel of the BC
phase are assumed to be reciprocal. Based on reciprocity, the
relay of a TDD system can readily infer the downlink channel
state information (CSI) from the uplink CSI. For frequency
division duplex (FDD) systems, where the uplink (UL) and
downlink (DL) channels are non-reciprocal, the users feed
back the quantized DL CSI to the relay.

The existing massive MIMO TWR literature has not yet
analyzed the impact of quantized feedback in FDD systems
on the asymptotic performance of different precoder design
metrics such as the MUI-cancellation capability, pairwise error
probability (PEP), EE, and per-user rate. Furthermore, it is also
crucial to analyze these metrics upon scaling the number of
users with the number of relay antennas noting that [12], [13]
fixed them. Against this backdrop, the main contributions of
this paper are as follows:

1) We consider a massive MIMO FDD multi-user TWR system
having N relay antennas and 20/ single-antenna users divided
into two groups of M users. The performance of the relay’s
MRC-MRT precoder is analyzed for the scenario, when it is
designed using the UL CSI estimated by the relay, and DL
CSI, estimated, quantized and fed back by the users.

2) We analytically show that when each of the 2M/ users
feeds back B > 1 bits per relay antenna, with the total
number of users scaling as 2M = |N¢| with « € [0,1),
the MRC-MRT precoder asymptotically cancels the MUI,
provided that the power of the relay scales as P, = Q%E"‘,
where F, is a constant. We derive the symbol-PEP, and almost-
sure upper-bounds on the per-user rate and the system’s EE.
We show that the symbol-PEP of the quantized MRC-MRT
precoder converges almost surely to the PEP of an AWGN
channel. The current analysis is important because we i)
consider a FDD relay and design the MRC-MRT precoder
for using quantized channel feedback; ii) scale the number
of users, sub-linearly, with N; and iii) show that the MRC-
MRT precoder designed using these constraints still achieves
AWGN:-like bit error rate (BER) for N — oo. In [12], [13]
the authors designed precoders for a TDD relay (consequently
assumed the availability of unquantized CSI) and analyzed the
performance by fixing the number of users as N — oo. The
analysis of per-user rate and of the EE of the quantized MRC-
MRT precoder, where the number of users scale sub-linearly
with IV, is completely different from that in [12], [13]. We
rely on the moment expansion methods of Tao [19] and on
the limit theorems of [20] for our analysis.

3) We analytically show that the quantized MRC-MRT pre-
coder requires B = 2 bits to approach the BER, the per-user
rate and the EE of its unquantized counterparts in [12], [13].
4) The authors of [12], [13] analyze the asymptotic EE by

assuming that all users have identical large scale fading param-
eters. We, in contrast, calculate the almost sure upper bounds
on the per-user rate and on the EE by assuming different large
scale fading parameters for all users, which makes analysis
more realistic. We show that for ensuring uniform convergence
of the EE upper bound derived, the supremum and infimum of
large scale fading parameters should be finite and non-zero.

5) Although we compute the precoder’s performance
asymptotes for the Gaussian channels, we show that the analy-
sis is also applicable for the zero-mean, complex non-Gaussian
distribution with certain constraints on the probability density
function (pdf) of the channel phases. This is unlike the work
in [12], [13] which is valid only for Gaussian channels and
that too for unquantized MRC-MRT precoder design.

The importance of this work is that the considered system
model can be readily applied to control and telemetry appli-
cations like unmanned aerial vehicles (UAV’s) [21], robotic
cars [22], high-speed trains [23] which demand a very low
BER, but not a very high data rate. These applications are
typically scheduled on a time/frequency resource different
from the remaining non-control applications. Further, these
applications form a small fraction of the total users in the
system. Scheduling such small number of applications in
a massive MIMO system implies low user-antenna ratio, a
scenario considered in this work.

With 2M = N constraint, we investigate 1) how should
the relay antennas N scale as the number of nodes i.e., UAV’s,
robotic cars or high-speed trains, increase, such that each node
asymptotically achieves the reliable AWGN BER. 2) For a
given « € [0, 1), the maximum 2}/ number of nodes that can
experience reliable AWGN BER for a given large N.

The rest of the paper is organized as follows. The system
model is presented in Section II. The quantized MRC-MRT
precoder design is introduced in Section III. For this precoder,
we analytically characterize the asymptotic symbol PEP, per-
user rate and the EE in Section IV. We then numerically
evaluate these metrics in Section V.

Notation: We use boldface lower- and upper-case letters to
denote vectors and matrices, respectively. The symbols | - |,
(-)* and |-| denote the magnitude, complex conjugate of a
complex number, and the floor of a real number, respec-
tively. The symbol “3 denotes the convergence of a random
variable in the almost sure sense. A circularly-symmetric
complex Gaussian random variable with a variance Ny is
denoted as CN(0, Ny). The notation [A]y; represents the
(k,)th entry of the matrix A. For an N x N matrix A,

N

Tr(A) = > [Al]i;. The symbol E[-] represents the expectation

i=1
operator. The notation f(z) = O[g(x)], means that there exist
constants ki and ko such that kig(x) < f(z) < kag(x).
Further, blk-diag{P;,---,Py/} means the block diagonal

P, 0 - 0
o Py, -- 0

matrix . . where 0 is the all zero matrix
o ... 0 Py

of appropriate dimensions. Next, the notation D'/ implies a
square matrix B such that B2 = D.



II. SYSTEM MODEL

We consider an AF single-cell massive MIMO TWR net-
work as in [12], [13], where M single-antenna user pairs
communicate with each other via a relay equipped with NV
antennas; the total number of users is given by 2M = | N¢|.
Without loss of generality, we assume that the (2k — 1)st
and (2k)th user communicate with each other via the relay.
This is accomplished in two phases, each requiring a single
channel use. In the MAC phase, each of the 2M single-
antenna users simultaneously transmits its respective data to
the relay, which receives a signal vector y, € CV*1 given
as y, = oM oihyx; +n, = HD2x + n,. Similar to [12],
[13], the vector h; € CN*1 denotes the UL channel spanning
from the ith user to the relay whose entries are assumed to
be independent and identically distributed (iid) with a pdf
CN(0,1). The scalar o;, similar to [12], [13], denotes the
large scale fading coefficient of the ¢th user. The scalar z;
is the symbol transmitted by user i. The augmented matrix
H = [hl ho,--- ,honr g hgju] € CN*2M and the vector
X = [ T2, -+ ,an—1 Tap|T contain the uplink channels
and independent transmit symbols of all users, respectively.
The matrix D is a 2M x 2M diagonal matrix with [D];; = o2.
The vector n,. € CV*! denotes the relay receiver’s noise with
iid entries and pdf CA/(0, No).

In the BC phase, the relay multiplies its received MAC-
phase signal y, by a precoder F as x, = cFy,, and then
forwards this signal to the 2M users in the DL. The scalar ¢
ensures that the average relay transmit power constraint P, is

met i.e.,
P,
c= 4 ———. (1)
\/ E[IFy. |7

The signal received by the i'th user is
Yir = 0y BirXr + 0y = 0y i Ky, +nis, 2)

where g;; € CV denotes the row vector DL channel span-
ning from the relay to the ’th user, whose entries are
iid CN(0,1). We note that i/ = 2k and ¢ = 2k — 1
form a communicating pair. The augmented matrix G =
gl gl gly_1 gly])T € C*M*N contains the downlink
channels of all the users. The scalar n;, denotes the noise at
the i'th user and has a pdf of CA(0, Ny).

Remark 1: We assume that the relay estimates the uplink
channel H as H = HD? + E,. Here E, is the estimation
error matrix, whose entries are iid with pdf of CA'(0,7?2), and
are independent of Athe entries of H [24], [25]. Let fli denote
the ith column of H. Since we consider a FDD relay, the UL
and DL channels are non-reciprocal. The DL channel G is
available to the relay in its quantized form, fed back to it by
the users.

We also assume that the 4'th user estimates the DL channel
vector 0;/g;. Based on its estimate of the channel gain vector
o8, the i'th user computes B bits per relay transmit antenna
and feeds them back to the relay through an error-free low-
rate feedback channel. The relay then constructs the precoder
F based on the knowledge of H and the quantized knowledge
of G = DG + E4. The matrix Eq4 is the estimation error

matrix with iid entries that are independent of the entries of
G and have pdf of CN (0, 773) [13]. We also use g,/ to denote
the i'th row of the estimated DL channel matrix G.

We now precisely state how the uplink channel is estimated at
the relay, and the downlink channel is estimated and fed back
to the relay.

Uplink channel estimation at the relay: We consider a block-
fading channel with coherence time of 7, samples. Each user
sends a T-sample long (2M < T <« T;) complex orthogonal
pilot row vector sequence s,, € CT with power P; such that
spstl = P, and s,s7 = 0 for n # n/ [11]. The received
signal Y € CV*T over T samples is then given as

2M
Y =o,h,s, + Z orhpse + N,
k#n
where N € CV*T is the relay noise with iid entries and pdf

CN (0, Ny). The least squares estimate [24], [25] of h,, is then
given as

YsH NsH
n Pl n n B ( )
H
Equation (3) shows that the error column vector e,,,, = N;l"

CN is independent of h,, and its entries are iid with pdf
CN(0, %?) This implies that in the estimated uplink channel
matrix H = [fll ho M} = HD:z +E,, the error matrix
E,, has entries independent of the uplink channel matrix H =
[hl hQM], where E,, = [eul eugM] and D is
a 2M x 2M diagonal matrix with [D];; = o2.

Downlink channel estimation at the users and its quan-
tization: For the downlink channel of coherence time 7.
samples, the relay sends a complex orthogonal pilot sequence
S € CVN*T 2M < T < T,., with power P, such that
SS# = PI € CNXN [11]. The received symbol row vector
yn € CT at user n is

Yn = Jngns + n,

where n,, € CT is the thermal noise row vector at user n with
entries distributed iid CA'(0, Ny). The least squares estimate
[24], [25] of g, is then given as

n,SH

. ynsH
n — = n8n —_— 4
g P ongn + 2 4)

Equation (4) shows that error row vector e4,, = % € CNis
independent of g,,, and its entries are iid with pdf CA/ (0, %’)
This implies that in the estimated downlink channel matrix
G = [g] gQTM]T = D:G + Ey, the error matrix Eg
has entries independent of the downlink channel matrix G =

T 7 17 where By — [T T
[g1 g2M} , where By = [edl edQM]

III. PRECODER DESIGN

We begin this section by defining the structure of precoder
F, wherein we decompose it as F = FqF,F,, where F, €
C2?MxN {5 designed to mitigate the uplink MAC-phase MUI
from the relay’s received signal y, for large N. To achieve
this objective, we design F, based on the MRC criteria using
the UL channel estimated by the relays i.e. set F, = HY ¢



C2M*N The precoder is set to F, = blk-diag{P1,--- , P},
where P; = [0 1;1 0] is a 2 X 2 permutation matrix which
ensures that the symbol xo; 1 transmitted by the (2¢ — 1)th
user in the MAC phase is sent to the intended 2ith user in the
BC phase. Finally, the DL MRT precoder

Fq=[a; az---asu] @)

is designed for mitigating the DL BC-phase MUI for large
N. The column vector a;; = [ayqr, -+, aNT;/]T € CV is the
precoding vector for the i'th receiver. The entries of a; are
ary = /%" for k = 1 to N transmit relay antennas, and
for i’ = 1 to 2M users. The signal received by the i'th user
in (2) can be expressed by substituting the expression of the
precoder F in (2) as

yir = copoigyayhi’h;z; “!‘RIU + NI,-/ + ngr. (6)

Desired signal

The term R 1,, 1s the sum of the MUI and the SI experienced
by the 7'th user due to its MAC-phase transmit signal z;/. The
term Rj, can be expressed as Ry,

2M
— [ H
= coypgiray omh; hy 2,

m=1,m##1i

2M 2M
+ § Coy giray § O—mthhmxm (7)
U=1,'#4 m=1
2M
_ i H ~H
= coygpayoyh; hyzy + copgparoyhy hyxy
U'=1,l'#4
SI
2M
ey hfh
+ COy Gir g/ omn; mILm
m=1,m%1,i’
MUI
2M 2M
+ § COr g4y § Jmthhman .
V=1, #i m=1,m#i’

MUI

Since user ¢/ does not have the knowledge of the UL channel
o/, it cannot cancel the SI term. The term N 1,, denotes
the MAC-phase thermal noise forwarded by the relay to the
' user node, and is given as

2M
N]i, = CO;’ E gi/al/ﬁl, where ’fll = hfll’lr. (8)
'=1

We assume that x; is from an M-QAM constellation, and
use Ax; to denote the minimum distance across all pairs of
constellation points. For a given channel realization, the noise-

free minimum received distance squared at the 7'th user is

2

252 , where 9

2 _ 2
d; = c*oj0;

girayhfh; Az,
N N
= ( Z gi'neﬁ"”) ( Z h:lihni>
n=1 n=1
N
= Az, < Z |gi’n| ej(ai/n—"_eni/)) (
n=1

gira; fll}l hZA.'L'Z

INE

iljn hm’)

n=1

N N
- o[i'n] ~
= 2y (3 lgenl @) (X hihui). - (10)
n=1 n=1
In the above equations, g;r, = |girn|e’®"». We define
il
0%} = @it + B, (10

where the superscript [il] and subscript ni’ denote the indices
of a;; and 6,,;/, respectively.
The symbol-PEP is determined by the ratio [26]

2
3
|Rr, |2+ INT, |2+ No.

We will show that for the MRC-MRT precoder, both the
interference power |R1i, > and the forwarded noise power
|N I, |2 almost surely go to zero as N — oo. Consequently,
the symbol PEP asymptotically approaches that of an AWGN
channel. For a given B > 1, we assign the precoder phase
angles 0,,;; from a uniform quantizer as shown below

12)

2
Oniv = —m+ (k—1) 2—2 = —us,, if &, € Sk, where
(13)
1\ 27 3\ 27
and fg, is the centroid of Sy and
[Glim = Girm = |girnle?®m. (15)

We observe that the intervals S; and S; are disjoint for ¢ # j
and Ufjl S; = [—m, 7).

Channel feedback: The nth user quantizes the phases of its
estimated downlink channel g, spanning from the relay and
feeds back its index (see (13) and (14)) to the relay using
a low-rate feedback channel. The relay uses these indices
to construct the downlink transmit precoder F; (see (5)).
Such quantization techniques are extensively used for reducing
channel feedback requirements in conventional MIMO sys-
tems [26], as well as in the commercial cellular systems, such
as LTE-A [27].

Remark 2: We note that the zero-forcing receive/zero-
forcing transmit (ZFR/ZFT) precoder has better rate for given
N and M. But we also note that the ZFR/ZFT precoder has
O(N?) complexity, which is much higher than the MRC/MRT
complexity of O(2M N). In this work we investigate the BER
of the low-complexity quantized MRC/MRT precoder. It is
important to investigate the BER of the high-rate quantized
ZFR/ZFT precoder also, which can be taken up as future work.



Remark 3: The MRC-MRT precoder in (5) has 2M

columns of the N-length vector a;; = [eﬂ’i’,l ej("i’vN] g
Now if G is the downlink channel from the relay to the 2M
users and its entries are [Glir,, = [Gir.n|e?"», then each
0,.ir, for B quantized bits, takes values from 25 levels which
are defined in (13) and (14). The above design rule allows the
phases 0,, i to take the complex conjugates of the phases of
the channel coefficients [é}iz,n = |Gir n|€7% .
We use a uniform quantizer since it minimizes the BER degra-
dation over all quantizers, when the channel phases are iid
and have a uniformly distributed pdf in [—,7) [28]. Having
defined the precoder F, we simplify E[|Fy, |?] in (1), which
will be useful for our analysis in the sequel. It is fairly easy
to show that E[|Fy,||?]

:E[Tr(FdeﬁHy’l’yr HF,F)]
—E[Tr(F,F{ F,F,H y,y"H)]
—Tr(F,E[FY Fy|F,E[H y,y/H))
_NTr(IgME[H v,y H])

2M 2M
=P,N3( Za )+ N%( Za )2+ PN?(2M)n2(>  o7)
i=1
QJLI
+NoN? (D~ 07) + NoN*(2M)n;, (16)
1=1

IV. BOUND ON THE NUMBER OF USERS TO ACHIEVE
AGWN-LIKE PERFORMANCE

In this section, we analyze the PEP, the per-user rate and the
EE of the quantized MRC-MRT precoder design by varying
the number of users 2M with relay antennas N i.e., 2M =
[N*].

A. Characterization of the MUI and SI power experienced by
user i

Our objective is to find a bound on « so that |RI 2430 as
both N and the number of users 2M = | N%| tend to infinity.

We do this in the following steps.

1) Using Markov’s inequality [20], we find the bound
P(|R;,|¥ > €) as well as P(IN7, |5 > €) for e > 0
and for an even natural number K.

2) We show that for o € [0,1) and P, = Q%ET,

Z P(|Rr, K > e), Z P(|N7, |5 > ) are finite.

=1
3) We invoke the First Borel Cantelli Lemma [20] to show
that both RI , and later N 1,,» almost surely tend to zero.
4) We use the almost sure limit results on continuous

. 1 a.s.
functions to get T PN, - N for N — oo.

Let us now state Markov’s inequality and the First Borel-
Cantelli Lemma from [20].

Lemma 4.1: Markov’s inequality: For a non-negative ran-
dom variable X, we have:

E[X]

€

the sums

P(X >¢) < , for given € > 0. 17

Lemma 4.2: First Borel-Cantelli Lemma: Let A,, represent
o0
events obeying > P(A,) < oo. Then almost surely only

n=1
finite number of A,, events will occur.
Now, for even K, we have:

- (a) Ry | K
p(|R1i‘K >e) < M

€

3K kCKU-I/(

®) P v
2 ol2m) %5 N5

7K
+0[(2M)KNK}L i

\Nm

K
2

u

€
© O[2M) S N*¥ kP2 oK O[2M)ENK]kP? o
(P, N32Mal )5 e (P N32Mal )%
oL kPE oK O] 2M)S NFkpE oF
© (Pob)Ee (Psol)ze
(d) EE% K I;E?o—
Kook

- +
N*=" (Pal)%e NE—aK(Pgh)ze

where

[

x

(18)

K
2

o Inequality (a) follows from Markov’s inequality.

o Inequality (b) follows from Appendix A, where we show
that for a given number of feedback bits B > 1,
even K and large N,2M, the interference term Rl,

defined in (7), obeys the bound EllR, ) < O[(?M —

Ko K
)TNk + O[(2M — 1)E(N)E }k Where k is some
constant. The method of expanding higher moments of
random variables using the O[] notation is well illustrated
by Tao [19].
o Equality (c) is true because from (1) and (16), we have,

< L < L 19
€= ar S\ B (1Y
P,N3 Y ot !
i=1
where o; = inf{oy - - - 025} and o, = sup{oy - - oaps }-

o Equality in (d) is true because of the relay power allo-
cation of P, = 2ME- in the presence of 2M = |N¢|
users. This choice of P,, as derived later in Section IV-C,
ensures the convergence of the received signal distance
square to a non-zero constant, as N — o0.

From (18), we have

i P (|R1i,|K > 6)
N=1

N=1 N=N'
= K
kE? ok & 1
+ = (20)
(Poot)= e N:ZN, NEK—aK
The tail series only obey Z W < oo when £ 20‘K >
=N/ N 2
1, since Z N,, converges for p > 1. Likewise, Z NkilaK
N=
is finite only when K — aK > 1. This implies that (20) is
only finite when o < 1 — ?. We see that if we fix K to a

large enough value, when N — oo, the condition simplifies



to o < 1. This is possible, since all even-K moments of the
Gaussian random variable exist and are finite.

Remark 4: Note that a sufficient condition for the summa-

tion in (20) to be finite is that the lower bound of the large
scale fading parameters must be non-zero ie., op > 0 and
the upper bound be finite i.e., 0,, < co. The authors of [12],
[13] do not impose such conditions on the large scale fading
parameters, since the number of users in [12], [13] does not
scale with the number of relay antennas V.
By using the First Borel-Cantelli lemma (see Lemma 4.2), we
therefore have wa % 0as N — oo, for a € [0,1). Since
|z|? is continuous in z, invoking the Continuous Mapping
Theorem of [20], we have

IRy, > %% 0as N — oc. (21)

Both the MUI and SI terms almost surely go to zero for P, =
%, and the number of users 2M = |N%| with a < 1,
for any arbitrary choice of feedback bits B > 1 and channel
estimation error variance, as N — oo.

Remark 5: The sum in (20) is finite for a < 1, because all
the even moments of a Gaussian random variable exist. Let us
suppose that instead of Gaussian, the channel entries are iid
with some zero-mean, complex-valued distribution. Then for
this new distribution, it turns out that the derivation of (18) and
(20) remains exactly the same. Also, at this point let us assume
that all higher moments beyond K'th moment do not exist for
the new distribution. Then (20) is finite only when o < 1 — 2
implying the the number of users can only grow as fast N'~ &
This implies that the above analysis characterizing the MUI
and SI is applicable for any zero-mean non-Gaussian complex
distribution with the pdf fo., (.) of ary, satisfying fo., (x) =
fa,, (x4), as shown in Appendix B. We make another crucial
observation. For the Gaussian case, with &« = 0 and B = oo,
our analysis reduces to that of [12], [13], where the authors
fixed the number of users 2M, while increasing the number
of relay antennas.

B. Characterization of the noise forwarded by the relay to
-/
user i

The forwarded noise term from (8) can be expressed as

Ny,
2M 2M

= coy Z girayn, = coy (gz‘/ai/ﬁi + Z gi'al'ﬁl)
=1 V=10

2M

_caz(2|gzp|e RS Z|g7p|e o),

UV'=1U#ip'=1

(22)
where n; = ﬁfl n,. By using Markov’s inequality we have

. E[|N;, ¥
(a) & e cfol Kk

< (OINZ]+0[(2M)% N¥)|—+=
®) PE ok
< (OIN'F] 4 0[(2M) EN¥)| T Zt "

(Ps2MN3g})2 €

(PSN4O'I4)%€
K ~ K ~
@ Bfofk ,  Blofk 03
- NE(Pof)¥e  NE-F(Pol)Ee

e Inequality in (a) follows from Appendix C, where we
show that for even K, and for large NV and 2M, the relay

. . |K ~
noise term N7, can be bounded as % < O[N%]k +
O[(2M) = N¥]k.

e Inequality in (b) follows from (19) and from the fact that
oy > o0 Vi.

e Equality in (¢) follows the assignment P, = %
e Equality in (d) is true, because 2M = | N%|.

Now, from (23) we have,

> P(INg, K > €
N=1
N’ e} X 7
EZ? oKk
<Y PN, K>+ > ——%
=1 N=N’ Nz (Po})ze
o) K g
E?okk
+ Z K—<ok s o 24
N NV > (Pso)=e
For large K and o < 1, the tail series . L
N=N'NZ

oo
ﬁ in (24) are finite and consequently
N=N’'N

> P(|N;,|X > €) < oo. Hence, by the Borel-Cantelli
N=1

and

Lemma (see Lemma 4.2), the noise term Ny, “20as N —
00, for v < 1. Since \9c|2 is continuous in x € C, we have,

|N1w|2 220 for a < 1 as N — co. (25)
From (21) and (25), and for « € [0,1), 2M = |[N®]| and
P, = 2MEx the term Ry, >+ [Ny, |> “3 0 as N — co. We
therefore have,

1 1
L as N = oo

- (26)
N, 2+ No  No

|R1i/ |2 +

The above result follows from the fact that the term T N is
continuous in x € C for a fixed Ny > 0 and the convergence

of the term (\Rli, 2+ |Ny, \2) is in almost sure sense.

Remark 6: Note that (20) and (24) are not finite for K =
oo. Hence a = 1 is not achievable with the aid of MRC-MRT
scheme.

Remark 7: Equation (18) shows that the rate of conver-
gence of ]5%_, to zero does not depend on any particular (i, 1)
receiver-transmitter pair. Hence, R[i, converges uniformly to
0 for all users. Likewise, N 1,, converges uniformly to O for
all users. This fact will be used in Appendix D.



C. Characterization of the received distance squared for user
i" and relay power scaling

We know from (9) and (10) that the received distance at the
/th user is given by

N N
j5[i,n] 7 %
dy = |A:L‘i|CJi/(7i E |gi’n|€ ni! E hnzhnz .
n=1 n=1

For 2M = |N®| and a € [0,1), by substituting ¢ =

A /m from (16) and introducing the short hand

NP,
Na
kN = N N N N~
Py 3 of (X o3)? P2 3 o? No 3= o7 Nonz
i=1 4 =t + i=1 + i=1 + 0M%
No N1t N Nlta N
(27)
we get d;/
N jd[i/n] N ~ "
Zl |gz’n‘ e’ ni! Zl hnihni
= kN|A:Ci|O'i/O'in7 N n= N
. o[i'n) ~ X
Aoy E|girn| €%n B[RS hni] lim ky (28)
N—oo

. o[i'n] .
= |Azilos Ellgi] e [El(03hi, + Bl )hai] Jm

sl m] E
= Aoy o} E|gim| i ] G (29)
> o}
P, lim =L
SN—)oo N
N [i'n]
. . 5 lgirnle’ ni
e Equation (28) follows by applying SLLN to *~—x——
% ﬁ:ih"i
and "=—5—— as N — oo.
e Relay power law: Equation (29) is true because
lim ky = Er ~+—, wWhere E, = JX,P for a constant
N —o00 ) “f
2 i S

P,. For the received distance of user ¢/ to be non-zero, we
require ky > 0; consequently a constant F, is a possible
choice. This implies that the relay power must scale as
P. = NQTE = % This is different from the relay power
laws derived in [12], [13] for TDD precoders, which do not
account for the N* term in P,, which arises due to scaling
the number of users as 2M = N. This is because we
simultaneously scale both M and N to co whilst obeying
2M = N“. By contrast, the power scaling laws of [12], [13]
are only valid for N — oo in conjugation with a finite M,
which does not allow them to vary simultaneously. Our current
framework therefore allows us to investigate the BER, rate and
energy efficiency, when both M and N are large. Now if we
simultaneously vary both M and N, we cannot use the law
of large numbers to quantify the MUI term as in [12], [13].
This is explained as follows:

e Invoking strong law of large numbers (SLLN), the authors
of [12], showed that the MUI term in (7) obeys Rli 20 as
N — oo and for a fixed 2M. This is because according to
SLLN for N — oo the inner products between 1) uplink

channel vectors fllH and h,, for i # m; as well as 2)
between the downlink channel vectors g, and a; for i’ # I’
oM

converge to zero in the expressions > amth h,.z.

m=1,m%i
2M

and >

V=11 #i/ B
consequently almost surely we have R;, — 0. However, if
the number of users varies with that of the relay antennas i.e.,
2M = | N“|, the SLLN cannot be applied to each term in (7)

i

2M N ~
CUi’gi'al’ Z O'mhflhma;‘m in R11 in (7) and
m=1

i.e., to each term in the expression >  o,h{’h,,z,, and

m=1,m##1i

N© N© . .

> covgiay Y, onhfhy,x,, to conclude that Ry, —
I=1,1'#i m=1
0 al}nist surely with N — oo, as the summation limit itself
now varies with V.

e Similarly, for a fixed 2M, reference [12] approximates
MUI ]:211. by Gaussian noise for N > 2M by applying
central limit theorem to each term in (7) and then adding up
2M Gaussian terms. This simplifies the computation of the
lower bound on the sum-rate. However if 2M = | N®], this
approximation cannot be applied to the individual terms.

In the current work, we overcome the above problems
by using Markov’s inequality (Lemma 4.1), Borel Cantelli
Lemma (Lemma 4.2) and Dominated Convergence Theorem
(Theorem 4.3), which allow us to derive power scaling laws
which, are valid for a wide class of non-Gaussian channels —
channels whose higher moments do not exist (see Remark 5)—
and not only Gaussian channels as in [12], [13].

D. Asymptotic pairwise error performance

We now compute the symbol PEP, per-use rate and the
system’s EE in almost sure sense for large N values. To
derive this result, we will choose the following theorem proved
in [20].

Theorem 4.3: Dominated Convergence Theorem: Let X,
be a sequence of random variables so that for each n,
X, <Y almost surely and E[|Y|] < oo. Then nh_)rr;o EX,] =
E[ lim X,].

n— o0
Note from (29), that the convergence in (29) is in almost sure
sense, since |x|? is continuous in C. Then we assert that

2
9 a.s. 9 jé“’f,"] E,
di/ — | 0; O'Z'/|A.Z‘i|E |gi/n‘e ni e—

(30)

From (26) and (30), it follows that for 2M = N% P, =

QJV]I\,*Er,a<1andN—>oo

d?
1
|R1,|? 4+ | N1, |? + No




2
. <[i'n)

<Uz‘20i'A3€iE [9t/n|6]6"’" }) E

a.s. I

7 o
Ny =4

€2y

The asymptotic symbol-PEP of user i’
channel realizations is

(\/|R1,|2+|N1 |2+No>]
(i)E 0
| N—>°° |R[ |2+|N] |2+N0

. <[i'n)
| Al o2E|girm| €]
Vv No

averaged over all

lim E

N—o0

© <A$5iCi,i'\/E) _ (32)

v No
Here the expectation is over all realizations of
H,G,E, and Eq. The equality in (a) follows from
Theorem 4.3, and because the complementary error function

Q(z) <1 and Q(y/x) is non-negative and continuous in x
[29]. Equality in (b) follows from (31). In (¢) we use the

[
_ ouo; 2E[ gy, le”ni’ ] . Since E[|$l| ] = P, the

constant (;

~ Nx; .. .
term |AZ;| = % represents the minimum distance among

all the points of the unit-energy transmit constellation.

Remark 8: An AWGN channel is represented by y =
Gi,irx + m, where x is the transmit symbol with power FE.
and n is iid CA (0, Ny), which has the same symbol PEP as
that of (32). This verifies our claim that the per-user symbol-
PEP of the MRC-MRT precoder converges almost surely to
that of an equivalent AWGN channel.

Remark 9: The impact of the DL channel estimation error
. . . - o[i'n)
and of the quantized precoder is captured in E[|g; | €’ St I,

which can be evaluated numerically. Note that the UL channel
estimation error does not impact the asymptotic PEP, since
(32) shows that the asymptotic PEP is not a function of the
UL channel estimation error variance 72.

Impact of the Number of Quantization Bits (B) on

Symbol-PEP: It is clear from (32) that E[|g;,,| e?*n+ ] has
to be computed to investigate the impact of quantization bits
B on the as/ymptotic per-user PEP. It is difficult to evaluate
E[|girn| €’ 5t ]] to get any analytical result for the asymptotic
PEP, when the estimation error 12 and 73 > 0. We now
proceed to demonstrate how B impacts the asymptotic PEP,
when n2 =72 = 0.

We know from (11) that 57;” = @y + O, . Due to the

precodlng rule defined in (13) and (14) we can see that when
nZ = n3 = 0, we have 5[ e € [3#. 5] For (8,84 dp) C

[5&, 3], we have,
(ol € (8,8 +5p)}
2B
= |J{om € (B+ps,.B+88+ps)}  (33)
k=1

Equation (33) is true because i) whenever «;,, € (8 +
s, B + 08 + ps, ), the parameter obeys 6, = —pug, (see
(13)); i) ajrm € (B + ps,,B + 08 + ps,) C Sk for each

E=1,---,2B(see (13), (14)); and iii) UiilSk = [-m, 7] and
Sk NS; = ¢,k # 1 (see text after (15)). Hence from (33), we
have:
P({85) € (8,8 +08)})
2 2265
=Y Plaim € (B+ps,. B+08+ ns,)}) = =
k=1 )

Equation (34) follows from the fact that the angle «;/,, of
the complex Gaussian random variable g;/,, 1s umformly dis-
tributed in [, ]. Hence for n2 = 12 = 0, 6| 1l is distributed

ni’
uniformly with pdf f,grn (2 ) = 33, which is independent of

|girnl, since iy, is 1ndependent of |girn|. Note that |girn] is
Rayleigh distributed with a pdf of f|,, |(y) = 2ye™ v, Hence,
we have:

. [i/n) [’ 7l
E[|girn| €°n] = [ girn JE[e?*n]

o0 o7
V7 sin(5s)
— [ oy [ e fyenters = 22 )
ni QB
0 2B
It follows from (32) and (35) that when n2 = n2 = 0 the
per-user asymptotic PEP is
|AZi|oyof /7 sin(F)VE,
— (36)
2 P
VNoSsE hm Na

Remark 10: We see from (36) that the PEP of a quantized

precoder is a function of 2 , which has a maximum value

of unity for B = oo and 0.9 for B = 2. For B = 2 the
PEP, and consequently the BER, of the quantized MRC-MRT
precoder will be close to that of the unquantized one for large
N. We will validate this fact later in the numerical section.
Although we do not have a closed-form PEP expression for
analyzing the impact of quantization in presence of channel
estimation error, we conjecture that with B = 2 and 72 and
n% > 0, the BER of the quantized MRC precoder will be close
to that of the unquantized one. We later numerically show that
the conjecture is in fact true not only for the BER, but also
for the per-user rate,EE.

Remark 11: From (36), we conclude that the smaller the
N(l

; o’

- NOt b

of the MRC MRT precoder becomes. A smaller limit value

parameter hm the better the asymptotic per-user PEP



implies larger path loss values on a average. This implies
having a lower on average MUI power, leading to a better
per-user BER.

E. Asymptotic per-user rate

The per-user rate is given by lIEl[log( +
P

|Rr, |>+|N1,, [24No 8idi

is the instantaneous received signal power of user ¢’. The

p? expression is similar to the d7 expression in (9). For

2M = N* P, = ”]{,E* and o € [0,1), we can similarly

prove that

)], where p? = c*oZo?P;

pl/
|R1, [>+|N1,[2+No
2 7

a.s. s ’"] 2 Er
Y2 P 020y E || girm|eni — |- 3D

P, lim =

N—oc0

The asymptotic per-user rate is given by

lim E[log (1 +

)]
N—oo 2 |RI |2+|Nli/|2+NO

P2 )}
T
o 1

sli'n) 2
(U O”LIE |:|g n|6] N :|)
Slog | 1
il No e

lim
1 EC“,
:71 1 .
2og( + Ny )

N —o00

Inequality in step (a) is from Fatou’s lemma [20], which states
that if a sequence of positive random variables X,, — X
almost surely, then we have ,li_>m E[X,] < E[X]. Equality in
step (b) follows from (37). o

Remark 12: We observe from (38) that for an arbitrary
choice of B > 1, the asymptotic per-user rate is upper bounded
by the rate of an AWGN channel y = (; ;= 4+ n with transmit
power F, and noise n having pdf CA (0, Ny) when i) the relay
power is being scaled as P, = %, and ii) the number of
users being scaled as 2M = |[N®| for a € [0,1).

Impact of the Number of Quantization Bits (B) on Per-
User Rate: This can be observed by investigating (38), when
the channel estimation error is 72 = 73 = 0. Substituting the

Y ]E[

N—oco 2

lim flog (1 + —
R, |2

(38)

value of E gi/nejégi’n]} from (35) in (38), we get an upper

bound on the per-user rate as follows

1 452 1 sin?(Z)E,
alog 14 22T (233(1 (39
> ol
21 : i=
No(3%)? lim N

We see from (39) that the per-user rate of a quantized precoder,

similar to PEP, is a function of , which has a maximum

QB

value of unity for B = oo and 0.9 for B = 2. Hence, for
B = 2 both quantized and unquantized MRC-MRT precoders
will have similar rates, for large IV, a fact which we will later
validate in the numerical section.

F. Asymptotic Energy efficiency

Let us now investigate the EE of the quantized MRC-MRT
precoder which is deﬁned.as pN = % [12]. Here R, is
the system’s sum rate, which is given by

2M p2/
,E[Z log ( TG |]%I’“ o No)]. (40)

2ME,

Furthermore, P, = =5~ is the total transmit power of the
relay, and Py = 2ME [|z;]?] = 2M P; is the total transmit
power of the 2M single-antenna users. The asymptotic EE
associated with 2M = | N“] is given by

e
D
2 Etlog (H s |2+\N1,|2+No)}

/=1
QN;ET + 2NQPS

li = i
i o = Jim

P?/
Q Lgly 2,10 (1+ i)
< 3B, im

N—oc0

- (41
The inequality in step (a) follows from Fatou’s lemma [20].
Equality in (b) is proved in Appendix D. The crucial
step in proving the result in Appendix D is to assume
inf{o1,09,..} = oy > 0 and sup{o1,02,...} = 0, < 0,
which allows for uniform convergence of the interference
powers for all the (i,4") receiver transmitter pairs.

Impact of Quantization Bits (B) on EE: The impact of
quantization on asymptotic EE can be seen by investigating
(41) when channel estimation error 72 = 73 = 0. Similar to
the derivation of (39), it can be shown that for n2 = n3 = 0,
the EE upper bound in (41) reduces to

N oto? msin?(Z5)E,
log | 14— 25
igl ot
) No( 2732 hm 71\}@ "
2P, N—oo N« (42)

We see from (42) that EE of a quantized precoder similar to

the PEP and per-user rate, is a function of 2 25) . Hence for

B = 2, and for large N, we will show that both quantized
and unquantized MRC-MRT precoders will have similar EE.

V. NUMERICAL RESULTS AND DISCUSSIONS

We now numerically investigate the BER, per-user rate
and EE of the quantized MRC-MRT precoder using Monte
Carlo simulations. We first investigate its BER and consider
a system, where each user employs 4-QAM, and estimates its
DL channel 0;g; and then uniformly quantizes phases of the



entries of 0;g; using B bits each. The relay also estimates the
UL channel H. We plot the BER of users versus its respective
average receive SNR. For example the average receive SNR
for user 1 is defined as E[‘Colglgﬁgﬁgfh”ﬂz]. It is worthwhile
noting that whenever we vary the number of relay antenna IV,
we vary the number of users 2M = | N®|. This is in contrast
to [12], where the number of users was fixed while varying
N. Also, here we fix o = %

We begin our investigation by setting the large scale fading
parameter o; = 1,Vi = 1,---,2M. Since all the users
statistically observe the same channel, we plot the BER of
first user alone. We recall from Remark 8 that for a € [0, 1)
per-user symbol-PEP of the quantized MRC-MRT precoder
converges almost surely to that of an equivalent AWGN
channel y = (; o + n , where (;; is defined after (32).
To verify this, we plot in Fig. 1a the BER of this equivalegt
AWGN channel versus the average receive SNR %
with B = oo and 2 = 12 = 0. We observe that with N = 200
and B = 2, the first user BER is significantly inferior than
the equivalent AWGN channel. With N = 1600, B = 2 and
2M = 12, and at 10~* BER, it requires only 1.6 dB higher
SNR than that of the equivalent AWGN channel.

We now evaluate in Fig. la the effect of quantization on
the BER of the MRC-MRT precoder using B =1 and B = 2
bits. For benchmarking, we also plot the unquantized MRC-
MRT massive MIMO TWR relay precoder from [12], which
is designed by assuming that the relay also has unquantized
downlink CSI. We see that for N = 1600 and B = 2 bits,
the BER of the quantized precoder is similar to that of the
unquantized one. This can be justified by recalling that the
asymptotic PEP, derived in (36), is a function of sinc(5% ). We
now plot in Fig. 1b the sinc( 57 ) for different B values. We see
that for B = 2, sinc( &) = T2 = 0.9, which is 90% of it
peak value. We note from Fig.2 la that for B = 1, the BER of
the quantized precoder for N = 1600 is ~ 1.5 dB away from
the unquantized one. This is because for B = 1, sinc(QlB) ~
0.65; the PEP expression in (36), and consequently the BER
of the quantized precoder, proportionately degrades.

We now numerically show in Fig. 1c that the user PEP
gracefully approaches the PEP of an equivalent AWGN chan-
nel with the number of relay antennas N — oo. For this
study we have 2M = N3, we fix 72 = 52 = 0, and set
Ng =1 and B = 2. We observe that as N increases from 8
to 1728, the user PEP tends to its limit as calculated in (36).
This figure thus confirms that the system at N = 1728 for
the aforementioned parameters starts experiencing asymptotic
PEP behavior.

We now assume large scale fading parameters for different
users are varied as o; = d; 210% where ¢; is iid with pdf
CN(0,0.1) and d; varies uniformly between 0 to 2 kms for
i = 1,---,2M [30]. We now plot the BER of the first
three different users in Figs. 2a, 2b and 2c respectively for
the following systems configuration: N = 200, 1600 relay
antennas, 2M = |N %J users, and with channel estimation
error variance 72 = n3 = 1. We see from the plots that with
B = 2, the BER of all the three users with the quantized
MRC-MRT precoder is close to the unquantized one. Also,

10° "
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as both N
10 T and2M =N ¢
increase.
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Fig. 1: a) BER of the quantized (Q) and unquantized (U)

MRC-MRT precoder [12]. Also channel estimation error 72 =
sin(2LB)

n2 = 0; (b) Variation of sinc(ziB) = —= with the number

of quantization bits B; (c) Variation of gweraged per-user PEP

d?, .
EH[Q( m)] with N. N() = I,PS :ETZQ
For Fig 1a) and Ic), each user employs 4-QAM, and the number of

users 2M varies with relay antennas N as 2M = [N %j.
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Fig. 2: BER of the quantized (Q) and unquantized MRC-MRT
precoder [12] with non-unity large scale fading parameters for (a)
User 1 and (b) User 2 and (c¢) User 3. The number of users 2M
varies with the number of relay antennas as 2M = | N %j . We assume
channel estimation error n2 = 12 = 1, 4-QAM modulation.

BER of each user reduces with increase in N.

We next plot the rate of the first three users of the quantized
precoder in Figs. 3a, 3b and 3c by using the same system
parameters as used in generating the plots in Fig. 2. We see
from these figures that by increasing N (and consequently the
number of users 2 = | N®]), the per-user rate increases. We
also see that the per-user rate, as also discussed in Remark 12,
is upper-bounded by the rate of the equivalent AWGN channel
Yy = G ivx +n, where (; i+ is defined after (32). We also note
that for every finite IV, the per-user rate saturates beyond a
certain SNR. This is because for every finite N, the MUI is
strictly non-zero. Upon increasing N, the MUI of (21) tends
to zero, which increases the rate. We also observe that for
B = 2, both the quantized and unquantized precoders have
similar rates. For B = 1, the quantized precoder, however,
has a degraded performance. This is because the per-user rate
upper-bound (39) is a function of sinc(5z). For B = 2, as
shown earlier in Fig. 1b, sinc(5%) achieves 90% percent of
its maximum value, while for B = 1 it achieves only 65% of
its highest value, which degrades the per-user rate.

We next investigate the EE of the quantized MRC-MRT
precoder. We commence with the case when the channel
estimation error is 72 = n2 = 0 and o; = 1 Vi. We observe in
Fig. 4a that for B = 2 and for large N, the EE of the quantized
precoder is close to the unquantized one. For B = 1, the
EE however, degrades significantly. This is because, as shown
in (42), for large N, the EE is a function of sinc(5% ). This
term, as discussed earlier, for B = 2 and B = 1 achieves
90% and 65% percent of its maximum value, respectively.
Furthermore, the EE increases with N due to decrease in
MUI (see (21)). Note that for o; = 1 Vi, the upper bound

B, sin? (2 . .
Ei(z’z)), which is the EE

in (42) becomes 55~ log(1 + No(ZE
° \/?ezn(QLB)"c

of an AWGN channel associated with y = s +n as
B

well as E[|z|?] = E, = P, and E[|n|?] = No. We plot the EE
of the AWGN channel for B = oo, E,, = Py = 2 versus the
average receive SNR i.e., Zﬁ; We see from the figure that
the EE of this AWGN channel upper bounds the EE of the
quantized MRC-MRT precoder, a fact proved earlier in (42).

We next plot in Fig. 4b the EE for the channel estimation
error variance of 72 = 1% = 1 and the same large scale fading
model as used in Fig. 2. We see for B = 2 the EE of the
quantized precoder is close to that of the unquantized one.
This again validates the conjecture that B = 2 is sufficient for
the quantized MRC-MRT precoder to achieve a performance
close to the unquantized one, even with channel estimation
errors.

VI. CONCLUSIONS

We investigated three performance metrics for quantized
MRC/MRT precoder designed for FDD TWR, using B > 1
bits per transmit antenna per-user of the quantized DL channel
information. We showed that the symbol-PEP, per-user rate
and energy efficiency of this quantized MRC/MRT precoder
converges almost surely to that of an AWGN channel by con-
currently increasing the number of i) relay antennas N — oc;
and ii) users as 2M = |[N?®] with o € [0,1). We showed
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Fig. 3: Per user achievable rate comparison of the quantized (Q) and
unquantized MRC-MRT precoder (from [12]) with non-unity large
scale fading parameters for (a) User 1; (b) User 2 and (c) User 3.
The number of users 2 varies with the number of relay antennas
N = 1600 as 2M = LN%J and channel estimation error 12 = 73 =
1.
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Fig. 4: Energy Efficiency (EE) comparison of the quantized(Q) and
unquantized(U) MRC-MRT precoder (from [12]). The number of
users 2M varies with the number of relay antennas N as 2M =

LN%j with (a) channel estimation error n2 = 12 = 0, 0; = 1Vi; (b)
ne =mng =10 #1.

how to bound @ when the channel coefficients are iid complex
zero-mean non-Gaussian with a constraint on the pdf of the
phase. The key conclusion from this work is that for B = 2,
the quantized MRC-MRT precoder performs very close to the
unquantized MRC-MRT precoder in terms of BER, per-user
rate and EE. This happens for large /N, with the number of
users scaled as 2M = |N®], with o € [0,1) with the relay
power varied as P, = % for a fixed per user transmit
power Ps.
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APPENDIX A
BOUND ON E[| Ry, K]

R Claim: For large N,2M and even K, the interference term
Ry, defined in (7), satisfies

E[|R;, |*]
Kol

< O[(2M -1)

K
2

N®

Proof: Before proceeding further, we state and prove few
lemmas.

Lemma A.1: For 1,I! € {l---,i—1,i4+1, , N}
and n,p € { N} for n # p, random
sli'p]
variables [gin| /° " |glp|e % are uncorrelated i.e.,
E[ Ji'n eI Girple _]%l’ } =0 for a given B > 1.
Proof:
. [i'n) _ 5[7?'/1)]
(@) E [|gi,n| ed(@irn+0n1) |girp] e*j(aufrﬁpu)} (A.1a)
(b) , i e,
E[lginlE [e?*=] E [/ E[|girp|] E [e777]
x E [e77%]
“o. (A.1b)
Equality in (a) is due to the definitions of 571[ = i +
0, and 5[ g ajrp + Opp. Equality in (b) is because
|9irn] s |gz p\ Qrp, Qrp, Qg and agr, are independent of each

other, while 6, and 6, are solely a function of oy, and
ayp, respectively. Equality in (c¢) is because as shown in
Appendix B, we have E [¢/%%1] =0 for B > 1. [

Lemma A.2: For | # I,

[1 n]

|gl nl ej nt!

|€ le/

the random variables

are

= 0 for a given B > 1.

. [i’n] .
|Girn | €7%m and uncorrelated  i.e.,

E |gz n|6j "l |g

Proof: Similar to the proof of Lemma A.1. |
The MUI term RL:/ (7) is reformulated as (A.2a). Now, for

an even K we have

E[|R1, []

Kol

= E[Xth* ’ XZK 1X* ]

()
~ O[N¥]E[|gine’ gigle™ IdIK]
K terms

K E =

+O[(2M —1)2 N = |E[|girn| Idzl2~~lgwq|2\dzf\2]
K terms
(0
= O[NK](EHgmlej ni/ ])K]E[Id 1]
+O[2M — 1) F NZE|girn|? - - |girq|2JE|du|* - - - |dp 2]
(d) o
< O[N¥IE[|d;| "]k
+0[(2M = 1)F NE|E[|d,[? - |dy ). (A3)

e Equality in (a) is due to the Kth moment expanswn formula
in [19]. X;’s take the value |g; n|eJ i d from the first

part of the sum in (A.2a) or |g; n\ej o dl from the second
part of the sum in (A.2a). Further dl, d, are defined as

2M
di= > amxmhi h,, and dl Z Umxmhl h,,.

m=1,m%#i =
e The approximation in (b) lists the dominant terms in
. . igli'nl =,
the expansion of step (a). Since, Ot d; in the first
part of (A.2a) are iid non-zero mean random variables, there
can be O N K] such terms as listed in step (b). Furthermore,

lgir n\e] ' dl in the second part of (A 2a) are zero mean

iid random variables, so each |g;/ ,L|e nl’ dl must occur in

pair along with its conjugate an even number of times in the

expansion of the term in step (a), otherwise from Lemmas A.1

and A.2, their contribution will be zero. The dominant number
. K K .

of such terms is O[(2M — 1)= N =] which happens when a
.o[i'n] =

typical |gyy, €7 d; term occurs exactly twice. Note that the

approximation is tight for large /N and 2M [19].

e Equality in (c) is true, because entries of G, H and Ey, Eq
are iid CA/(0,1) and CA(0,n2 = n?2) respectively, and H=
H + E,. This means that the entries of G are independent of
H, H.

° Inequahty 1n (d) is true for a fixed K, because
(Ellgirnle =757 )X < (E[|gion[2]) % < o0 (Cauchy-Swartz
inequality) as the entries of G are iid CA/(0,1). Similarly,

E[|girn|? -+ |girq|?] < oo by the repeated application of the
Cauchy Swartz 1nequahty for a fixed K. Hence each of

(i’
the terms (E[|gip|e” T ])K ]E[lgz n|2
bounded by some finite constant k.

-1girq|?] can be

Equation (A.3) tells us that we have to compute E[|d;|¥]

and E[d; - - - dy/] to evaluate E[|Ry,|]. We next evaluate them
as follows.
Lemma A.3: E[|d;]%] < O[(2M —1)% N % k.



2M

N
= (Z |girn] ej(o‘“”*em’))( Z O'mxmfl,{{hm)

n=1 m=1,m#1

2M N 2M
S {(z genl 00} (3 amxmhﬁhm)}
U=1,l'#1 n=1 m=1
N . M 2M 2M
= (Xl ™) (D mrablha )+ > {(Z ginl %) (32 amxmhf’hm)}. (A20)
n=1 m=1,m%#i U'=1,l'#4 n=1 m=1
part 1 part 2
Proof- APPENDIX B
o0 PROOF OF E [e/%!] =0
E[] Z TmTmhhy,| 5] Given that the channel estimates are corrupted by AWGN,
m=1,m#i el%i' is a zero-mean random variable i.e., E[e/?»] = 0,
2M Vn, i’

=E] )

m=1,m%#i

@ 3

1<iy, in<(2M—1)N

b N
2 0[(2M — 1)F NF|E] 0o s ?

N
(Umxmzh;ihp )K

p=1

E[Xlle* : XZK 1X* ]

‘UTLfEnBZihqn‘Q]

K S
5 terms

K K
2 2

(2)0[(21\4*1) N=ks.
Here the X;’s in (a) take values of the type memh MNpm
Since h;’s and [E, ], are iid CA/(0, 1) and CA(0, 7)) respec-
tively, and hm = 0;hpi+[Euy)pi» each amazmh lpm term must
occur exactly twice to contribute to the O[(2M —1)2Nz]
number of dominant terms in the approximation in step (b).
The approximation is tight for large N and 2M [19]. The
finite constant ko bounds the expectation term in the particular
term, which precedes the inequality (b). Inequality in (c) is
true, since all moments of Gaussian random variables h,;’s
and fzpi = 0;hy; + [Ey]p: are finite. [ |

Lemma A.4:

2M

2M
Bl Y omzmh | Y omzmhiihy,|?)
m=1 m=1

K S
5 terms

< (OINK]+0[(2M — 1) (N)

K
2

))ks.

Proof: Similar to the bounds derived in Lemma A.3. ®
Combining equation (A.3) with Lemma A.3 and Lemma A.4
we have

E(|R1, ]

cEok

<O0[(2M - 1)

5 3K
2 2

i+ O[(2M — 1)% (N)X ]k,

where k = 2/%1/;2 and lze = 151122 are constants. u

Proof: As mentioned in Section II, we assume that the
relay has a quantized estimate of the DL channel D:G. The
DL channel estimated by user i’ is §;.,,, which is given as
Girn = OirGirn + €irp = |gi/n‘ejdi/"- Here oy/gi is the
true value and €;,, is the (i/,n)th entry of E, distributed
iid CA (0,n3) [13]. The pdf of &y, given a0y |girn| as
derived in [31] is

2ro.r g \COQ(GI/,L airy)

te dr,

X (Girn [ Cirn, 03 |girn]) =

(B.1)

2 2 2
=202 19,1,

p)
7€ "d
a

where ¢t = Tr; . Now, we have:

E [6j6nﬂ] = E\Qi’n|Eai’nEé‘i’n [ej(’m/]

™

= Elgi/n‘Eai/n / ejeml)‘(@’i’n/ai’nv g ‘gi’nDddi/n

—T

T T
1 . . A
:E|9i'n\§/</ejenil)‘(ai’n/ai’nvUi'|gi’n|)dai’n>dai’n

—1T —T

= EL‘J«;/n‘ [I] (let)

Note from (14) that whenever,

1\ 27

2) 28"

2
Opir (Girn) = —7 + (k — 1) 2%

1\ 27 3\ 27
) o — (k-2 ) 22
) (-3) )

2
1)2B—

(B.2)

3\ 27
— (k— 2) 23) , we have

Qi € S = |:7T— (k—

This implies that

Qi + 7 E |:27T— (k—
forcing

Onir (Gjrn + ) =

—27 + (]{i -7+ O, (di/n)-



Hence for every (&vip, Qtirn, 0ir|girn|) tuple, by (B.1),
eI 0nir (&; n)/\(% ) Qirns 05t |Girn)

—eI it O N (o, + 7 [ tirn + T, 04| girm )

:>//e]9rn/ Gryy)

—TT —T

az’n/ai’ny gy |gi'n|)d@i’ndai’n

— / / €j9”i/(&i/"+ﬂ)A(diln + Tr/ai’n + T, 0 |glln|)ddz/ndalln

—TT —T

>I=-1=1=0. (B.3)

Hence the result follows by substituting (B.3) into (B.2).
For complex zero-mean non-Gaussian distributions, the result
holds true if the pdf f,, (.) of as, satisfies f,, () =
fa,, (x4 ) and is independent of |g;r,|. [ |

APPENDIX C
BOUND ON E[|N;,|¥]
Claim: For even K and for large N,2M, the relay noise
~ N K
term Ny, defined in (22) is bounded by: -t

CKO'f,(
O[N*2)k + O[(2M) s N¥]k.
Proof: Expanding (22) using K moment expansion for-

K
mula [19], we have, %

il

. [./ ] . [.’/ /]
< OINKIE|guple’™ s |girele ™" ]

K terms
K K ~ ~
+O0[(2M) = N =E|giry [[7ul* - -+ |girp * 7 7]

K
> terms

—gol K
i JE ]

|girpr |PJE[72|? - - - |70 7]

./
-5[1‘ )
i’p|€J pi!

()
= O[N"E[lg “girprle

+O[(2M) * N5 B[y [ -
(c) K17 KoK~ = 1211
< OIN¥IE[|7;|¥ks + O[(2M) 5 NE|E[|7u]? - - - |7iwr|*]ks.
(C.1)
sli’p]
Note that |gip|e’ %' are non-zero mean random variables.
They contribute to the dominant term in O(NX) ways in

the expansion of the sum in step (a). |g,;/p|@’51[:z'p]
mean random variables, where each such independent term
must occur exactly twice along with its conjugate in the sum
in step (a) to contribute to the dominant term. The number
of such terms is O[(2M M)z N=]. Equality in (b) is because
that the entries of H, G and n, are independent of each other
and n; = hlnr Constant k3 occurs in inequality in (c) true
because

are ZzZero-

45[1‘_'/17] _ 45[1','?']
Ellginle™ - \guprle ) < [Bllgunl? - lgww P,
and the fact that all moments of Gaussian random variables
can be bounded. Next, we have

Zh |

Vs Pl 7]

(C.2)

Equation (C.2) follows from the fact that all finite moments
of S}aussian randogn variables hm,nfk can be bounded i.e.,
E[|hi*[nr, | - - - [hwri®|ne, |?] < ks. Likewise, it can be

shown that
Ellfil* - [iul*] < O[N % ks (€3)
From (C.1), (C.2) and (C.3), we have
E[L]Zf;g(] < O[N]k + O[(2M) ¥ N¥]k.
where k = 1;3154. [ |
APPENDIX D

PROOF OF EQUATION (41)

Claim:

PQ/
lo ( B L T )
Z &\ T TR, PN, PN |

Na
N7 B2,
3 log (1 1 Do >
= lim =t .
Ngnoo N«

Proof: We know from (21) that the interference power
obeys |Rr,|> “% 0as N — oo. Hence for ¢ > 0, AN (e)
such that VN > N (e) the event {|R1,|*> > €} almost surely
never occurs. Furthermore, Remark 7 tells us that the N1( )
threshold is the same for all the N users.

Likewise from (23) and (25), for € > 0, 3]/\]\2 (¢) such that
VN > ]/\7\2(6) the event {|Ny,|> > €} almost surely never
occurs. This ]/\[\2(6) threshold is the same for all the N users
by Remark 7.

Similarly the received signal power p? converges al-

2
sl )
most surely to (a oy E {|gz n|ed%ni ]) % =
b} ol
Jim S
E,(} ;. Hence for € > 0,3N3(e) such that YN > Ns(e) the

event {|pj, — E.C7 ;| > €} almost surely never occurs. Also
the convergence is uniform for all users.

From the above discussions we conclude that for e >
0,3dN4(e) = max{Ny(e), Na(e), N: ()} such that VN >

2 E, C7
N4(6) the event {| \1:31,.,|2+\1)J<~;1,.,|2+N0 — —

| > €} almost
surely never occurs.

Next, since log(1 + ) is continuous in z, 3N (e) such that
VN > N(e€) such that the event

{|log(1 +

2 E.C2,
_ & —log(1 + —24)| >
|R1i,|2+|N1i,|2+No) og( N, )| > €}

almost surely never occurs.



Now VN > N(e),

N p?, E,C2 )
121 log(1 + m) —log(1+ To)‘
N«
a P?/ . Ercf,i/
=1 log(1 + m> log(1 + TO)‘

< -
(a)
> (D.2)

Step (a) is true because (D.1) holds for all users uniformly.

The result, thus holds true.
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